T /70O =RE
Thu., 8:50-10:20
Room # 4 SRR EERTF)

e The prerequisite of this class is Basic Statistics (fi52f%) and Econometrics (T
3/ X MY w2 R) (undergraduate level, next semester, [FHEARFHT) LA $h 3,
HrtAL).

e The class of Introductory Econometrics (T Z#¥/ZFFE M) should be registered.

http://www2.econ.osaka-u.ac.jp/ tanizaki/class/2017/micro_econome
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2 Regression Analysis ([2]1F %3 #7T)

2.1 Setup of the Model

When (x1,y1), (x2,¥2), - -+, (x,,¥,) are available, suppose that there is a linear rela-

tionship between y and x, i.e.,

Vi =P+ Boxi + u;, 4)
fori=1,2,---,n. x; and y; denote the ith observations.
— Single (or simple) regression model (E2[E]/FE 5 /L)

y; is called the dependent variable (/& Z%X) or the explained variable (%5t BiZ
#0), while x; is known as the independent variable (JR3ZZ %) or the explanatory

(or explaining) variable (FZEAZ%X).
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B = Intercept (Y1), B> = Slope (%)
B and B, are unknown parameters (/X7 X —%, %K) to be estimated.
B and 3, are called the regression coefficients (B {%%%).

u; is the unobserved error term (F22Z18) assumed to be a random variable with mean

zero and variance 0.

o is also a parameter to be estimated.

x; is assumed to be nonstochastic (FEFEZRY), but y; is stochastic (FEZRY) because

y; depends on the error u;.

The error terms uy, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed, which is called iid.

It is assumed that u; has a distribution with mean zero, i.e., E(x;) = 0 is assumed.
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Taking the expectation on both sides of (4), the expectation of y; is represented as:

E(y;) = E(B1 + Bax; + u;) = B + Box; + E(u;)

=B+ Baxi, ()
fori=1,2,---,n.
Using E(y;) we can rewrite (4) as y; = E(y;) + u;.
(5) represents the true regression line.
Let 8, and 3, be estimates of 8; and 3.

Replacing 8, and 3, by 3, and 3, (4) turns out to be:

yi = Bl +BZXi + e, (6)
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fori=1,2,---,n, where ¢; is called the residual (F2Z).
The residual e; is taken as the experimental value (or realization) of ;.

We define y; as follows:
Ji= ,[31 +,32Xi, (7)

fori=1,2,---,n, which is interpreted as the predicted value (F8{&) of y,.
(7) indicates the estimated regression line, which is different from (5).
Moreover, using ¥; we can rewrite (6) as y; = J; + e;.

(5) and (7) are displayed in Figure 1.

Consider the case of n = 6 for simplicity. % indicates the observed data series.
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Figure 1. True and Estimated Regression Lines ([B]F E %)

(xi, yi)

Distributions Res;dual
of the Errors !

$i =1+ Bax;
(Estimated
Regression Line)

X

The true regression line (5) is represented by the solid line, while the estimated re-

gression line (7) is drawn with the dotted line.
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Based on the observed data, 8; and /3, are estimated as: 3, and /3.

In the next section, we consider how to obtain the estimates of 8, and S,, i.e., 3; and

A

Ba.

2.2 Ordinary Least Squares Estimation

Suppose that (x1, y1), (x2,¥2), - - -, (x,,, y,) are available.

For the regression model (4), we consider estimating 5; and 3.

Replacing 3, and S, by their estimates 3; and j3,, remember that the residual e; is
given by:

ei =y —9i=yi— B - Brxi.
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The sum of squared residuals is defined as follows:

n

S(Bl,ﬁz) = Zeiz = i()’i —,[31 —,ézxi)z-
i=1

i=1
It might be plausible to choose the 3, and 3, which minimize the sum of squared
residuals, i.e., S(ﬁl,ﬁz).
This method is called the ordinary least squares estimation (/N Z"%&}%, OLS).
To minimize S (B;,3,) with respect to 8; and 3,, we set the partial derivatives equal
to zero:
8S(§ﬁ1;,32) 22( Vi By = Boxy) =

aS (ﬁl,ﬁz)

7 2Zx,<y, Bi-Box) =0
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The second order condition for minimization is:
PSBLB)  PSBib)

n
( B ek | _[ " 2=
PSBip)  PSBuB | T n no.2
3‘[;25[;»] 3ﬁ|% 200 220X
should be a positive definite matrix.

The diagonal elements 2n and 2 }." | x? are positive.
The determinant:

2n 230 X

‘2 2 X 220 xiz

is positive. =  The second-order condition is satisfied.

n

= 4dn Z X2 - 4(2 x)? = 4n an(xi -X)°
i=1 i=1

i=1

The first two equations yield the following two equations:
¥ =B +Box, (8)
D xii=nxp+ By ), ©)

i=1 i=1
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n

where y = %any,- and x = %in.
i=1

i=1

Multiplying (8) by nX and subtracting (9), we can derive /3, as follows:

iy Xiyi — nxy _ 21 (X = X)(i =)

B = : = (10)
? S X2 —nx i (xi = X)?
From (8), 3, is directly obtained as follows:
B =¥ - Box. (11)
When the observed values are taken for y; and x; for i = 1,2,---,n, we say that /3’1

and j3, are called the ordinary least squares estimates (or simply the least squares

estimates, /N _FHE(E) of B and B;.

When y; fori = 1,2, .-, n are regarded as the random sample, we say that [31 and [3’2

are called the ordinary least squares estimators (or the least squares estimators,

RNZFEHEE) of B, and f».
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2.3 Properties of Least Squares Estimator

Equation (10) is rewritten as:

r _ 2icti =D -y X=Xy Y X —X)

B =

_ Z T 1(x _x)zy, szy,

- 1
In the third equality, Z(x,- —x) = 0 1is utilized because of x = — Z X;.

i=1 _ i=1
Xi— X
Z?:] (x; — X)? .

w; 1s nonstochastic because x; is assumed to be nonstochastic.

In the fourth equality, w; is defined as: w; =
w; has the following properties:
P "I_ Xi — }
Zwl Z 7 = Z:nl_l( —)2 =0,
2 (Xz - X) izt (Xi = X)
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- - _ X —Xx)?
; wiX; = ; wi(x; — Xx) = m =1, (14)

n n — 2 n —\2
5 Xi— X 21 (Xi = X) 1
© 1 (Z?:](xi - x)z) (Z?:l(xi _ })2)2 D (= X)? (15)

i=1 i=

The first equality of (14) comes from (13).
From now on, we focus only on ﬁz, because usually 3, is more important than S, in
the regression model (4).

In order to obtain the properties of the least squares estimator 3, we rewrite (12) as:

ﬁZ—Zwtyl Zw(ﬁl + Boxi + u;)

—ﬁlzw,+ﬁ22a)x,+2wu, ﬂ2+2wu, (16)

In the fourth equality of (16), (13) and (14) are utilized.
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[Review] Random Variables:

Let X;, X5, ---, X, be n random variavles, which are mutually independently and

identically distributed.

mutually independent — f(x;, x;) = fi(x;)fj(x;) fori # j.
f(xi, x;) denotes a joint distribution of X; and X.
fi(x) indicates a marginal distribution of X;.

identical = fi(x) = fj(x) fori # j.

[End of Review]
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[Review] Mean and Variance:

Let X and Y be random variables (continuous type), which are independently dis-

tributed.

Definition and Formulas:

e E(g(X)) = f g(x)f(x)dx for a function g(-) and a density function f(-).
o V(X) = E(X - ) = f (x — > f(0)dx for u = E(X).

e E(aX + b) = aE(X) + b and V(aX + b) = a*V(X).

e EX+Y)=EX)xE(Y) and V(X +Y) = V(X) + V(Y).

[End of Review]
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Mean and Variance of ﬁzz uy, Uy, -+, U, are assumed to be mutually indepen-
dently and identically distributed with mean zero and variance o, but they are not

necessarily normal.

Remember that we do not need normality assumption to obtain mean and variance

but the normality assumption is required to test a hypothesis.

From (16), the expectation of 3, is derived as follows:
E(B) = BB + ) wi) = o+ EQ)_ wit) = o+ ) wBw) =5 (17)
i=1 i=1 i=1

It is shown from (17) that the ordinary least squares estimator 3, is an unbiased

estimator (RNRHEEE) of 5.
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From (16), the variance of 3, is computed as:

V(By) = V(ﬁ2+2wu)—V(Za)u)—ZV(wu)—Za)zV(u)

=0 Z(t) _W (18)

The third equality holds because uy, u,, - - -, u, are mutually independent.
The last equality comes from (15).
Thus, E(,Bz) and V(,Bz) are given by (17) and (18).

Gauss-Markov Theorem (H 7 R - ¥J)L. O 7 EH): A, has minimum variance
within a class of the linear unbiased estimators.
— best linear unbiased estimator (BLUE, R RiREI R EE)

(Proof is omitted.)
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Distribution of ,@z: We discuss the small sample properties of /3.

In order to obtain the distribution of 3, in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is that u; ~ N(0, o).

Writing (16), again, 3, is represented as:
Br=pr+ Z wild;.
i=1

First, we obtain the distribution of the second term in the above equation.
It is well known that sum of normal random variables results in a normal distribution.

Therefore, )", w;u; is distributed as:

n n
Z wi; ~ N(O, o? Z a)iz).
i=1 i=1

38



Therefore, ,32 1s distributed as:
n n
Br=B+ ) witti ~ Ny, 02 ) ),
i=1 i=1
or equivalently,

B BB o

oS w? T/ VEL =)

for any n.

n

P Z()’i — B1 = Bax;)?, it is known

i=1

Moreover, replacing o2 by its estimator s*> =

that we have: A
B2 =P

e (x; = X)?

~tn-2),
where #(n — 2) denotes ¢ distribution with n — 2 degrees of freedom.
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Thus, under normality assumption on the error term u;, the #(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,
( B =B
s/ N iz (i = %)?

) ~ Fl,n-2).
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[Review] Confidence Interval (55X B, XEHE)):

Suppose that X;, X, - - -, X, are mutually independently, identically and normally dis-

tributed with mean y and variance o

—u 1
STV t(n = 1), where §* = — Z(X X)2.

Then, we can obtain:

That is,

X -
P(—ta/z(n—l)< ST

B < topn- D)=1-a

i.e.,

P(X— Q/z(l’l—l)% </,t<X+ta/2(l’l—1)—):1—a/

i

Note that 7,/2(n — 1) is obtained from the # distribution table, given @ and n — 1.

Then, replacing X by X, we obtain the 100(1—a)% confidence interval of y as follows:

X+t — 1)—).

i

(X = topp(n — 1)—

Vﬁ,
[End of Review]
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In the case of OLS,

B - B
s/ \/er'lzl(xi - X)?

where #,,2(n — 2) denotes 100 X a/2% point from the #(n — 2) distribution.

P(~topp(n -2) < < top(n — 2)) =1-a,

Rewriting,

P(,éz —ltop(n—12) u <Br <P+ typ(n—2) u

V2 (xi = %) 2i=1(x; — X)?

Replacing 3, and s> by observed data, the 100(1 — @)% confidence interval of S, is

):l—a.

given by:
(Bz —typp(n—2) - - —, ,[32 +1y2(n—2) - - — )
VZ,‘:](xi - x)? Zi:]('xi - x)?
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[Review] Testing the Hypothesis ({R 5% 1 ):

Suppose that X;, X, - - -, X, are mutually independently, identically and normally dis-

tributed with mean y and variance o™.

_ 1 <& _
Then, we obtain: 2. t(n—1), where §? = 1 E (X; — X)?, which is known
n —
i=1

S/ \n

as the unbiased estimator of 0.
e The null hypothesis Hy : u = po, where py is a fixed number.

e The alternative hypothesis H; : u # o

—Ho
S/Nn

0 and t(n - 1).

n

Under the null hypothesis, we have the disribution: ~ tn—1).

Replacing X and S? by X and s2, compare al

=B > a1,
s/ \n

to2(n—1) is obtained from the significance level o and the degrees of freedom n — 1.

H, is rejected when ‘

[End of Review]
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In the case of OLS, the hypotheses are as follows:

e The null hypothesis Hy : 5, = 3,
e The alternative hypothesis H; : 5, # f3;

Under H,, .
Bi_ﬁz — ~Hn-2).
s/ 2 (xi — x)?
4 ) B2 - B
Replacing 3, and s~ by the observed data, compare = — and t(n — 2).
. Zi: (X = x)?

. .. B2 =P
H, is rejected at significance level @ when ' = — ‘ > typ(n—1).
&) ,[32 = Coefficient, = a — = Standard Error,

Zi=1(xi - %)

s = Standard Error of Regression
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XY - Y)? 1 PN

R2 _ =1 - —

L (- Y
210, Yi=BiXy+BXoi+ - +BiXu, Yi=Yi+W TH5,
R2 1%, BHIZEERPTILIZE T, BT KREL LD, RS, ALK
BRZBZLIZE-T, YL BBTHDTE2056TH S,
R RHMETT 5 2, WHIIZRIC & > TRIKO AR WA TS, BHHERHZ L
FE, KDIVETILENWS ZLITRDE, ZOREHET S0, HHERE
ERFHMERIR £ H N5,

2 _1_ ZLE%@—k) ’

ZimYi=Y)?/(n—1)

Y2/ (n—k) i u O o ORREHERTH Y, YL Y-V /(-1 Y; D
DEDNMRHEERTH 5,
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R R L OBGIE,

n-—1

n—-k’

R=1-(1-R)

LB, FbIT, )

I1-R n—1

= >
R n-k-
YWSHEEDS, R <R EWVWSHEREBS, k=10 ZT0OMT, HEINHD

L,

YASK

WEG : S ETEEUKERT, R 231895,
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i Y,‘ Xl’ XiY,' X2 Yi u;

1 6 10 60 100| 6.8 -0.8
2 9 12 108 144| 8.1 09
31 10 14 140 196 94 0.6
41 10 16 160 256 10.7 -0.7

Gt Yy, IX|IXY IXP| XY Su

35 52| 468 696 35 0
vy ¥ X
875 13
ET R,
72 2 2 2 2
. 0.8 +0.92 + 0.6 + (0.7 230
Ro1o 2t COYH0T 06077 230 e
S Y7 35-4x8.75 1075
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=0.679

R - 2w/nok) _ 230/4-2)
SV -n¥)-1)  1075/4=1

el Ah,

IR RVR AHET2HA, WIHHEENAL L HRETHD, Wl
BB R 254 (IR1E, WHEEE FREL T 2020 0%
BHNT & 5T, WHIIEEA R 3), 5 v, OEUERZE THIRT R ETh 5
(EESE DN VE TV EIAT2), = BB DRIN
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4 X5 : DW ICDWT

41 DWIZDWT

B/ANAREOIRED—21Z, TBELIE uy, uy, - -, u, 1EZTNETNHILII AT S |
EWSIEDDBH o7z, K=Y TNV U (DW) &iF, BEATHORSMHEE, 3
BB, w &y EOMDOHBEDOEREZME T 5-0ICELINT,

— FRIT—R DL EDHAER

U, Uy, - Uy DRINZDOWT, TNENDRFD, +4++----4++---+4+D
512, TIAMNEGETHENZET, ¥4 FANEFE TR WS &5 RIGE,
up, Ua, <oyt FIEDRIIMEEDNH LD F D, £/, +-+-+-+-+DLIIIK
HIZT IR, X4 FTAZRDGE, w,u, - u, EORFEE D 2 & 55,
WE: uy, uny oty D5 Uy DFSPRFETES, = Tu,up, - u, 1TZTNT
NHNLIZAET D] L WSIREITKT 2,
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Thbb, X—vy - -7V Ueld, FEREARS

Yl-:a/+,BXl-+ul~,

u; = pui_ + €,

DEEIZ, Hy: p=0, H: pz0DRETH B, 7272L, €, 6, - & ANV
IS & T 5,

/

:

4 : IEDRIIFHE 5: BORSIMHE
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=¥y - TN VIHDERIFIROED TH 5,
Dot = i)
PN
WIRIEBIIZ, RO &S IzRI N D,
Z?zz@—ﬁi_l)Z_leu 2212””11"‘212”11

DW =

DW = =
Y U i U

2Zn 1/”\2—C2+7f’3) 22?:2@%‘—1 ~2(1 —7)

B
i = i
UTFD220EEPHNGND,

U+, 0

PIENTH

S | N S
— — ~ — -

Diei U Do Ui + U Do U7,

Thbb, pldu & u ORFFRETH S5, u;=pui +6 1IZBWT, u,ui g O
ROOIZw,u WTEESHZT, p DHfEEMEp KD 5,
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1. DW O 2 §ifeD & &, RIMHEZL o=0D& Z, DW = 2),
2. DWH2 X0 FRIT/hNEnwe &, FEORFMELHEIh5,
3. DWH2 K0+t kEVWe &, ADRSIFHBE S HEING,

EMEREIEITIE, T— 28 n ENTA =Xk ITHKFT 5, X1 22T &,
K IZEBIHZIRS N TA =R PERTEDLT B,

See
http://www.stanford.edu/~clint/bench/dwcrit.htm
for the DW table.
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Table 1: X —

vy -7 %k

V URRETED 5 % o EIE & PR

k=1 k=2
dl_du | dl  du

k=3
dl_ du

k=4
dl__ du

k=5
dl_ du

K=6

dl

k=17
dl_ du

k=8
dl__ du

k=9
dl_ du

k' =10
dl_ du

K =11
dl_ du

K =12

200

0.700 1.356/0.467 1.896
0.763 1.332|0.559 1.777
0.824 1.320/0.629 1.699
0.879 1.320]0.697 1.641
0.927 1.324|0.758 1.604
0.971 1.331]0.812 1.579
1.010 1.340|0.861 1.562
1.045 1.350{0.905 1.551
1.077 1.361]0.946 1.543
1.106 1.371]0.982 1.539
1.133 1.381/1.015 1.536
1.158 1.391|1.046 1.535
1.180 1.401{1.074 1.536
1.201 1.411/1.100 1.537
1.221 1.420|1.125 1.538
1.239 1.429|1.147 1.541
1.257 1.437|1.168 1.543
1.273 1.446|1.188 1.546
1.288 1.454(1.206 1.550
1.302 1.461|1.224 1.553
1.316 1.469|1.240 1.556
1.328 1.476{1.255 1.560
1.341 1.483|1.270 1.563
1.352 1.489|1.284 1.567
1.363 1.496(1.297 1.570
1.373 1.502|1.309 1.574
1.383 1.508|1.321 1.577
1.393 1.514/1.333 1.580
1.402 1.519|1.343 1.584
1.411 1.525(1.354 1.587
1.419 1.530/1.364 1.590
1.427 1.535/1.373 1.594
1.435 1.540{1.382 1.597
1.442 1.544/1.391 1.600
1.475 1.566|1.430 1.615
1.503 1.585(1.462 1.628
1.528 1.601|1.490 1.641
1.549 1.616/1.514 1.652
1.567 1.629(1.536 1.662
1.583 1.641|1.554 1.672
1.598 1.652|1.571 1.680
1.611 1.662|1.586 1.688
1.623 1.671/1.600 1.696
1.635 1.679|1.612 1.703
1.645 1.687/1.623 1.709
1.654 1.694|1.634 1.715
1.720 1.747{1.706 1.760
1.758 1.779]1.748 1.789

0.367 2.287
0.455 2.128
0.525 2.016
0.595 1.928
0.658 1.864
0.715 1.816
0.767 1.779
0.814 1.750

1.452 1.681
1.480 1.689
1.503 1.696
1.525 1.703
1.543 1.709
1.560 1.715
1.575 1.721
1.589 1.726
1.602 1.732
1.613 1.736
1.693 1.774
1.738 1.799

0.296 2.588
0.376 2.414
0.444 2.283
0.512 2.177
0.574 2.094
0.632 2.030
0.685 1.977
0.734 1.935
0.779 1.900
0.820 1.872
0.859 1.848
0.894 1.828
0.927 1.812
0.958 1.797
0.986 1.785
1.013 1.775
1.038 1.767
1.062 1.759
1.084 1.753
1.104 1.747
1.124 1.743
1.143 1.739
1.160 1.735
1.177 1.732
1.193 1.730
1.208 1.728

1,515 1.739
1.534 1.743
1.550 1.747
1.566 1.751
1.579 1.755
1.592 1.758
1.679 1.788
1.728 1.809

0.243 2.822
0.315 2.645
0.380 2.506
0.444 2.390
0.505 2.296
0.562 2.220
0.615 2.157
0.664 2.104
0.710 2.060
0.752 2.023
0.792 1.991
0.829 1.964
0.863 1.940
0.895 1.920
0.925 1.902
0.953 1.886
0.979 1.873
1.004 1.861
1.028 1.850
1.050 1.841
1.071 1.833
1.090 1.825
1.109 1.819
1.127 1.813
1.144 1.808
1.160 1.803
1.175 1.799
1.190 1.795
1.204 1.792
1.218 1.789
1.230 1.786
1.287 1.776
1.335 1.771
1.374 1.768
1.408 1.767
1.438 1.767
1.464 1.768
1.487 1.770
1.507 1.772
1.525 1.774
1.542 1.776
1.557 1.778
1.571 1.780
1.665 1.802
1.718 1.820

0328
0.389
0.447
0.502

1.707

0.171 3.149
0.230 2.985
0.286 2.848
0.343 2.727
0.398 2.624
0.451 2.537
0.502 2.461
0.549 2.396
0.595 2.339
0.637 2.290
0.677 2.246
0.715 2.208
0.750 2.174

310.784 2.144

0.816 2.117
0.845 2.093
0.874 2.071
0.900 2.052
0.926 2.034
0.950 2.018
0.972 2.004
0.994 1.991
1.015 1.978
1.034 1.967

1,697 1.841

0.147 3.266
0.200 3.111
0.251 2.979
0.304 2.860

311,369 1.874

1.399 1.867
1.425 1.861
1.448 1.857
1.469 1.854
1.489 1.852
1.506 1.850
1.622 1.846
1.686 1.852

0.127 3.360
0.175 3.216
0.222 3.090
0.272 2.975
0.321 2.873
0.369 2.783
0.416 2.704
0.461 2.633
0.504 2.571
0.545 2.514
0.584 2.464
0.621 2.419
0.657 2.379
0.691 2.342
0.723 2.309
0.753 2.278
0.782 2.251
0.810 2.226
0.836 2.203
0.861 2.181
0.885 2.162
0.908 2.144
0.930 2.127
0.951 2.112
0.970 2.098
0.990 2.085
1.008 2.072
1.089 2.022
1.156 1.986
1.212 1.959
1.260 1.939
1.301 1.923

1.675 1.863

0424 2735
0.465 2.670
0.506 2.613
0.544 2.560
0.581 2.513
0.616 2.470
0.649 2.431
0.681 2.396
0.712 2.363
0.741 2.333
0.769 2.306
0.796 2.281
0.821 2.257
0.845 2.236
0.868 2.216
0.891 2.197
0.912 2.180
0.932 2.164
0.952 2.150
1.038 2.088
1.110 2.044
1.170 2.010
1.222 1.984
1.266 1.964
1.305 1.948
1.339 1.935

311.369 1.925

1.396 1.916
1.420 1.909
1.442 1.903
1.462 1.898
1.593 1.877
1.665 1.874

0.098 3.503
0.138 3.378
0.177 3.265
0.220 3.159
0.263 3.063
0.307 2.976
0.349 2.897
0.391 2.826
0.431 2.761
0.470 2.702
0.508 2.649
0.544 2.600
0.578 2.555
0.612 2.515
0.643 2.477
0.674 2.443
0.703 2.411
0.731 2.382
0.758 2.355
0.783 2.330
0.808 2.306
0.831 2.285
0.854 2.265
0.875 2.246
0.896 2.228
0.988 2.156
1.064 2.103
1.129 2.062
1.184 2.031
1.231 2.006
1.272 1.987
1.308 1.970
1.340 1.957
1.369 1.946
1.395 1.937
1.418 1.930
1.439 1.923
1.579 1.892
1.654 1.885

0.087 3.557
0.123 3.441
0.160 3.335
0.200 3.234
0.240 3.141
0.281 3.057
0.322 2.979
0.362 2.908
0.400 2.844
0.438 2.784
0.475 2.730
0.510 2.680
0.544 2.634
0.577 2.592
0.608 2.553
0.638 2.518
0.667 2.484
0.695 2.454
0.722 2.425
0.748 2.398
0.772 2.374
0.796 2.351
0.819 2.329
0.840 2.309
0.938 2.225
1.019 2.163
1.087 2.116
1.145 2.079
1.195 2.049
1.239 2.026
1.277 2.006
1.312 1.990
1.342 1.977
1.369 1.966
1.394 1.956
1.416 1.948
1.564 1.908
1.643 1.897

1.206
1.247
1.283
1.315
1.344
1.370
1.393
1.549
1.632

n FEEALL, K FEBIEHE IR BIIE OB E T 5,

(HFT) http://www.stanford.edu/~clint/bench/dwcrit.htm



Yo = i)?
T x2(1-p) — 21 -p)
et U;

~1<p<170DT GEARK), EAHIZ0<DW <4 &85,

DW =

e 0 <DW<dl u; W2 IED R FHEE
e dl < DW < du u; \ZIEDRYIMEEE & ¥ETE RN

du < DW <4 —du
4—du<DW <4 -dl
4—-dl<DW <4

u; \ZELDRFIMB & HE T E W
u; \ZEDRAFHE

L
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BIER . SETLHEULERT, DW 25HET 5,

i| v X,| XY, X} Y w
1 6 10 60 100| 6.8 -0.8
2 9 12 108 144| 81 0.9
31 10 14 140 196| 94 0.6
41 10 16 160 256|10.7 -0.7
aEt | LY, IX |\ IXY XX XY S
35 52 468 696| 35 0
| Y X
875 13
o = Sl =T
L

_(=0.8-0.9%+ (0.9 - 0.6 + (0.6 - (-0.7)* _ 4.67

(-0.8)> +0.9% + 0.6 + (-0.7)?
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HEBROKREAE: FHRETIL
Yl' = +ﬁXi + u;,

DHFEDFER, @ =03, 8=0.65, sz = V10.0005 = 3.163, s5 = V0.0575 = 0.240,

@ 0095, 2 22708, 52 = 1.15(Fbb, 5= 1.07). R = 0.786, B = 0.679,

Sa SE
DW =2.03 #1537z,

IhoziedT,

Y, = 0.3 + 0.65 X;
(0.095) (2.708)

R*=0.78. R =0679, s=107, DW =2.03,
72720, RBREOHEMED FOERNIZtEERTEDET 5,
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¥ 7-13,

Yi = 0.3 + 0.65 Xl',
(3.163) (0.240)

R*=0.786. R =0679, s=107, DW =2.03,
7272U, RBREOHEMED TN OFEIMNIFEREREZE2 R ITED LT 5,

DEHIzEL, s= VI.15=1.07 ITHEE,
42 XRIMEEDE ETOHFRNOHEE
B A S

Y = a+BX; +u,,

Uu; = pui—| + €,
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DEXOWEEEZEZSD, 272U, €,6, - 6 (THNMNIMN LT 5,
u HET 5L,

(Yi = pYi) = a(l = p) + B(X; - pXi-1) + €,

R,
YP =i —-pYi), X; =X —pXi-1)
R ERE LT,
Yi=ad +BX +€,

IERNCIRIEREHT 5, €, 6, -, 6 I$HWIZMNL & T 50T, RIN_IRE
UMW AREE 705, 7272, o =a(l —p) DEBRLPEKD LD L IZHER,
L0 —f&iz, [EkERAS

Yi = BiXii + B Xoi + -+ + B X + u,

Uu; = pu;—| + €,

65



DEXOWEEEZEZSD, 272U, €,6, - 6 (THNMNIMN LT 5,
u HET 5L,

(Yi —pYii1) = B1(Xyi — pX1im1) + Bo(Xyi — pXo o) + -+ - + Bi(Xyi — pXiio1) + €,

Lin,
Yi = (Yi—pYi), Xj; = Xii—pX1,21), X5, = Xoi—pXai-1), - Xi; = (Xpi —pXkic1)
ERTRERE LT,

Y =BiX| + 62X + -+ BiX; + €
BANTHRIEEZEHT S, e, 6, 6 AWML T5400T, RN EkE
B AREL 725,

p DRDFIZCDWT (FD1): DW ITELIIZ DW ~2(1 -p) &RINBDT,
DW 25 p OD#EEME p Z AL T,
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Y: = (Y;=pYii), X}, = Xii—pX1i1), X5, = (Xoi—pXoi-1), -+ Xi; = Xi —pXeic1)

Yi = BiXy + Xy + - + BiXy + €,
RN R EN T 5,

p DRDAEICDODWT (D 2): PURFIHEIC Lo TkDDE, — 77V - A —
71w Mk
1. Y, =81 X1 +BoXoi + -+ BiXpi +uj, i=1,2,---,n
RENCRETHET S, — By, Pl B85,
2. ui=pui+e, i=2,3,--,n

ERN_FILTHET 5, — p 2135,
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3. pm D =p e BL,

4. Y = (Y= p" VY, Xj = X —p" VX1 i00), X5 = (X —p" VX5), -

X; = X —p" VX)) ZEFET B,
Y =B X, + X5, +--+B X, +€& 1=2,3,---,n
RERNRIETHET 5. — B, B 2135,
5.u; =Y, _EIXIi_EZXZi _"'_Ekai’ i=12,---,n
ZEIHE T 5,
6. ATV T 2R, m=1,2,--- IZDOVWTHEDIET,

IR % B, Ba, -+ B, p DHEREME & T 5,
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5 AE—DHAFRE)

[l XA
Yi=a+BX +uy
DEHEEZZ Do X PIMEEE, YV FNELE, w X E TN 22— D4
AR ORBEELIE (BN RIRIC B ERGE) &3 5, NI R — D3] OREERIE
EELH uy, uy, - -, u, X ZNZTNMTEGIE T, 0> DRHT 2] Th D,
DB RITIRAE T B354, BT, DB EE B, ) IHKEF
T5HE, TabL, w OFEEYE, SR o2 OBEE, BN TREOK
FEIWZRT B, TDH, BHIZIE, YV =a+BX +u \ICR/N_FEZEHTE A
W UTD LS BRIBIENBEL LD,
v, 1

Xi
—=a—+p—+
Zi Zi Zi Zi Zi <

X .
—=a—+p— +u;

u; 1
] i

IOYE, FREHE G ZEEY T, S0 OREL RS (Thbb, [
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i i

u; O)'f}iﬁ E(M,) =0 7)3‘1%7}’)71411 \/\%)o

2
V) = V(ﬁ) - (l) V() = o

Zi Zi
w; DIRGE V() = o2z WEBRBRIZHEDNT WS,
Vi 1 X

XoT, =, -, 2L 2HLEHE LT, RN BERZEHT L A TE S,
Zi Zi Zi

A= PR DREIZDONT

-2
U, =Yz + €

ZHEL, y OHEEMY OERMEDOMEZ1T S GEH D 1t BIE),

7 FEFRRICEENDIEHTH L, FIZE, w OFFEIEE, DEIE o2X? D
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5, &2 E X TH-T,

Yi ! +,8+ui ! + B+ u;
— =a— — = — .
X, X X, X i

EHETNIEEI W, BIRERIHE UL THESI NS D, BEWRIIBEHREER (T40bb,
HE) LR UARDTHERETLII L,
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6 RALEICDOVWT
BAR X, Xo, -+, X, DEERE :
S, x,,x,30) = ﬁf(xi;ﬁ)
i1
0 13 RHE = 6,(x1, X3, -+, %) 1T & > THERE
I6) = (6, x) = U0, x1, %2, -+, X)) = ﬁf(xi;G)
i1

DL, DEBELTHERS,
16) : LR
REERERKIZT 0% 6, LT 5,
0, = 0,(X1. Xa, -+ X,) = BOAHEE R

Bu(x1, X2, -+, X)) = B R HEENE
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bbb,
olo)
0

R 222> T, BAHERD, =6,(X, X, -, X,) DMFON5,
RAEEEOME :
INEARIZDWT (n AN E W& &)

o —HMIZ, BEAMERIIAMMEMEZE s TRV, HWYLEHIZ LT, £
R EEEED Z EDRHRAEE RSN,

o AMMEERVIFET L (THbDL, 77 A TXDREXADES %
728 & D MMEEBVPEMAT 270 61F), BAHERIANHERIZ—
ERE

o FOMEIEVFET N, RLHERI IR EOEKE L5,
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KERIZDOWT mARKEWVE E):
n— ocoD& X,

(8, - ) — N(0.07)
LB, = —EME, WRERIESVE, WMo ia R

=L,
1

[(fﬂogf(X; 9))21
E _oJv 7

00
Thbb, n — coDL X,

Vi@, =0 6,-0

o =00 =

N, 1
OGN
LA,
U725 T, BB TIERWD, n A RkENWE &,
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@~N@Uwq
n
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LIEMTE 3,

Db, n — o DEX, 6, DNEIZZ T A= - 5 FDRERD TR
IZIEDLK 2 B2EKT 5,

= W I A R HEE &

51T, DROD O ZHRAHERY, TEEMAT, n — o0 DL E,

—_

6,—06
o (6,)/ \n

a*(6)

n

— N, 1)

N A
EERIZIE, nhkENWE &,

LU THWS,
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B -
X1, Xo, -+, Xy (EEWIZHSET, $RTHEH—DOIEMRDHE (THhbE, V¥ u, 21K
o’ ’C“'é"*'Clﬁl—@ﬁ?E) RS EDET D, p, o DILHEERZRD S,

1
fmm,.mwn—ﬂﬂmwﬂ—ﬂ (wwﬂ

V2 7r0'2 (
4mmmw4 Zm;ﬂ . 0)

W E LD, @AMELUPT L RB5ED% )

log I, 07) = =5 log(2m) - 5 log(0) = 55 (3~
i=1

SR logl(u,0?) % u & o> IZ2OWTa LT, ¥urEl,

dlog!
-ﬁﬂﬂl=—2m;o
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dlogl(u,o?) nl 1 < 5
et = a3 2w =0
i=1

ZD2 ODHAN R EMHEL,

uz%ZhF}

i=1

1 & 1 <&
2 _ = N2 = = 2
o —n;o@ 1) n;m %)
u, o? D AHEERE,
_ 1 & _
X, S**Zz_ Xi_XZ
nzl( )
et As,

EX)=u 20T, u ORLEHER X IR REEECETH S,
-1 .
E§™)="——0? # 0 BOT, ¢* ORAHMIER S BRRHERTEL,
n
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i -

X1, Xo, -y X \EE NN T, §ARTE—DR)VX A 5346 TT R THE— D AR)
RS HDET 5, bbb, X OERERIL PX =x) = f(x;p) = p"(1-p)'77,
x=0,1, %%, p DERAHEREZ KD B,

fan o, xsp) = | [ fap =] | P =p)' = = p2 - py 2 = ip)

i=1 i=1

Nz LB,

1

logl(p) = (), x)log(p) + (n = ) x)log(1 = p)

RS logl(p) % p IZDOWTHA LT, ¥arEL,

dlogllp) Xixi n—2ixi  Xixi—np _

op p  1-p  pl-p
ZDHERNZML,




p DEIAEE R,

<
I
3=
2
I
<

Il
—_

t&éo
EX)=pRDT, p OEEHER X I REERTH 5,
X BRIV A 54 fxp) D E, BEX) = p IZIEE,
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1 -

X1, Xo, -+, X EEWZHSNIT, SRCTE—DRTY UOf6 (Tbb, E¥
TIRTE—DH/M IS I BDE TS, 1 DELHEEEZRD S,

TV Vs DR BRI

x,—A

PX =x) = f(x;4) =

mDT, KR
n n L ) /12 | Xi p—nd
W =[] ran =[]~ =51
i=1

, x=0,1,2,---
x!

! [T~ x!
O HSUI BRI
log I(1) = log() }_ x; = nd —log(| | x:")
i=1 i=1
L5,

alog () _ _Z
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INEMRNT, A DBEHTE AL,

t@:%o

Ak, 1 OREHEE, BYHEE, FotcE, —BEETH 5,
SRR -
XBNRIRA—RADKRT Y UPHEITHRD & &,

E(X) = V(X) = A

N
AmbE

E(ﬁ):E(%ZXi): %ZE(Xi): %Za:a
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AR

V@):V(%Zn]xi): %anvog): %24:%

1 1 1
dlog FOG D)\ - d(Xlog A — A —log X))\ - X :
O T LI G | I P
A2 A2 2 2

TAE[(X =12 aVX) nd _n

L7z T,
1

2
B [([)logf(X,/l)) l

V(@) =
A
Y0, VI, 79 A—) - XD FRIZ—T 2, £oT, LITEWHE
BThD,
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a3tk

n /lzl’.'zl x,»e—n/l /ln}e—n/l (n})y .
l_lf(xi;/l) =~ = =80 ) h(xy, xa, -+
i=1

ie1 Xi! nx)! [T, x!
ERRTE B,
—EME

EX) = 4, wE:g

DT, FrzEEyzT7ORERIZYTIZD S,

— Pl
PIX-A>e)<— —

ne

UiedioT, —HMEEHKD LD,

6.1 =ILEDH : ARQ) ET I
yi=¢yi1 t6&, &~ N(QO, %)

83
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. Mean of y; given y;_1, y; 2, - -
EWilyi-1,Yi-2,+*) = ¢y

. Variance of y, given y,_1, y—2, -+

Vulye-1,y-2,1) = o’

. Thus, ylyi1,Yi—2, -+ ~ N(0,0%). = Conditional distribution of y, given
Yi-15 Y1=25 ***

. The stationarity condition is: the solution of ¢(x) = 1 — ¢x = 0, i.e., x = 1/,

is greater than one in absolute value, or equivalently, |@| < 1.

. Rewriting the AR(1) model,

Vi=yi1 t &
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2
= ¢yt &+ e

3 2
= Vi3t &+ P61+

=@ ystE+ e+ o ¢s_lfz—s+1-
As s is large, ¢° approaches zero. = Stationarity condition
6. For stationarity, y, = ¢y,_| + € is rewritten as:

2
yt:6,+¢€t_1+¢ et_2+ ctt

7. Mean of y,

E(y,)) = E(& + de_1 + P*€n + )
=E(e) + ¢E(6-1) + ¢°E(e2) + -+ =0
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8. Variance of y,

V(yt) = V(et + ¢)Et—l + ¢26t—2 + - )
= V(&) + V(de-1) + V(d)zet_z) + ..

2
—(+ gt )= 2

alps

2
9. Thus, y, ~ N(O, I(i-—pz) — Unconditional distribution of y,

10. Estimation of AR(1) model:
(a) Log-likelihood function

T
log f(yr, -+ y1) = log f1) + Y 1og fGilye-1,+++>y1)
t=1

2

1 ! g 1
= —Elog(2ﬂ) - Elog(l _ ¢2) o2/ - ¢2)yf

86



T-1 T-1
log(2r) — 5

1 T
log(o) = — Y 0= ¢yir)’
t=2

T T s 1 1
=-3 log(2m) — ) log(o~) - 5 log (—1 — ¢2)

1 , 1 < ,
_20_2/(1 — ¢2))’1 T 552 ;(Yt — ¢yi-1)

Note as follows:

— 1 _ 1 2
T = \2ra? /(1 - ¢?) eXp( 202/(1—¢2)y1)
1
JOulye-1, -0 = o exp (—272(» - ¢yt-1)2)
dlog for,--,y1) T 1 1 1 <
S = Ty T s 3 20— e =0
t=2
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dlogfr. ) _ 6 ¢

o6 —¢ o2

T
1
= ) 0= vy =0
t=2

The MLE of ¢ and o2 satisfies the above two equation.
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6.2 wRILEDH : RIMEEDE & TRIFXDHE : €D2

i = XiB+ uy, Uy = Pl T €, &~ N(O, 0'2)

Log of distribution function of u,

T
log flur,-++,u) =log f(u) + Y log faulu1,-++,y1)
t=1

1 1 o2 1
= ——log(2n) — =1 _ 2
T-1 T-1 1 <
——— log(2m) - log(0?) = — (= pur-1)’
=2

T T o 1 1
= —Elog(Zﬂ) - Elog(d )— Elog(1 —pz)

1 S )

89



Log of distribution function of y,

logf(yT’ e ,)’1)
T
=log f(1) + ) 10g fOilyicts= -, y1)
t=1

g

1 1 2 1
= ——log(21) — =1 - — X,B)
2 Og( ﬂ-) 2 Og(l _pz) 0_2/(1 _pz)(yl lﬂ)
T-1 T-1 1 < >
—5— log2m) ~ —5—log(e™) = — > (01 = XiB) = pyi-t ~ X,-1B))
)
T T 1 1 1 <
_ _ _ 2 _ o ¥ yE 2
where
. 1-p%y, fort=1, - V1 -p2X, fort=1,
y = =
t Yt = PYr-15 fort:253""aTa t Xt_pXt—l’ fort:293,”',T9
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log f(yr,---,y:) is maximized with respect to 3, p and 0.

HEERF : OLS, AR(1), AR(1)+X

StataSEZ 27V v 7

@ T —XORE

[Datal [Data Editor] % jEiR

Excel 25T — R DI — )
123,456 2 WO IERTAL, 123456 DX 2V IDRWERIZEET D I &,
i TERX el OLIAT (SRR D& T TR % g
F—X %1% varl, var2, var3, ... &R5DT, HENIEEH

@® command DFIZa~ Y K%E AN

WzIE, Y=a+B X+Y Z T, a, B, v %ZfTTHL ,
lreg Y X Z] VXR—V

ERATT B,  FERIE results OffIZHS

Y, X, Z DPERAIFT—2 DL &,
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[gen t=_n] Y &X—Y
[tsset t] U &X—V B
Ztctg R T — R %2 RoTVWEIEWVWSI I LEEST S, t [ JMEOAFTHHDRN,
lreg Y X Z] V&—V
(\_"_j—éo
l[dwstat] VX —> )
ETBHE, X—ErU N VAT TIINS,

757120\ T :

scatter Y X] V&X—>
L9 5L, BX, My onrs I 7,

line Y X time] ' X — i
LB e, il time, MEHX & YD T 7,

® 22&E

I, PR SEAR, AKVEIERT,  fREH E}%

FStata CTRFEZFFAMI (2007 4E IRV T 7 ERE \2,940

® 7 — X : (LA (1995) TEHERFEFL DOBUEH]

t x V¥
110 6
212 9
3 14 10
4 16 10
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@ HiJIRER

. gen t=_n
. tsset t
. regy x
Source | SS df MS Number of obs = 4
————————————— o FC 1, 2) = 7.35
Model | 8.45 1 8.45 Prob > F = 0.1134
Residual | 2.3 2 1.15 R-squared = 0.7860
————————————— o Adj R-squared = 0.6791
Total | 10.75 3 3.58333333 Root MSE = 1.0724
y | Coef. Std. Err. t P>|t] [95% Conf. Intervall
_____________ +________________________________________________________________
X | .65 .2397916 2.71 0.113 -.3817399 1.68174
cons | .3 3.163068 0.09 0.933 -13.30958 13.90958

. arima y, ar(l) nocons

(setting optimization to BHHH)
Iteration 0: log likelihood = -10.213007
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Iteration 1: log likelihood = -9.8219683
Iteration 2: log likelihood = -9.7761938
Iteration 3: log likelihood = -9.6562972
Iteration 4: log likelihood = -9.5973095
(switching optimization to BFGS)
Iteration 5: log likelihood = -9.5850964
Iteration 6: log likelihood = -9.5799049
Iteration 7: log likelihood = -9.5770119
Iteration 8: log likelihood = -9.5770099
Iteration 9: log likelihood = -9.5770099
ARIMA regression
Sample: 1 - 4 Number of obs = 4
Wald chi2(1) = 101.94
Log likelihood = -9.57701 Prob > chi2 = 0.0000
| OPG
y | Coef. Std. Err. z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
ARNMA |
ar |
L1. | .9759129 .096657 10.10 0.000 .7864686 1.165357
_____________ +________________________________________________________________
/sigma | 1.812458 .8837346 2.05 0.020 .0803696 3.544545

Note: The test of the variance against zero is one sided, and the two-sided
confidence interval is truncated at zero.

94



. arima y x,ar(l)

(setting optimization to BHHH)

Iteration O: log likelihood = -4.3799561
Iteration 1: log likelihood = -4.3799068
Iteration 2: log likelihood = -4.379678
Iteration 3: log likelihood = -4.3796767
Iteration 4: log likelihood = -4.3796761

(switching optimization to BFGS)

(backed up)
(backed up)
(backed up)
(backed up)

(backed up)

Iteration 5: log likelihood = -4.3796757
Iteration 6: log likelihood = -4.3235592
Iteration 7: log likelihood = -4.2798453
Iteration 8: log likelihood = -4.2471467
Iteration 9: log likelihood = -4.239353
Iteration 10: log likelihood = -4.2384456
Iteration 11: 1log likelihood = -4.238435
Iteration 12: 1log likelihood = -4.238435
ARIMA regression
Sample: 1 - 4
Log likelihood = -4.238435
OPG
y Coef Std. Err

Number of obs = 4
Wald chi2(2) = 1001.98
Prob > chi2 = 0.0000
P>|z| [95% Conf. Intervall]



|
x | .635658 .0583723 10.89 0.000 .5212505 .7500656
_cons | .6512199 . . . . .
_____________ +________________________________________________________________
ARMA |
ar |
L1. | -.5631492 2.177484 -0.26 0.796 -4.830939 3.704641
_____________ +________________________________________________________________
/sigma | .6656358 .7509811 0.89 0.188 0 2.137532

Note: The test of the variance against zero is one sided, and the two-sided
confidence interval is truncated at zero.
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7 Qualitative Dependent Variable (BRIt EZEE)

1. Discrete Choice Model (BfFUEIRETIL)
2. Limited Dependent Variable Model (FIfRFEEBZEEHETIL)

3. Count Data Model (Gt#7—% 5 /L)

Usually, the regression model is given by:
yi = Xif + u;, u ~ N(0,0?), i=12--,n,
where y; is a continuous type of random variable within the interval from —oco to co.

When y; is discrete or truncated, what happens?
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7.1 Discrete Choice Model (BELEIRET L)
7.1.1 Binary Choice Model (Z{&:®iRE T IL)

Example 1:  Consider the regression model:
= X8 + u,, u,-~(0,0'2), i=1,2,---,n,
where y? is unobserved, but y; is observed as O or 1, i.e.,

1, ity >0,
yi =
0, it yr <0.

Consider the probability that y; takes 1, i.e.,

P(y;=1) = P(y; > 0) = P(u; > -X;) = P(u; > -X;8") = 1 - P(u; < -X;8")

=1-F(X;") = F(X;8"), (f the dist. of u; is symmetric.),
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u.
where uf = —, and B = B are defined.
o o
(*) B* can be estimated, but 8 and o cannot be estimated separately (i.e., 8 and o

are not identified).
The distribution function of u; is given by F(x) = f f(2)dz.

If u; is standard normal, i.e., u} ~ N(0, 1), we call probit model.

o= f 0 eXp(—%ﬁ)dz, F) = @y 2 exp<—%x2>.

If u? is logistic, we call logit model.

F(x) = ) = — 2P

1 +exp(—x)’ (1 + exp(=x))?

We can consider the other distribution function for u;.
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Likelihood Function: y; is the following Bernoulli distribution:
f) = (P = DY'(P(y; = 0)' ™" = (F(XB)"(1 = FX8)'™,  y»=0,1

[Review — Bernoulli Distribution (X)L X 1 £75)]
Suppose that X is a Bernoulli random variable. the distribution of X, denoted by f(x),
is:

f=pd-p' x=0,1.

The mean and variance are:
1

p=EX) =) xf(x)=0x(1-p)+1xp=p,

x=0
1
o’ =VX) =B(X -p?) = Z(x - w’f(x) = (0= pP*(1 = p)+ (1 - p)’p=p( - p).
x=0
[End of Review]
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The likelihood function is given by:
LB = f(y1,¥2,7 > V) = l_[ fO) = H(F(Xiﬂ*))yi(l — F(X,8))'™,
i=1 i=1

The log-likelihood function is:

n

log L") = > (vilog F(X,) + (1 - yp) log(1 — F(Xi8"))),

i=1
Solving the maximization problem of log L(8*) with respect to 5, the first order
condition is:
dlog L(B") _ Z":(in{f(Xiﬁ*) _da —yi)X{f(Xi,B*))
B L\ F(XB) I - F(X8")

WA= AP Xifioi=F) _
FXBYI-FXp) & F(-F) =

where f; = f(X;8") and F; = F(X;8"). Remember that f(x) = diix).
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The second order condition is:

0/ OUi — FD)
Plogip) < Xigp 0T F>+ n X
pap L F(-F) i F(1-F)
A(Fi(1 - F))™!
+ZXf<yl T
_ iXifi 0i = SOXXff W% \Xifil = 2F)
Z F(l—F) _,.leiﬂ—F) R

i=1

is a negative definite matrix.

For maximization, the method of scoring is given by:

(] -1 (7

pon oS KK ) XA )
= + — - P
P Fl(j)(l _ F;])) pa Fl(j)(l _ F;]))
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where FI” = F(X,g?) and £ = f(X;8"").  Note that

0% log L(,B*(j))) _ Z": X/ X f?

) =B pap )=~ L Ea-Fy

because of E(y;) = F;.

It is known that

n—oo

1,8 log L(B*)\) "
) )

Vn@ -p) — N(O, lim (

where 8* = lim 8 denotes MLE of 8*.

j—oo
Practically, we use the following normal distribution:
B~ N 1B,

8% log L(ﬁ*)) B Z XX f?
BB Fi(1-Fy

Thus, the significance test for 8* and the confidence interval for 5* can be constructed.

where 1(8*) = —E( fi = f(X;B*) and F; = F(X;8").

i=1
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Another Interpretation:  This maximization problem is equivalent to the nonlin-

ear least squares estimation problem from the following regression model:
yi = F(XiB") + w,

where u; = y; — F; takes u; = 1 — F; with probability P(y; = 1) = F(X;8") = F; and
u; = —F; with probability P(y; =0) =1 - F(X;8") =1 - F..

Therefore, the mean and variance of u; are:

E(w;) = (1 -F)F;+ (-F)(1 -F;) =0,

o7 = V() = E@}) = (Ew))* = (1 = F)’F; + (=F)*(1 = F}) = Fi(1 = F)).
The weighted least squares method solves the following minimization problem:

. i - FXBY))?
min ; —O_? :
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The first order condition is:

Zn: X fXiB) i — F(Xi5")) _ Z": X fiyi— F))

i=1 0_1‘2 i=1 Fi(l = F)) e

which is equivalent to the first order condition of MLE.

Thus, the binary choice model is interpreted as the nonlinear least squares.

Prediction: E(y,)=0x({1-F)+1xF; =F; = F(X;8).
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Empirical Application of Example 1: = Excess Demand Function.

Demand is observed as both amount and quantity, while supply is not.
Therefore, excess demand is not observed,

Data are taken from household expenditure survey as follows:

y  EIA (M)
s IHl (M)
b v—v (H]

sml & [1ml]
bl Y —J [11)
CPI HEEWMIEE - K&

year y s b sml bl CPI

2000.01 458911 716 1350 828 2.67 102.8
2000.02 486601 643 1527 728 3.01 102.5
2000.03 494395 661 1873 775 3.69 102.7
2000.04 505409 614 1967 749 3.93 102.9
2000.05 460116 567 2311 679 4.64 103.0
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2000.
2000.
2000.
2000.
2000.
2000.
2000.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2001.
2002.
2002.
2002.
2002.
2002.
2002.
2002.
2002.
2002.
2002.

772611
640258
506757
446405
488921
457054
1035616
453748
475556
481198
498080
447510
766471
614715
496482
447397
489834
461094
1000728
462389
477622
496351
485770
444612
745480
583862
488257
440319
475494

446
493
436
479
568
646
1609
637
570
552
502
497
442

472
437
561

2225
3419
2976
2160
1805
1674
2546
1363
1299
1467
1641
1825
2003
2656
2326
1546
1426
1222
2274
1040
1040
1418
1427
1623
1900
2437
2358
1522
1378

596
511
530
580
750
831
1688
806
688
708
637
608
535
568
492
617
733
818
1710
716
778
748
689
602
537

508
536
757

NN PRWWNNNNAENNWHARUTWWWNNNUWWE IO

102.
102.
102.
102.
102.
102.
102.
102.
102.
101.
102.
102.
101.
101.
102.
101.
101.
101.

101.
100.
100.
101.
101.
101.

101.
101.
100.

ORFRFOONWRNUINWOOOD20O ON R O R UVTUTER NN 00UV
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2002.
2002.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2005.
2005.
2005.

439186
939747
435989
455309
456873
475037
429669
730617
574574
474973
429301
467408
435079
932887
445133
474143
456288
488217
446758
723370
599045
476264
440187
467895
442885
920100
448635
469673
451360

730
1589
549
519
531
514
518
484
492
503
395
498
560
1484
530
591
455
441

391
414
403
387
454
482
1262
542
497
485

1347
2177
1025
1089
1343
1369
1396
1609
2013
2146
1331
1312
1230
2012
1062
1086
1239
1273
1530
1729
2166
2032
1414
1269
1266
1912

999

917
1060

888
1936
632
670
686
576
724
597
636
641
463

760
1621
595
705
621
539

447
432
474
450
551
619
1272
678
630
714

N RFRWNNNASERWWNNNNWNNNAS WWNNNDNRFR AN

100.
100.
100.
100.
100.
100.
101.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
101.
101.
100.
100.
100.
100.

VINUVINN DR OOAUVITOOOOVIVNTWWUIDR OO R OO WO WL
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2005.
2005.
2005.
2005.
2005.
2005.
2005.
2005.
2005.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.

495036
440388
720667
576129
463034
427753
463838
433036
905473
437787
461368
429948
472583
426680
684632
613269
475866
429017
467163
442147
968162
441039
471681
445076
472446
431013
735579
592452
467786

406
386
375
451

323
500
519
1173
466
433
416
444
426
431
358
400
341

533
1144
505
428
434
413

374
414
368

505
443
430
555
440
390
624
678
1152
501
580
517
536
544
529
395
448
444

660
1200
695
580
528
506

490
530
511

BARWNNNNRFRE R WNNNWWNNNNRRANNNSADNDNDND

.47
.84
.96
.36
.04
.56
.39
.12
.06
.82
.71

.43
.55
.60
.47
.50
.20

.01
.76
.82
.69
.07
.60

.93
.63
.10

100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
101.
101.

100.
100.
100.

99.
100.
100.
100.
100.
100.
101.

SQUIOOUINODROUVIDNNUIOOOUVITWERE AR WNOOOWNWNO
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2007.
2007.
2007.
2007.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2010.

431793
469981
435640
950654
438998
476282
453482
469774
435076
737166
587732
488216
433502
481746
439394
969449
443337
464665
443429
473779
436123
700239
573821
466393
422120
459704
428219
906884
434344

329
445
541
1085
509
445
400
376
329
356
298
334
293
346
439
1076
479
417

354
370
343
287
300
263
349
432
943
420

1446
1108
1116
1892
1000
1008
1199
1234
1404
1410
1832
1767
1086
1066
1077
1711

962

849
1009

958
1180
1126
1478
1519

974

941
1546
800

425
542
594
1209
707
558
573
492
406
395
338
413
423
434
533
1231
636
705

428
495
386
327
345
363
435
588
1019
464
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101.
101.
101.
101.
101.
100.
101.
101.
102.
102.
102.
103.
103.
103.
102.
101.
101.
100.

101.
101.
100.
100.
100.
100.
100.
100.
100.
100.

RFANPBROOOUIONRFROORNRFRORFRRFROOORWARORWR W
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2010.
2010.
2010.
2010.
2010.
2010.
2010.
2010.
2010.
2010.
2010.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2012.
2012.
2012.
2012,
2012.
2012.

464866
439410
474616
421413
733886
562094
470717
425771
494398
431281
895511
419728
470071
419862
454433
413506
687212
572662
463760
422720
479749
424272
893811
430477
483625
441015
469381
417723
712592

347
386
317
316
316
362
314
255
337
374
943

345
366
371
345
317
267

276
345
329
884
432
394
397
381
309
337

751
885
926
1040
1236
1600
1571
1028
1017
870
1456

650
703
814
888
1025
1407
1378
917
789
848
1398
711
721

833
845
1015

500
578
404
455

382
397
361
520
485
912
495
552
472
485
432
327
367

419
433
426
907
619
495

466
411
417

REREEREEREEERENRERERNNRRERRRERERNEFERRBRWWNRE e

100.
100.
100.
100.
100.
99.
99.
99.
100.
99.
99.

99.
99.
99.
99.
99.
99.

99.
100.
99.
99.
99.
99.
100.
100.
100.
99.
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2012,
2012.
2012.
2012.
2012.
2012.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.

557032
470470
422046
482101
432681
902928
433858
476256
444379
479854
422724
728678
569174
471411
431931
482684
436293
905822
438646
479268
438145
463964
421117
710375
555276
463810
421809
488273
431543

284
288
294
282
361
859
377
325
384
323
322
433
281
298
258
282
377
835

365
397
304
348
356
304
325
319
345
398

1242
1374
903
752

1347
743
656
815
680
853
973

1104

1200
848
805
725

1351

612
891
630
846
933
1182
1159
840
707
716

375
357
337
361
510
863
467
410
467
359
402
541
315
324
311
296
447
933

446
476
401
432
394
361
356
383
391
519

RPRERENNRERERRRERERNRERERNNRERRRERRNRR NN

99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.

100.
100.
100.
100.
100.
100.
100.
100.
101.
103.
103.
103.
103.
103.
103.
103.
103.

NOONPARRUIRFSNNOONOW00ONBNWWNOO W
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2014.
2015.
.02
.03
2015.
.05
.06
.07
.08
.09

2015
2015

2015
2015
2015
2015
2015

12

924911
440226
488519
449243
476880
430325
733589
587156
475369
415467

. gen t=_n

. tsset t
time variable:

892 1324

400
356
353
353
331
350

622
600
712
739
909
928

331 1105
339 1165

346

delta:

. gen ry=y/(cpi/100)

. gen rsp=(s/sml)/(cpi/100)
. gen rbp=(b/bl)/(cpi/100)

. gen ds=0

. replace ds=1 if f.rsp>rsp

(94 real changes made)

797

t,

901 2.47
494 1.14
469 1.12
416 1.28
413 1.35
377 1.64
231 1.66
347 2.02
462 2.18
354 1.47

1 to 189

1 unit

103.
103.
102.
103.
103.
104.
103.
103.
103.
103.

Lm———

L—m—

Lmm——
L ===
L ====
Lmmm

Lm———
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make data

set t as time series data

real income
real sake price per 1ml
real beer price per 11
dfault data

set ds=1 when excess demand exists



. probit ds ry rsp rbp, if t<188.5 <---- Estimate probit

88

188
69.76
0.0000
0.2677

2.65e-06
9.610729
.0158457

during the period from 1 to 1
Iteration O: log likelihood = -130.30103
Iteration 1: log likelihood = -95.883766
Iteration 2: log likelihood = -95.419505
Iteration 3: log likelihood = -95.419207
Iteration 4: log likelihood = -95.419207
Probit regression Number of obs =
LR chi2(3) =
Prob > chi2 =
Log likelihood = -95.4192607 Pseudo R2 =
ds | Coef Std. Err z P>|z|
_____________ +________________________________________________________________
ry | 8.04e-07 9.42e-07 0.85 0.393 -1.04e-06
rsp | -13.8574 2.166711 -6.40 0.000 -18.10408 -
rbp | .0026681 .0067234 0.40 0.691 -.0105094
_cons | 9.44494 3.697318 2.55 0.011 2.198331

16.69155

Note: 1 failure and 0 successes completely determined.

. logit ds ry rsp rbp if t<188.5 <---- Estimate logit
during the period

Iteration 0: log likelihood = -130.30103
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Iteration 1: log likelihood = -96.132508
Iteration 2: log likelihood = -95.65503
Iteration 3: log likelihood = -95.653538
Iteration 4: log likelihood = -95.653538
Logistic regression Number of obs = 188
LR chi2(3) = 69.29
Prob > chi2 = 0.0000
Log likelihood = -95.653538 Pseudo R2 = 0.2659
ds | Coef. Std. Err. z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
ry | 1.41e-06 1.56e-06 0.90 0.368 -1.65e-06 4.47e-06
rsp | -23.36485 3.941076 -5.93  0.000 -31.08922  -15.64048
rbp | .0046687 .0113128 0.41 0.680 -.0175041 .0268414
cons | 15.82621 6.301665 2.51 0.012 3.475172 28.17724

D, =S8, =Bo+Biry + Parsp: + B3rbp;
D, is observed, but S, is not observed.  Therefore, D; — S, is unobserved.
rspp1 > rspp = D, -8, >0 = ds, = 1.

I’SpH.l Srspt — DI_SISO - dS,ZO
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Example 2:  Consider the two utility functions: Uy; = X;58,+¢€; and U,; = X5, +6;.
A linear utility function is problematic, but we consider the linear function for sim-
plicity of discussion.

We purchase a good when U,; > U,; and do not purchase it when Uy; < Uy;.

We can observe y; = 1 when we purchase the good, i.e., when U;; > U,;, and y; = 0

otherwise.

P(y; = 1) = P(Uy; > Uy) = P(Xi(B1 — B2) > —€1; + &)
= P(-Xi#" > €)= P(-Xf" >€")=1-F(-X7) = F(X;8")

B €
where 8" =1 -2, € =ei—€, p"=— and ¢ =—.

o o’
We can estimate 5™, but we cannot estimate € and o, separately.

Mean and variance of €/ are normalized to be zero and one, respectively.

If the distribution of € is symmetric, the last equality holds.
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We can estimate 8** by MLE as in Example 1.

Example 3: Consider the questionnaire:

1, if the ith person answers YES,
Yi =
0, if the ith person answers NO.

Consider estimating the following linear regression model:
yi = Xif + u;.
When E(u;) = 0, the expectation of y; is given by:
E(y) = XiB.
Because of the linear function, X;3 takes the value from —co to co.
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However, E(y;) indicates the ratio of the people who answer YES out of all the people,

because of E(y;) = 1 X P(y; = 1) + 0 X P(y; = 0) = P(y; = 1).

That is, E(y;) has to be between zero and one.

Therefore, it is not appropriate that E(y;) is approximated as X;3.

The model is written as:
yi= PO =1)+u,

where u; is a discrete type of random variable, i.e., u; takes 1 — P(y; = 1) with

probability P(y; = 1) and —P(y; = 1) with probability 1 — P(y; = 1) = P(y; = 0).

Consider that P(y;) is connected with the distribution function F(X;3) as follows:

P(y; = 1) = F(X;8),
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where F(-) denotes a distribution function such as normal dist., logistic dist., and so

on. — probit model or logit model.
The probability function of y; is:
f) = FXB"(1 - FXB)' ™ = FI'(1-F)'™,  y»=0,L
The joint distribution of yy, y,, - -+, y, is:
FO1Y2 ) = ]_[ fo) = ]—[ Fi(1 - F)'™ = L),
i=1 i=1

which corresponds to the likelihood function. — MLE
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Example 4:  Ordered probit or logit model:

Consider the regression model:

y;'k:Xiﬁ-l_uis M["’(O,l), i:1’2’.“

where y? is unobserved, but y; is observed as 1,2, ---,m, i.e.,
1, if —oo <y! < ay,
2, ifa; <y’ <a,
yi =
>
m, if a,_1 <y! < oo,
where a,, a,, - - -, a,,—; are assumed to be known.
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Consider the probability that y; takes 1, 2, - - -, m, i.e.,
P(y;=1)=PQy; <a)) = P(u; < a; — X;8)
= F(a; — Xip),
P(y; =2)=Pa; <y; <ay) = P(a) — X;f < u; < ay — X;f)
= F(ax = Xif) — F(a1 — Xip),
P(y;=3)=Plax <y; <a3) = Pa — Xif <u; < a3 — X;3)

= F(a; - XiB) — F(az — X;B),

P(yt = m) = P(am—l < y;k) = P(am—l - XIIB < M,‘)

=1-F(an-, = XB).
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Define the following indicator functions:

1, lf i = 1, 1, lf i:2’ 1,
I = g I ' S
0, otherwise. 0, otherwise. 0,

More compactly,
P(yl = .]) = F(aj _Xiﬁ) - F(aj_l —Xiﬁ)’
for j=1,2,---,m, where ay = —oo0 and a,, = 0.

1, ify;,=j,

0, otherwise,

for j=1,2,---,m.
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Then, the likelihood function is:

L) = | |(Faa - xp))" (Fta> - Xpp) = Flar = X))+ (1= Fla1 - Xp) "
i=1

=[1T(F@ - x8) - Faa - x)".

i=1 j=1

where ayp = —o0 and a,, = co. Remember that F(—oc0) = 0 and F(c0) = 1.

The log-likelihood function is:

log L(B) = Y > Iijlog(F(a; - XiB) - F(a; .1 - Xp)).

i=1 j=1

The first derivative of log L(8) with respect to S is:

810g L(B) —1;;X] f(aj - Xip) - flaj-1 - Xiﬁ))
IZ; ]Z; F(aj - Xip) - F(aj-1 — X;f)

Usually, normal distribution or logistic distribution is chosen for F(-).
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Example 5: Multinomial logit model:

The ith individual has m + 1 choices, i.e., j =0,1,---,m.

. exp(X; j)
POi = ) = s = Py
01 =1 ZT:O exp(X;B)) /

for Bp = 0.  The case of m = 1 corresponds to the bivariate logit model (binary
choice).
Note that
log 21 = X
%P0 &
The log-likelihood function is:
logL(ﬁl9 e ,ﬁm) = Z Z dijlnPija

i=1 j=0

where d;; = 1 when the ith individual chooses jth choice, and d;; = 0 otherwise.
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Example 6: Nested logit model:

(1) In the Ist step, choose YES or NO. Each probability is Py and Py = 1 — Py.

(i1) Stop if NO is chosen in the 1st step. Go to the next if YES is chosen in the Ist
step.

(iii) In the 2nd step, choose A or B if YES is chosen in the 1st step. Each probability

is PA|y and PB|y.

For simplicity, usually we assume the logistic distribution.
So, we call the nested logit model.

The probability that the ith individual chooses NO is:
Py, = ;
1 +exp(XiB)
The probability that the ith individual chooses YES and A is:

exp(Zi)  exp(XiB)

P iP ;= P i 1-P i) = .
ALY, i ni) 1 +exp(Zia) 1 + exp(X;8)
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The probability that the ith individual chooses YES and B is:

1 exp(X;B)

PpyiPyi = (1 = Poy)(1 — Py;) =

In the 1st step, decide if the ith individual buys a car or not.

In the 2nd step, choose A or B.

X; includes annual income, distance from the nearest station, and so on.

Z; are speed, fuel-efficiency, car company, color, and so on.

The likelihood function is:

L(a.B) = ﬂ PR (1= Py Py (1 = Pyy)(1 = Pyyy))' ™)

L

HPI“ PN,i)l_ll'( ixzfy (1- PA|Y,i)1_12i)1_ ,
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1 + exp(Zia) 1 + exp(X;B)’
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where

if the ith individual decides not to buy a car in the 1st step,

if the ith individual decides to buy a car in the 1st step,

if the ith individual chooses A in the 2nd step,

if the ith individual chooses B in the 2nd step,
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Remember that E(y;) = F(X;5*), where 8" = 'ﬁ
o

Therefore, size of 5* does not mean anything.

The marginal effect is given by:

X fXiBHB".

Thus, the marginal effect depends on the height of the density function f(X;8%).
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7.2 Limited Dependent Variable Model (FI[RIEEBEEHETIL)

Truncated Regression Model:  Consider the following model:

vi = X6+ u;, u; ~ N(0,0?) when y; > a, where a is a constant,

fori=1,2,---,n.

Consider the case of y; > a (i.e., in the case of y; < a, y; is not observed).

E(u|Xi8 + u; > a) = foo S ()

ui———————du;.
a-X;8 1 - F(a—-XB)

Suppose that u; ~ N(0,2), i.e., = ~ N(0, 1).
(o8

Using the following standard normal density and distribution functions:

40 = Q) expl—3 ),

D(x) = f (27r)”2eXp(—%zz)dz= f $(z)dz,
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f(x) and F(x) are given by:

F(x) = @ro?) 2 exp(—ix% = l<z5(f),
F(x) = f (2ro?) ”Zexp(——z )dz = d(= )

[Review — Mean of Truncated Normal Random Variable:]
Let X be a normal random variable with mean y and variance 0.
Consider E(X|X > a), where a is known.

The truncated distribution of X given X > a is:
1
2\-1/2 2 20X
oy Pexp(—550-p?) 9

1 B a—p-
L Qro?)~1? exp(—ﬁ(x - ,u)z)dx 1- (D(T)

fxlx > a) =
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« 1
2\-1/2 2
fa x(2ro”) exp(——zo_2 (x —p) )dx

E(X|X>a):fooxf(x|x>a)dx: - 1
a f (2no?) ™ exp(—5— (x — ) )dx
a 200

a-— a— a—
ooy +u(1-0(=E)) o=
A 7= =t
1 - o(=5) 1-ot=h)
o o
which are shown below. The denominator is:
© 1 © 1
f Qo)™ 2 exp(— — (x — w)*)dx = f 2n)'? exp(—=z%)dz
a 20—2 % 2
k& ~12 1,
=1- (2m) exp(—zz )dz
- 1-o=h),
o
wherexistransformedintoz:ﬂ. X>a = Z:x—,u>a—,u'
o o o
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The numerator is:

f ) x(2ro?) 2 exp( (x 1)*)dx
= f w (oz+ u)(2ﬂ)_” > exp(— —ZZ)dz
:o'f_# z2m) "' exp(- z ?)dz +,uf (2m)~'? exp(— 5 2z ?)dz

o

-0 f ) (2m) ™ exp(-)dt + (1 - cD(—))
1 a—u)z o

a-p
= cr¢( B4 u(1 - o2=5)),
(oA
: : 1, a—Hu L, la—p,
where z is transformed into 1 = EZ . z> = t==7> 5(—) .
o
[End of Review]
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Therefore, the conditional expectation of u; given X;8 + u; > a is:

- o0 #(—)
_ ) % g :
EQilXiB + u; > a) = fa_x,-/s T Fa - Xp) T fd_xﬁ T Xiﬁ)dul
g
~ X
0'¢(a 'B)
= O- .
1 - o= XP,
(oA

Accordingly, the conditional expectation of y; given y; > a is given by:

E(ilyi > a) = EQilXiB + u; > a) = E(X;B + wi| X8 + u; > a)
a— X,ﬁ

)

a_Xiﬂ)’

= Xif + E(ui|XiB + u; > a) = X; +
] — @

fori=1,2,---,n.
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Estimation:

MLE:
yi— X8

n

T foi=XB) 1 )
Lo = L] 1—F(a—xiﬁ)_1;151_®(a—Xiﬁ

)

is maximized with respect to 3 and o2,

Some Examples:

1. Buying a Car:

vi = x;8 + u;, where y; denotes expenditure for a car, and x; includes income,

price of the car, etc.
Data on people who bought a car are observed.

People who did not buy a car are ignored.
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2. Working-hours of Wife:

y; represents working-hours of wife, and x; includes the number of children,

age, education, income of husband, etc.

3. Stochastic Frontier Model:

vi = f(K;, L;) + u;, where y; denotes production, K; is stock, and L; is amount

of labor.
We always have y; < f(K;, L)), 1.e., u; < 0.

f(K;, L;) 1s a maximum value when we input K; and L;.
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Censored Regression Model or Tobit Model:

X[ﬁ + u;, lfyl > a,
Yi = )
a, otherwise.

The probability which y; takes a is given by:

P(yi = a) = Py < @) = F(a) = f " fody,

where f(-) and F(-) denote the density function and cumulative distribution function

of y;, respectively.
Therefore, the likelihood function is:
L(ﬂ, 0-2) = n F(a)l()’l:a) % f(y,-)l"(”:“),
i=1

where I(y; = a) denotes the indicator function which takes one when y; = a or zero

otherwise.
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When u; ~ N(0, 0%), the likelihood function is:

L) =] f(zmm ' exp(—5 50~ X dy)

x(@ro?y P exp-5 - X87) "

9

which is maximized with respect to 8 and o>.
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Example of Truncated Regression Model:

Demand Function of Watermelon

457054

L g E MR (2000 4F~)

371
416
388

258
191
139
144
354
501
739

W ag
3 1093
4 1285
8 1145
46 899

243 598
352 446
571 306
397 282
30 884

3 1460

1 2024

99 W9

9 3

5 4

12 10
28 85
45 638
169 1163
293 2152
1073 1558
1002 109
360 8
43 2
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102.
102.
102.
102.

102.
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2000.
.01
.02
.03
.04
.05
.06
.07
.08
.09
2001.
2001.
2001.
.01
.02
.03
.04
.05
.06
.07
.08
.09
2002.
2002.
2002.
.01
.02
.03
.04

2001
2001
2001
2001
2001
2001
2001
2001
2001

2002
2002
2002
2002
2002
2002
2002
2002
2002

2003
2003
2003
2003

12

10
11
12

10
11
12

1035616
453748
475556
481198
498080
447510
766471
614715
496482
447397
489834
461094

1000728
462389
477622
496351
485770
444612
745480
583862
488257
440319
475494
439186
939747
435989
455309
456873
475037

938
329
350
321
287
255
169
108
129
449
598
673
961
331
343
326
273
243

126
151
376
506
733
847
303
305
326
273

722
730
366
36
24

11
18

(9]
NWE =V

236
355
616
400

2230
905
920
835
713
582
352
203
265

1087

1581

2026

2622
997

1327

1114
826
726

313
312
939
1504
2056
2599

1148
1094
815

27

92

1167
2403
1577
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102.
102.
102.
101.
102.
102.
101.
101.
102.
101.
101.

101.
101.
100.
100.
101.
101.

100.
101.
101.
100.
100.
100.
100.
100.
100.
100.
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2003.
2003.
2003.
2003.
2003.
2003.
2003.
2003.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2004.
2005.
2005.
2005.
2005.
2005.
2005.
2005.
2005.
2005.

429669
730617
574574
474973
429301
467408
435079
932887
445133
474143
456288
488217
446758
723370
599045
476264
440187
467895
442885
920100
448635
469673
451360
495036
440388
720667
576129
463034
427753

221
157
153
128
333
506
618
757
327
348
287

192
141

115
328
482

673
310
340
360
294
226

105
104
277

40
177
244
683
636
258

583
368
326
264
938
1193
2105
1856
995
1044
829

487
362
223
260
859
1192
1613
1686
785
911
933
787
485

216
234
771

58 422
150 967
242 1412
873 1110
738 88
346 5

46 0

13 2

6 0
4 3
9 6

26 114

61 542
123 725
307 1689
761 892
814 82
204 4

58 7

24 0

9 3
4 17

13 9

30 37

50 416
111 1088
226 1546
652 1225
838 93
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101.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
101.
101.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
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2005.
2005.
2005.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2006.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2007.
2008.
2008.

463838
433036
905473
437787
461368
429948
472583
426680
684632
613269
475866
429017
467163
442147
968162
441039
471681
445076
472446
431013
735579
592452
467786
431793
469981
435640
950654
438998
476282

404
540
631
294
310
302
256
202
148
105

82
263
455
605
719
309
319
346
304
233
177
110
103
291
443
574
748
302
309

363

263

1147
1594
1519
994
950
920
728
515
338
228
163

1144
1556
1949
858
950
1012
770
539
369
258
211
735
1185
1423
1873
835
884

544

205 1
634 1

110
212 1
639 1
745
331

27

141

SRS, N R D

40

413
034
108

[—N—N—N— N

355
926
322
126

77

oo w

100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
101.
101.
101.
100.
100.
100.

99.
100.
100.
100.
100.
100.
101.
101.
101.

101.
101.
100.
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2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2008.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2009.
2010.
2010.
2010.
2010.
2010.
2010.
2010.

453482
469774
435076
737166
587732
488216
433502
481746
439394
969449
443337
464665
443429
473779
436123
700239
573821
466393
422120
459704
428219
906884
434344
464866
439410
474616
421413
733886
562094

291
232
192
150
103

278
445
526
661
268
277
265
210
167
129

84

80
259
366
558
525
256
265
264
208
167
129

78

30
102

905
676
471
358
227
197
827
1336
1601
1949
865
1084
861
648
478
351
219
193

1129
1732
1561
804
917
829

391
285
168

6 0
18 43
39 293
95 661

245 1212
670 1012
693 125
337 7
39 0
13 2
17 0

3 0

6 2
15 56
31 301
97 735

232 1253
494 1054
686 80
248 5
48 3
17 2

5 0

3 0

8 10
21 19
31 219
93 513

161 1054
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102.
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102.
103.
103.
103.
102.
101.
101.

101.
101.
101.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.

99.
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2010.
2010.
2010.
2010.
2010.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2011.
2012.
2012.
2012.
2012,
2012.
2012.
2012.
2012.
2012.
2012,
2012.
2012.

470717
425771
494398
431281
895511
419728
470071
419862
454433
413506
687212
572662
463760
422720
479749
424272
893811
430477
483625
441015
469381
417723
712592
557032
470470
422046
482101
432681
902928

166
519
491
295
50
21

327 141
567
955

1538

1511
666
732
758
19 634
115 508

206 416

351 257

285 204
35 621

3 932
1 1105
0 1487
0 574

N
SR R, NN

2 505
19 355
99 312

181 208
326 179
307 166

2 945
1 1572
1 1404

129
503
567
342
72
29

935

145
567
1279
1087
118
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100.
100.
99.
99.
99.

99.
99.
99.

WNOOPRWORAWOOORPRSQOONNOVOOULIULITOOONON



2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2013.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2014.
2015.
2015.
2015.
2015.
2015.

433858
476256
444379
479854
422724
728678
569174
471411
431931
482684
436293
905822
438646
479268
438145
463964
421117
710375
555276
463810
421809
488273
431543
924911
440226
488519
449243
476880
430325

511
528
250

22
21

49
54

753
743
781
643

307
218
182
544
1045
1080
1377
674
734
655
536
355
267
163
147
574
1042
1397
1555
847

842
604
364

64
63
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99.
99.
99.
99.
99.

100.
100.
100.
100.
100.
100.
100.
100.
101.
103.
103.
103.
103.
103.
103.
103.
103.
1083.
103.
102.
103.
103.
104.
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2015.06
2015.07
2015.08
2015.09
2015.10

. tsset t
time variable: t, 1 to 190
1 unit

733589 140
587156 101
475369 103
415467 272
485330 397

delta:

96 203
189 297
548 279
599 41

235 80
158 146
212 520
655 606

246 4 1107 252

. gen ry=log(y/(cpi/100))

. gen rap=log((a/ag)/(cpi/100))
. gen rgp=log((g/99)/(cpi/100))

. gen rwp=log((w/wg)/(cpi/100))
(40 missing values generated)

. gen lwg=log(wg)

(35 missing values generated)

. reg lwg ry rwp rap rgp if lwg>log(10)

Source |

SS

529 103.
1124 103.
889 103.
159 103.

19 103.

O O WO N

<--- Make data t=1,2,...,190.

<--- log of real income

<--- log of real price of apple (yen/1lg)
<--- log of real price of grape (yen/1lg)

<--- log of real price of watermelon (yen/1lg)

<--- log of demand of watermelon (1g)

df

<--- OLS using the data for wg>10

MS Number of obs = 102
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+

Model |
Residual |
+

I

138.187919
83.2907458

FC 4, 97)

40.23
0.0000
0.6239
0.6084
.92664

.8102279
-1.575157
2.854632
2.158679
-3.826122

4 34.5469797

97 .858667482

101 2.19285807
Std. Err t
.5131024 1.58
.3569839 -4.41
.6983476 4.09
.6110691 3.53
6.894227 -0.55

1.828594
-.8666422
4.240659
3.371482
9.857011

. truncreg lwg ry rwp rap rgp if lwg>log(1®)
(note: ® obs. truncated)

Fitting full model:

Iteration 0:
Iteration 1:
Iteration 2:
Iteration 3:

log likelihood
log likelihood
log likelihood
log likelihood

Truncated regression

Limit:

lower =
upper =

-inf
+inf

-134.46068
-134.39761
-134.39733
-134.39733
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Prob > F

R-squared

Adj R-squared

Root MSE
P>|t] [95% Conf.
0.118 -.2081383
0.000 -2.283671
0.000 1.468606
0.001 .9458762
0.580 -17.50925

<--- This is equivalent

Number of obs
Wald chi2(4)

to OLS

102
169.23



Log likelihood = -134.39733 Prob > chi2z = 0.0000

lwg | Coef Std. Err z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
ry | .8102279 .5003683 1.62 0.105 -.170476 1.790932

rwp | -1.575157 .3481244 -4.52 0.000 -2.257468 -.8928453

rap | 2.854632 .6810162 4.19 0.000 1.519865 4.189399

rgp | 2.158679 .5959037 3.62 0.000 .9907293 3.326629

cons | -3.826122 6.723128 -0.57 0.569 -17.00321 9.350967
_____________ +________________________________________________________________
/sigma | .9036459 .0632679 14.28 0.000 .7796432 1.027649

. truncreg lwg ry rwp rap rgp if lwg>log(10), 11(log(10)) <--- truncated reg
(note: 0O obs. truncated)

Fitting full model:

Iteration 0: log likelihood = -132.93358

Iteration 1: log likelihood = -132.70871

Iteration 2: log likelihood = -132.70789

Iteration 3: log likelihood = -132.70789

Truncated regression

Limit: lower = 2.3025851 Number of obs = 102
upper = +inf Wald chi2(4) = 145.68

Log likelihood = -132.70789 Prob > chi2 = 0.0000
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lwg | Coef. Std. Err z P>|z]| [95% Conf. Interval]
_____________ +________________________________________________________________
ry | .760959 .5179994 1.47 0.142 -.2543011 1.776219

rwp | -1.682078 .3724194 -4.52 0.000 -2.412006 -.952149

rap | 2.958551 .7114935 4.16 0.000 1.564049 4.353053

rgp | 2.299172 .6349926 3.62 0.000 1.054609 3.543734

_cons | -3.212068 6.960658 -0.46 0.644 -16.85471 10.43057
_____________ +________________________________________________________________
/sigma | .9260598 .0686138 13.50 0.000 .7915792 1.06054

log(wg:) = Bo + 1 log(ry,) + B2 log(rwp,) + B3 log(rap,) + Ba log(rgp)
Pick up the cases of wg, > 10.
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7.3 Count Data Model (Gt#(7—4% T /L)

Poisson distribution:
e )*

PX=x) = fx) =
forx=0,1,2,---
In the case of Poisson random variable X, the expectation of X is:
00 —/l/lx—l

—/l/lx & e—/l/lx i e a e—/l/lx’
(X)= ) x—m = ) v L1 G- Z:;) 7

x=0 ! x=1

Remember that ), f(x) = 1, i.e., Yoo e *2%/x! = 1.
Therefore, the probability function of the count data y; is taken as the Poisson distri-

bution with parameter A;.

In the case where the explained variable y; takes 0, 1, 2, --- (discrete numbers),

assuming that the distribution of y; is Poisson, the logarithm of A; is specified as a
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linear function, i.e.,
E(y,) = /l,‘ = CXp(X,‘ﬂ).

Note that A; should be positive.

Therefore, it is better to avoid the specification: 1 = X;3.

The joint distribution of yy, y,, - - -, y, is:

n —A; Vi

fouya =] | fon=1] ey_,’ = L(pB),
i=1 ’

i=1 !

where 4; = exp(X;5).

The log-likelihood function is:

IOgL(ﬁ) = - Zn:/ll + zn:yilog/li - Zn:y,‘
i=1 i=1 i=1
== ZH: exp(XiB) + Zn: yiXiB — anyi!-
i=1 i=1 i=1
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The first-order condition is:

dlog L(B) < O L,
== X; exp(X;p) + Xiyi =0.
D) 2,

— Nonlinear optimization procedure

[Review] Nonlinear Optimization Procedures:

Note that the Newton-Raphson method (one of the nonlinear optimization proce-

dures) is:

& log LB\ ™" 8log L(BY)

opop’ )
which comes from the first-order Taylor series expansion around 8 = 3*:
_ dlog L(B) _ dlog L(B") . 8% log L(B")
B B 0Bop’

and 3 and B* are replaced by SY*! and B, respectively.

B(j+1) :lB(j) _ (

0

B-=B)
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An alternative nonlinear optimization procedure is known as the method of scoring,

which is shown as:

,B(jH) :lg(j) _ (E(62 log L(,B(j))))—l 610g L(ﬁ(j))’

Ppop’ B
9”log L)\ . 0% log L(BY)
h _— 1 E(——————|
where ( B ) is replaced by ( B )
[End of Review]

In this case, we have the following iterative procedure:

n _1 n n
pUD = o — [— D XX, exp(x,-ﬁ<f>>) [— DX expXBD) + " Xy .
i=1 i=1 i=1

The Newton-Raphson method is equivalent to the scoring method in this count model,

because any random variable is not included in the expectation.
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Zero-Inflated Poisson Count Data Model: In the case of too many zeros, we have
to modify the estimation procedure.
Suppose that the probability of y; = j is decomposed of two regimes.

— We have the case of y; = j and Regime 1, and that of y; = j and Regime 2.

Consider P(y; = 0) and P(y; = j) separately as follows:

P(y; = 0) = P(y; = O|Regime 1)P(Regime 1) + P(y; = O|Regime 2)P(Regime 2)

P(y; = j) = P(y; = jlIRegime 1)P(Regime 1) + P(y; = jIRegime 2)P(Regime 2),

for j=1,2,---.
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Assume:
e P(y; = O|Regime 1) = 1 and P(y; = jl[Regime 1) =0for j=1,2,---,

e P(Regime 1) = F; and P(Regime 2) = 1 - F;,
—/1,’/1}"1

e P(y; = jIRegime 2) = ‘ ~ for j=0,1,2,---,

Yi:

1

where F; = F(Z;a) and A; = exp(X;8). = w; and X; are exogenous variables.

Under the first assumption, we have the following equations:

P(y; = 0) = P(Regime 1) + P(y; = O|Regime 2)P(Regime 2)

P(y; = j) = P(y; = jl[Regime 2)P(Regime 2),

for j=1,2,---.
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Combining the above two equations, we obtain the following:
P(y; = j) = P(Regime 1)I; + P(y; = jIRegime 2)P(Regime 2),

for j=0,1,2,---,

where the indicator function /; is given by I; = 1 for y; = O and I; = O for y; # 0.
F; denotes a cumulative distribution function of Z;&. = We have to assume F;.

Including the other two assumptions, we obtain the distribution of y; as follows:
—/l,'/l_yi
Py;=j)=Fili+ —L(1-F),  j=0,12,"
Yi:

where F; = F(Z;a), A; = exp(X;B), and the indicator function /; is given by I; = 1 for
yi=0and [; = 0fory; # 0.
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Therefore, the log-likelihood function is:

n n e—/l,’/l}.’i
log L(a, ) = ) log Py = j) = ) ,log (Fill- # - F»),
i=1 i=1 '

]

where F; = F(Z;a) and A; = exp(X;0).

log L(a, B) is maximized with respect to @ and 3.
— The Newton-Raphson method or the method of scoring is utilized for maximiza-

tion.
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Example of Poisson Regression:

bike B FHHRIEE L (2012 4F)
lowland {EMiEFRE (CEAGF0, 2012 4)
dwellings JE{EAEMMEE CFAF0, 2012 4F)

pop A (2010 )

pref bike lowland dwellings pop
JevE 1 11 9794 543 5504
H iR 2 6 1237 193 1374
=F 3 7 1261 216 1326
(=874 4 4 1757 259 2352
FKH 5 2 2453 170 1085
17 6 5 1393 163 1167
= 7 5 1437 255 2021
K 8 20 1647 454 2887
TN 9 17 752 289 1990
HE 10 17 585 272 2005
BE 11 42 1414 487 6373
T 12 30 1452 489 5560
W 13 34 274 421 15576
Mz 14 17 575 418 8254
iR 19 5 2775 274 2375
B 20 4 987 145 1091
Al 15 5 656 116 1172
v 16 2 932 93 807
17 4 343 115 855
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iy 21 7 751 307 2149

FE 22 12 1174 226 1998
e 23 22 1155 338 3760
T 24 44 1148 521 7521
= 18 8 1031 207 1820
w25 6 935 132 1363
HHES 26 15 820 149 2668
KB 27 47 610 318 9281
e 28 23 1604 346 5348
FeS 29 4 273 110 1260
ML 30 7 316 93 983
EE 31 4 411 70 589
BiE 32 3 495 94 718
ML 33 14 1141 216 1943
KE 34 12 559 232 2869
e 35 2 461 173 1444
e 36 7 551 88 783
HFN 37 17 474 117 998
EiE 38 9 557 146 1433
@A 39 6 327 70 763
e 40 18 1224 400 5078
2 41 6 645 103 852
Eli 42 1 339 141 1423
REAR 43 14 958 225 1810
R 44 6 595 140 1197
=R 45 6 764 163 1136
EIRE 46 5 771 258 1704
WHE 47 1 151 98 1392
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. poisson bike lowland dwellings pop

Iteration O: log likelihood = -156.83031
Iteration 1: log likelihood = -153.97721
Iteration 2: log likelihood = -153.97403
Iteration 3: log likelihood = -153.97403
Poisson regression Number of obs = 47
LR chi2(3) = 286.85
Prob > chi2 = 0.0000
Log likelihood = -153.97403 Pseudo R2 = 0.4823
bike | Coef. Std. Err z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
lowland | -.0001559 .0000368 -4.23  0.000 -.0002281 -.0000837
dwellings | .0042478 .000447 9.50 0.000 .0033716 .0051239
pop | .0000519 .0000146 3.56  0.000 .0000234 .0000804
_cons | 1.309844 .1051302 12.46  0.000 1.103793 1.515896

. gen llland=log(lowland)
. gen ldwellings=log(dwellings)

. gen lpop=log(pop)
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. poisson bike 1llland ldwellings lpop

Iteration O: log likelihood = -156.15686
Iteration 1: log likelihood = -155.6255
Iteration 2: log likelihood = -155.62489
Iteration 3: log likelihood = -155.62489
Poisson regression Number of obs = 47
LR chi2(3) = 283.54
Prob > chi2 = 0.0000
Log likelihood = -155.62489 Pseudo R2 = 0.4767
bike | Coef. Std. Err z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
1lland | -.1028579 .0800629 -1.28 0.199 -.2597784 .0540625
ldwellings | .4817018 .2171779 2.22  0.027 .056041 .9073626
lpop | .5715923 .1220733 4.68 0.000 .332333 .8108517
_cons | -3.93974 .559487 -7.04 0.000 -5.036315 -2.843166
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8 Panel Data

8.1 Some Formulas of Matrix Algebra — Review

ay dip - Ak
dy; dyp - Ay

I. LetA=| ) | = Laijl,
an Aap - A

which is a [ X k matrix, where a;; denotes ith row and jth column of A.

The transposed matrix (25 E1T75!) of A, denoted by A’, is defined as:

apy dazy - an

, ap dxp -+ ap
A= . . . [aji],

aix Ao - Ak
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where the ith row of A’ is the ith column of A.
. (Ax) = X'A’,

where A and x are a [ X k matrix and a k X 1 vector, respectively.

. d =a,

where a denotes a scalar.

da’'x
=a,
Ox
where a and x are k X 1 vectors.
ox'A
R A A
ox

where A and x are a k X k matrix and a k X 1 vector, respectively.

Especially, when A is symmetric,
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. Let A and B be k x k matrices, and I; be a k x k identity matrix (BE{I1T51)

(one in the diagonal elements and zero in the other elements).

When AB = I, B is called the inverse matrix (3¥17%1) of A, denoted by
B=A"

Thatis, AA™' = A7'A = I,.
. Let A be a k X k matrix and x be a k X 1 vector.

If A is a positive definite matrix (IE{&E &F51751), for any x except for x = 0

we have:

xX'Ax > 0.
If A is a positive semidefinite matrix (GE&{EE RFS1T5!), for any x except
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for x = 0 we have:

x'Ax > 0.

If A is a negative definite matrix (R{EZEfFS1751), for any x except for x = 0
we have:

xX'Ax < 0.

If A is a negative semidefinite matrix (3E1E{EE RF=1751), for any x except
for x = 0 we have:

x'Ax <0.
Trace, Rank and etc.: A:kxk, B:nxk, C:kxn.

k
I. The trace (kL' —2) of A is: tr(4) = > a;;, where A = [a;] .

i=1
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2. Therank (T > 7, FE#7) of A is the maximum number of linearly independent

column (or row) vectors of A, which is denoted by rank(A).
3. If A is an idempotent matrix (X ZF1T71), A = A%.
4. If A is an idempotent and symmetric matrix, A = A> = A’A .
5. A is idempotent if and only if the eigen values of A consist of 1 and 0.

6. If A is idempotent, rank(A) =tr(A) .

B

. tr(BC) =tr(CB)

Distributions in Matrix Form:

1. Let X, uand £ be k x 1, k X 1 and k X k matrices.
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When X ~ N(u, X), the density function of X is given by:

1
f(x) = xp(—5 (= /=7 (x - ).

Qr)k2|z|12 €
E(X) = pand V(X) = B((X - )(X - p)') =X
The moment-generating function: ¢(6) = E(exp(G’X)) =exp(@'u + %9’29)

(*) In the univariate case, when X ~ N(u, 0%), the density function of X is:

1 1
f0 = G exp(~5—(x— 7).

CIFX ~ N, T), then (X — )=~ 1 (X — p) ~ x2(k).

Note that  X’X ~ y?(k) when X ~ N(0, I).

3. X:nx1,  Yimxl, X ~Np,2), Y~N,Z,)
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X is independent of Y, i.e., E((X — )Y - ,uy)’) = 0 in the case of normal

random variables.

X — ) 5 (X = p)/n
(Y = i) 1Y = py)/m

~ F(n,m)

. If X ~ N(0, 0*1,) and A is a symmetric idempotent 7 X n matrix of rank G, then
X'AX/0? ~ Y*(G).
Note that X’AX = (AX)'(AX) and rank(A) = tr(A) because A is idempotent.

. If X ~ N(0,0?1I,), A and B are symmetric idempotent n X n matrices of rank G

and K, and AB = 0, then

X'AX X'BX X'AX/G
/ = /G F(G,K).

Go? ! Ko  X'BX/K
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8.2 OLS — Review

We consider the following regression model:

Bi
B
Yi =Bixin +Boxip + -0+ BiXip +up = (X1, Xio, L, X)) | L |t ui = xiB 4w,
B
fori =1,2,---,n, where x; and B denote a 1 X k vector of the independent variables

and a k X 1 vector of the unknown parameters to be estimated, which are given by:

B
B2

Xi = (Xi1, Xi2, "y Xik)s B =

Br

x; j denotes the ith observation of the jth independent variable.
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The case of k = 2 and x;; = 1 for all i is exactly equivalent to (4).

Therefore, the matrix form above is a generalization of (4).

Writing all the equations fori = 1,2, -- -, n, we have:

yi =Bixi1 +faxip+ -

Y2 =BiXo1 +Poaxoy + -

Yn :ﬁlxn,l +ﬁ2xn,2 + e

which is rewritten as:
Y1
»

Yn

+BiXxix +up = x18+ uy,

+ Bixok + up = X8 + Uy,

+ﬁkxn,k + U, = xnﬁ + Uy,

X1k (P u

X2k ,32 125
+

xn,k ﬁk Uy
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Xn Uy

Again, the above equation is compactly rewritten as:

y=XB+u, (19)
where y, X and u are denoted by:
Y1 X110 X120 o Xik X1 Uy
2 X211 X22 ottt X2k X2 U
y=1 .| X=| . . A= b U=
Yn Xn,1 Xn,2 o Xk Xn Uy

Utilizing the matrix form (19), we derive the ordinary least squares estimator of 3,

denoted by j3.
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In (19), replacing 8 by /3, we have the following equation:
y=XB+e,

where e denotes a n X 1 vector of the residuals.
The ith element of e is given by e;.

The sum of squared residuals is written as follows:
S = Z ¢i=ce=0-XP'(v-XB) =0 -BX)y-XP)
i=1
=Yy -YXB-BXy+BXXp=yy-2XB+FXXp.
In the last equality, note that 3’X’y = y'X}3 because both are scalars.
To minimize S (3) with respect to 3, we set the first derivative of S (38) equal to zero,
i.e.,

A

as(ﬁ = -2X'y+2X'XB3 = 0.
B

171



Solving the equation above with respect to j3, the ordinary least squares estimator

(OLS, sx/NBEHTE E) of S is given by:
B=XX)"XYy. (20)

Thus, the ordinary least squares estimator is derived in the matrix form.
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(*) Remark

The second order condition for minimization:

S (B)

= 2X'X
Bop’

is a positive definite matrix.
Set ¢ = Xd.

For any d # 0, we have ¢’'c = d’X'Xd > 0.

173



Now, in order to obtain the properties of 3 such as mean, variance, distribution and

so on, (20) is rewritten as follows:

B=XX)"'Xy=XX)"XXB+u) = XX)"'XXB+X'X)'Xu

=8+ X'X)"' X u. 1)
Taking the expectation on both sides of (21), we have the following:
E@B) =EQ@B+ X'X)"'X'u) =8+ X'X)"'X'E(u) =,

because of E(u) = 0 by the assumption of the error term u;.

Thus, unbiasedness of 5 is shown.
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The variance of 3 is obtained as:

VB) = E(@B~B)B~p)) = B((X'X) X u(X'X)"'X'u)')
=E(X'X)"' X u/'XX'X)™) = X’X) "' X' E(uu)X(X'X)™!

=X’ X)X XX' X)) = X' X)L

The first equality is the definition of variance in the case of vector.

In the fifth equality, E(uu’) = 01, is used, which implies that E(u?) = o~ for all i and
E(uu;) = 0 fori # j.

Remember that u;, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed with mean zero and variance .
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Under normality assumption on the error term u, it is known that the distribution of

B is given by:
B~ NG, X'X)™.

Proof:

First, when X ~ N(u, X), the moment-generating function, i.e., ¢(6), is given by:
/ / 1 /
$(6) = E(exp(¢/ X)) = exp(60'u + 56 )
6, nxl, u:nxl1, Op: kX 1, B:kxl

The moment-generating function of u, i.e., ¢,(6,), is:

0_2
$u(0,) = E(exp(¥,u)) = exp(EQ’ﬂu),

which is N(0, o*1,,).
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The moment-generating function of 3, i.e., $p(Gp), 1s:
$5(05) = E(exp(84B)) = E(exp(68 + G4(X'X)™' X'u))
= exp(0B)E(exp(dy(X'X)™' X'u)) = exp(%ﬁ)(pu( X' X)"'X')

2
= exp(68) exp( Oy(X'X)™05) = exp(68 + —Hﬁ(X’X) 65).

which is equivalent to the normal distribution with mean 8 and variance o*(X’X)~!.

Note that 6, = X(X'X)™'6;. QED
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Taking the jth element of §3, its distribution is given by:

A

A . Bj—B;
Bi~ N(@B;,0%a;)), ie, —L—=~N(O,1),
J J JJ O'\/CE

where a;; denotes the jth diagonal element of X' x) L.

Replacing o by its estimator s2, we have the following ¢ distribution:

A

w ~ t(n _k),

S ajj

where t(n — k) denotes the ¢ distribution with n — k degrees of freedom.
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@ When Cov(u, X) # 0, i.e., E(X'u) # 0, what happens?
EB) =E@B+ X' X)"'X'u) = 8+ E(X'X)"'X'u) # S,
because of E(X’'u) # 0 by the assumption of the error term u;.

Thus, B 1s biased.
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[Review] Trace (~ L —X):

1. Atnxn, tr(A) =Y}, a;, where g;; denotes an element in the ith row and the

jth column of a matrix A.
2. a:scalar (1 x1), tr(a)=a
3. AinXk, B:kxn, tr(AB)=tr(BA)
4. (XX’ X)X = (X’ X)'X'X) = te(l) = k
5. When X is a square matrix of random variables, E(tr(AX)) = tr(AE(X))

End of Review
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8.3 GLS — Review

Regression model:

y=XB+u, u~ N(Q,Q),

where y, X, B, u,0and Qare nX 1,n Xk, kx1,nx1,nx 1, and n X n, respectively.

We solve the following minimization problem:
min (y - XB)Q'(y — XB).

Let b be a solution of the above minimization problem.

GLS estimator of S is given by:
b=XQ'X)y'xaly.
In general, when Q is symmetric, € is decomposed as follows.
Q=AAA
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A is a diagonal matrix, where the diagonal elements of A are given by the eigen
values.

A is a matrix consisting of eigen vectors.

When Q is a positive definite matrix, all the diagonal elements of A are positive.

There exists P such that Q = PP’ (i.e., take P = A’A'?). = plQP ' =1,

Multiply P~! on both sides of y = X8 + u.
We have:
y* — X*ﬁ + u*,

where y* =Py, X*=P'X, and u*=Plu
The variance of u™* is:

Vu*) = V(P 'u)= P'VuP ' = 2P QP! = ¢I,.
because Q = PP',ie., P71QP ' =1,.
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Accordingly, the regression model is rewritten as:
Vv = X*B+u*, u* ~ (0,071,
Apply OLS to the above model.
Let b be as estimator of 8 from the above model.
That is, the minimization problem is given by:

min (y* — X*b)'(y* — X*b),
b

which is equivalent to:

min (y — Xb)YQ ™ '(y — Xb).
b
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Solving the minimization problem above, we have the following estimator:

b — (X*/X*)—lx*/y*

— (X/Q—lx)—leQ—ly’

which is called GLS (Generalized Least Squares) estimator.

b 1s rewritten as follows:
b=B+X"X*) ' X*"u* =+ X Q' X)'XQu
The mean and variance of b are given by:

E() =p,
V) =2 (X*'X*) ! = o2(X'QI X)L
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Suppose that the regression model is given by:
y=XB+u, u ~ N, Q).
In this case, when we use OLS, what happens?

B=X'X)"'Xy=B+X'X)"'Xu

V@) = (X'X) ' XX (X' X)™!
@ Compare GLS and OLS.

Expectation:
EB)=p. and E(®)=p

Thus, both 3 and b are unbiased estimator.
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Variance:
V() = P X'X) XXX X)™!
V) = ?X'Q'x)!
Which is more efficient, OLS or GLS?.
V(B) _ V(b) — O_Z(X/X)—IX/QX(XIX)—I _ O_Z(X/Q—IX)—I
= 0-2((X’X)‘1X’ - (X’Q—IX)—lx'Q-l)Q
(X)X - xay
= ?AQA’

Q is the variance-covariance matrix of u, which is a positive definite matrix.

Therefore, except for Q = I,, AQA’ is also a positive definite matrix.

This implies that V(3;) — V(b;) > 0 for the ith element of 3.
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Accordingly, b is more efficient than j.
If u ~ N(0,0?Q), then b ~ N(B, r2(X'Q7'X)™).
@ Maximum Likelihood Estimation (MLE):
y=XB+u, u ~ N, 0’Q).
E(y) = XB and V(y) = 0°Q
fG) = @ro?)"PIQ 2 exp(—ﬁ(y - XB)Q' (v - XBY) = L(B,0”)

b is equivalent to MLE.
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8.4 Panel Model Basic

Model:
yit:Xilﬁ+Vi+uit’ i:l929“'9n’ t:1’2""’T

where i indicates individual and ¢ denotes time.

There are n observations for each ¢.

u;; indicates the error term, assuming that E(u;;) = 0, V(u;) = 02 and Cov(u;;, u i) =0

fori # jand t # s.

v; denotes the individual effect, which is fixed or random.
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8.4.1 Fixed Effect Model (EENRETIV)

In the case where v; is fixed, the case of v; = z;a 1s included.

yit:XilIB+vi+uit7 i:1529"',n, t:1,2,"',Ta

yi = XiB+vi+u, i=12,---,n,

T T T
1 - 1 1
where yi = T E Vits Xi = T E Xit, and ﬁi = T E Ujs.
=1 t=1

t=1

O =¥) = X = X)B+ wy —w),  i=1,2,---,n, t=12,---,T,

Taking an example of y, the left-hand side of the above equation is rewritten as:

_ 1,
Yie = Yi = Yit — TlT)’i»
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where 17 =

Thus,

,whichisa T x 1 vector, and y; =

Yit =Y
Yo = Y

Yir =i

Yit = Y
Yi2 = Y

yir = Y

=Iry; — lTyi = Iry; —

yil

yir

TlT T)’z

U — U;

Up — U;

Uit — Ui
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which is re-written as:

1 1 1 .
Ir - TlTlT))’i =(Ir - TlTlr)Xi,B"'(lT - TlTlT)“i’ (=12,

1.€.,

DTyi = DTXl'ﬂ + Dru;, i=1,2,---,n,

1
where Dy = (I7 — ?lTl’T), whichis a T X T matrix.

Note that DD’ = Dr, i.e., Dy is a symmetric and idempotent matrix.

Using the matrix form fori = 1,2, ---,n, we have:
Dry, DrX, Dru,
Dry, DX, Dru,
=l . B+ . |
DTyn DTXn DTun
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Dr O 0
0 Dr

0

0 0 Dr

Vi Xi

where y = y_2 , X )%2

Vn X
respectively

DT 0 0 DT 0 0
0 DT 0 DT
y= XB+| . u,
0 : ) 0
0 0 Dy 0 0 Dr
U
U
,andu =| |, whichare Tnx1, Tnxkand Tnx 1 matrices,
Uy

Using the Kronecker product, we obtain the following expression:

(I, ® Dr)y = (I, ® Dr)XB + (I, ® Dr)u,

where (I, ® Dr), y, X, and u are nT X nT, nT X 1, nT X k, and nT X 1, respectively.
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Kronecker Product — Review:

1. A: nXm, B: T xk

(lllB CllzB almB
ayB a»nB --- ay,B
A®B=| | ) .|, which is a nT" X mk matrix.
anlB anZB U ant
2. A:nXn, B:mxm
A®B'=A"®B!, |A ® B| = |A|"|B]",
(A®B) =A'"® B, tr(A ® B) = tr(A)tr(B).

3. For A, B, C and D such that the products are defined,

(A® B(C®D)=ACQ®BD.
End of Review
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Going back to the previous slide, using the Kronecker product, we obtain the fol-

lowing expression:
(I, ® Dr)y = (I, ® Dr)XB + (I, ® Dr)u,
where (I, ® Dr), y, X, and u are nT X nT, nT X 1, nT X k, and nT X 1, respectively.

Apply OLS to the above regression model.

A

B

(1, ® DPXY (1, ® DX)” (1, ® Dr)XY' (1, ® Dr)y

-1
(X’(I,, ® D’TDT)X) X'(I, ® D}, Dr)y
-1
= (X'(I,® Dr)X) X'(I, ® Dr)y.
Note that the inverse matrix of D7 is not available, because the rank of Dy is T — 1,

not 7" (full rank).

The rank of a symmetric and idempotent matrix is equal to its trace.
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The fixed effect v; is estimated as:
b =y, — X;B.
Possibly, we can estimate the following regression:
v, = Zia + €,

where it is assumed that the individual-specific effect depends on Z;.
The estimator of o2 is given by:

n T
5'5 = ﬁ Z Z(yiz - XitB - \A’i)z-

i=1 t=1
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[Remark]
More than ten years ago, “fixed” indicates that v; is nonstochastic.

Recently, however, “fixed” does not mean anything.

“fixed” indicates that OLS is applied and that v; may be correlated with Xj;.

Possibly, E(v;|X) = «@;(X), where «;(X) is a function of Xj, for i = 1,2,

t=1,2,---,T, and it is normalized to ), , @;(X) = 0.
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8.4.2 Random Effect Model (T > % LZHRETIL)

Model:
yit:Xilﬁ+Vi+uit’ i:l929“'9n’ t:1’2""’T

where i indicates individual and ¢ denotes time.

The assumptions on the error terms v; and u;, are:

E(iX) = E(u;|X) =0 for all i,
V@ilX) = o for all i, V(uy|X) = o> foralliand ¢,
Cov(v;,vjlX) =0 fori # j, Cov(uj, ujs|X) =0 fori+ jandt # s,

Cov(vj,u;;|X) = 0 foralli, jand z.

Note that X includes Xj; fori=1,2,---,nandt=1,2,---,T.
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In a matrix form with respecttot = 1,2,---,T, we have the following:

)’i:Xi,B+Vz’1T+Mia i:172"",n’
Vit X; Uji
Yi2 Xin Upp
wherey, =| |, X;=| . landu;=| |areT x1,T xXkand T X 1, respectively.
yir X; uir

u; ~ N,cI;) and vily ~ N(0,02) = vl +u; ~ NO,02171} + 02I7).

Again, in a matrix form with respect to i, we have the following:

y=XB+v+u,
Y1 X vily Ui
» X5 wlr Uy
wherey=| | X=|  |v=| . |andu=|  |arenT xX1,nT xXk,nT X1 and
Vn Xn anT Uy
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nT X 1, respectively.
The distribution of u + v is given by:

vu ~ N(0,L,® (or1r1} + ooly)
The likelihood function is given by:

~1)2
LB, 02,02 = 0P|l @ (021517 + o)

X exp(—%(y - XB) (I, ® (021717 + ang))*l(y - XP)).

Remember that f(x) = (27)*/?|g|"1/2 exp(—%(x - (x - ,u)) when X ~ N(u, X),

where X denotes a k-variate random variable.
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The estimators of 8, o2 and o2 are given by maximizing the following log-likelihood
function:
nT
2
1 ’ 2 ’ 2 -1
-0 = XB) (I ® (@171} + oolr)) (v — XP).

log L(B,02,07%) = —

1
log(2m) -  log|L, ® (071717 + )

MLE of 3, denoted by 3, is given by:

(X(1® @ 1715 + 210) X)X (L@ @171y + o21) 'y

B

= (Z X171, + ang)—lx,.)‘l(Zn: X(o2lr 1y + oaln) i),

i=1 i=1
which is equivalent to GLS.

Note that 3 is not operational, because 3 depends on o and o2,
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8.5 Consistency and Asymptotic Normality of OLSE — Review

Regression model: y=XB+u, u~ (0,0°1,).

Consistency:

1. Let 8, = (X’X)"' X’y be the OLS with sample size n.

Consistency: As n is large, 3, converges to S3.
2. Assume the stationarity assumption for X, i.e.,
1 7
XX — M,,.
n

Then, we have the following result:

1
-X'u — 0.
n
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Proof:

According to Chebyshev’s inequality, for g(Z) > 0,

P(e(Z) > k) < E(g]iz)),

where k is a positive constant.
1

Setg(Z)=2'Z,and Z = —X'u.
n

Apply Chebyshev’s inequality.

E((%X’u)’%X’u) = %E(u'XX/u) = %E(tr(u’XX’u)) = %E(tr(XX’uu'))

1 2 2 2 1
= S u(XXE(u)) = Su(XX) = ZuX'X) = —tr(~X'X).
n? n? n? n o n
Therefore,

1 1 2 1
P((—X’u)’—X’u > k) < U—tr(—X’X) — 0 x tr(M,,) = 0.
n n nk n
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Note that from the assumption,

1
-X'X — M,,.
n

Therefore, we have:
1 1
(=X'u) —X'u — 0,
n n
which implies:

1
—X'u—0,
n

1 1
because (—X'u)’'—X’u indicates a quadratic form.
n n

1 1

. Note that —-X'X — M,, resultsin (=X'X)"' — M.
n n

— Slutsky’s Theorem

(*) Slutsky’s Theorem g(@) — g(6), when 0— 0.
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4. OLS is given by:
P / -1 v 1 ’ -1 1 /
B,=B+X'X) " Xu=8+-XX)"(-X"u).
n n
Therefore,
By — B+M_!x0=p

Thus, OLSE is a consitent estimator.

Asymptotic Normality:

1. Asymptotic Normality of OLSE

Va(B, —B) — N, o?M;!), whenn — co.

204



2. Central Limit Theorem: Greenberg and Webster (1983)

Z\, 2, - -+, Z, are mutually indelendently distributed with mean y and variance

.

Then, we have the following result:

1 n
%Z(Z,-—m — N(,3),
i=1

where

== i1y =]

i=1

The distribution of Z; is not assumed.

3. Define Z; = x/u;. Then, ; = Var(Z;) = o2x)x;.
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4. ¥ is defined as:

where

Xn
5. Applying Central Limit Theorem (Greenberg and Webster (1983), we obtain

the following:

\/_qu, L\/_XIUHN(O g Mxx)

On the other hand, from ,8n =B+ (X’X)"' X'u, we can rewrite as:

i3 - B) = (%X’X)_l %X’u.
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Var ((%X’X)_] %Xu) -E ((%X’X)_l %Xu((%X

1

\/_

- (%X’X)_l(%X’E(uu’)X)(%X’X)_l

Therefore,
VB -p) — NO,*M.))
= Asymptotic normality (i HJIERIM:) of OLSE

The distribution of u; is not assumed.
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8.6 Instrumental Variable (IV) Method GZEZH#0E or IV iE) —
Review

Instrumental Variable (IV)

1. Consider the regression model: y = X3 + u and u ~ N(0, o*1,,).

In the case of E(X'u) # 0, OLSE of § is inconsistent.
2. Proof:
P, 1 ry\—1 1 ’ -1
=B+ (=XX)" -Xu — B+M_ M,
n n
where

1 1
—X,X — Mxxa _X,u — qu ¢ O
n n

1
3. Find the Z which satisfies -Z'u — M, = 0.
n

208



Multiplying Z’ on both sides of the regression model: y = XS + u,
Zy=7Z'XB+Zu

Dividing n on both sides of the above equation, we take plim on both sides.

Then, we obtain the following:
. (1, . (1, . (1, . (1,
plim|{-=Z"y| = plim|-Z'X|B + plim|—-Z'u| = plim|-Z'X | 8.
n n n n
Accordingly, we obtain:

-1
B = (plim (EZ'X)) plim (lZ’y) .
n n

Therefore, we consider the following estimator:
B = (Z'X)"'Zy,
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which is taken as an estimator of S.

—> Instrumental Variable Method (2/FZ 0% or IV %)

. Assume the followings:

1 1 1
-Z’X — M, -7’7 — M_, -Z'u — 0
n n n

. Asymptotic Distribution of £;y:
By =ZX)"'Zy=ZX)"'ZXB+u)=B+ZX)"'Zu,
which is rewritten as:

V(B - p) = (%Z’X)‘l(%zu)

1
Applying the Central Limit Theorem to (—Z’u), we have the following result:
n

1
%Z’u —s N(0,0°M.,).
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Therefore,
I_, N1 1 ) 2a4-1 r -1
V(i - B) = (~Z'X) (%z u) — NO,o” M MM,
= Consistency and Asymptotic Normality
6. The variance of S,y is given by:
VBw) =s2ZX)'2Z(X'2)™",
where

2= (v = XBw)' &y — XBv)
B n—k '
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8.7 Two-Stage Least Squares Method (2 EXf& /)N — &%, 2SLS or
TSLS) — Review

1. Regression Model:
y=XB+u, u~ NQO,ocI),

In the case of E(X"u) # 0, OLSE is not consistent.
) . . . I,
2. Find the variable Z which satisfies -Z'u — M_,, = 0.
n

3. Use Z = X for the instrumental variable.

X is the predicted value which regresses X on the other exogenous variables,

say W.
That is, consider the following regression model:
X=WB+V.
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Estimate B by OLS.

Then, we obtain the prediction:

where B = (WW)"'W'X.
Or, equivalently,
X=wWwWw)'wWXx.
X is used for the instrumental variable of X.
. The IV method is rewritten as:
By =XX) X'y = XWWW) 'WX)'XWW W) 'Wy.
Furthermore, §;y is written as follows:
By =B+ X WWW) 'WX)'XWW W) 'Wu.
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Therefore, we obtain the following expression:

| | /,—1 1 11,1 ,
Vi = = (o)) (or) ) Gaewww) (52w
—> N(0, (M, M, M) ™).

5. Clearly, there is no correlation between W and u at least in the limit, i.e.,
N2 S
phm(—W u) =0.
n

6. Remark:

XX=XWWW)'WX=XWWW)'WWWW)'WX =XX.

Therefore,
Biv=XX)"Xy=XX)"XYy,
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which implies the OLS estimator of 3 in the regression model: y = X + u and

u ~ N(0, 0°1,).

Example:

Vi = ax; + Bz, + u, ~ (0,07).

Suppose that x; is correlated with u, but z, is not correlated with .
e Ist Step:

Estimate the following regression model:
X,:’)/W,+5Zt+"'+vl,

by OLS. = Obtain X, through OLS.
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e 2nd Step:

Estimate the following regression model:
e = aX, + Bz + uy,
by OLS. = a; andS,;,
Note as follows.  Estimate the following regression model:
L =YW+ 0%+ + vy,

by OLS.

= Y, =0, 5, = 1, and the other coefficient estimates are zeros. i.e., 2 =2

Eviews Command:

tslsyxz@wz ...
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Going back to Panel Data:

8.8 Hausman’s Specification Error (fFE LR ZE) Test
Regression model:

y=XB+u, y:nx1l, X:nxk B:kx1l, u:nxl.
Suppose that X is stochastic.

If E(u|X) = 0, OLSE } is unbiased because of 8 = (X’X)"'X’y = 8+ (X’X)"'X’u and
E(X’X)"'X'u) = 0.

However, If E(u|X) # 0, OLSE B is biased and inconsistent.

Therefore, we need to check if X is correlated with u or not.

— Hausman’s Specification Error Test
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The null and alternative hypotheses are:
e H,: X and u are independent, i.e., Cov(X, u) = 0,
e H;: X and u are not independent.
Suppose that we have two estimators 3, and 3;, which have the following properties:

° [3’0 is consistent and efficient under Hy, but is not consistent under H,

° ﬁl is consistent under both Hy and H;, but is not efficient under H,.

Under the conditions above, we have the following test statistic:
A oA A ANl A A
B =By (VB = VBo) Br —Bo) — x(h).
Example: J, is OLS, while 3, is IV such as 2SLS.

Hausman, J.A. (1978) “Specification Tests in Econometrics,” Econometrica, Vol.46,

No.6, pp.1251-1271.
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8.9 Choice of Fixed Effect Model or Random Effect Model
8.9.1 The Case where X is Correlated with u — Review

The standard regression model is given by:
y=XB+u, u ~ N(0,0°I,)

OLS is:
B=XX)"Xy=8+XX)"Xu.

If X is not correlated with u, i.e., E(X'u) = 0, we have the result: E(B) =p.

However, if X is correlated with u, i.e., E(X"u) # 0, we have the result: E(ﬁ) * B.

—> [ s biased.
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Assume that in the limit we have the followings:

1
XX — M}
n

-X'u — M,, # 0 when X is correlated with u.
n
Therefore, even in the limit,
phmB = ﬂ + M;xl qu F ﬁ,

which implies that /3 is not a consistent estimator of 3.

Thus, in the case where X is correlated with u, OLSE [3’ is neither unbiased nor con-

sistent.
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8.9.2 Fixed Effect Model or Random Effect Model

Usually, in the random effect model, we can consider that v; is correlated with X;,.

[Reason:]

v; includes the unobserved variables in the ith individual, i.e., ability, intelligence,
and so on.

X represents the observed variables in the ith individual, i.e., income, assets, and so
on.

The unobserved variables v; are related to the observed variables X;;.

Therefore, we consider that v; is correlated with Xj;.

Thus, in the case of the random effect model, usually we cannot use OLS or GLS.
In order to use the random effect model, we need to test whether v; is uncorrelated

With Xi[.
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Apply Hausman’s test.
e Hj: X, and ¢; are independent (— Use the random effect model),
e H,: X and e; are not independent (— Use the fixed effect model),

where ¢e; = v; + u;.
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Example of Panel Data:

Production Function of Prefectures from 2001 to 2010.

pref: #EFE GELFHF S 1~47)

year: fEE (2001~2010 4F)

y o BRARRAERE (GHUAL, SEE : EEERMEAE ), HiFT  REEREF TR (OF
B 13 SRR - SR 24 4ERE) (93SNA, SEfK 17 4EEHER D)

ko HGERFERSIREEARZ by 7 CEAL 12 AR, FER, ER&EFE
BAN—Z SERG23 43 ) —HIET (2000~2009 4)

1 RPEESEEE, Hipr: REEEFEIE CER 13 4R - SER 24 42) (93SNA,
SRR 17 AR FEHEGTHEO)

. tsset pref year
panel variable: pref (strongly balanced)
time variable: year, 2001 to 2010
delta: 1 unit
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. gen ly=log(y)
. gen lk=log(k)
. gen ll=log(l)

Number of obs

470
19374.95
0.0000
0.9881
0.9880
.09037

. reg ly 1k 11
Source | SS
_____________ +
Model | 316.479302
Residual | 3.81409572
_____________ +
Total | 320.293398
ly | Coef
_____________ +
1k | .0941587
11 | .9976399
cons | .5970719

df MS
2 158.239651
467 .008167229
469 .682928354
Std. Err t
.0081273 11.59
.0102641 97.20
.0773137 7.72

FC 2, 467)

Prob > F

R-squared

Adj R-squared

Root MSE
P>|t] [95% Conf.
0.000 .0781881
0.000 .9774703
0.000 .4451461

.1101294
1.017809
.7489978

. xtreg ly 1k 11, fe

Fixed-effects (within) regression
Group variable: pref
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Number of obs
Number of groups

470
47



R-sq: within = 0.1721 Obs per group: min = 10
between = 0.9456 avg = 10.0
overall = 0.9439 max = 10

F(2,421) = 43.77

corr(u_i, Xb) = 0.8803 Prob > F = 0.0000

ly | Coef. Std. Err t P>|t| [95% Conf. Intervall]

_____________ +________________________________________________________________

1k | .2329208 .0252321 9.23 0.000 .1833242 .2825175
11 | .3268537 .0810662 4.03 0.000 .1675088 .4861987
_cons | 7.691145 1.376677 5.59 0.000 4.985128 10.39716
_____________ +________________________________________________________________
sigma_u | .41045507
sigma_e | .03561437
rho | .99252757 (fraction of variance due to u_i)

F test that all u_i=@0: F(46, 421) = 56.22 Prob > F = 0.0000

. est store fixed

. xtreg ly 1k 11,re

Random-effects GLS regression Number of obs = 470

Group variable: pref Number of groups = 47

R-sq: within = 0.1058 Obs per group: min = 10
between = 0.9805 avg = 10.0
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overall = 0.9787 max = 10
Wald chi2(2) = 3875.75
corr(u_i, X) = 0 (assumed) Prob > chi?2 = 0.0000
ly | Coef Std. Err z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
1k | .2457767 .0153094 16.05 0.000 .2157708 .2757827
11 | .8105099 .0220256 36.80 0.000 .7673406 .8536793
_cons | .8332015 .2411141 3.46 0.001 .3606265 1.305776
_____________ +________________________________________________________________
sigma_u | .081609
sigma_e | .03561437
rho | .8400205 (fraction of variance due to u_i)
. hausman fixed
---- Coefficients ----
| (b) (B) (b-B) sqrt(diag(V_b-V_B))
| fixed . Difference S.E.
_____________ +________________________________________________________________
1k | .2329208 .2457767 -.0128559 .020057
11 | .3268537 .8105099 -.4836562 .0780167

b = consistent under Ho and Ha; obtained from xtreg
B = inconsistent under Ha, efficient under Ho; obtained from xtreg
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Test: Ho: difference in coefficients not systematic

chi2(2) = (b-B)’[(V_b-V_B)"(-1)]1(b-B)
= 144.66
Prob>chi2 = 0.0000
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9 JUNZXANY Y IE)E

mEE I
vi = XiB + u;

BHE, MEEINE - ZOIRTEE2ED D
yi = m(x;) + u;
m(-) BRH = m() 2HE — 2 NT A N v I

Mfige UT, BEREEMPRNT, BEMBEHET S
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9.1 BERED/ VIS XAKN) v IHE

I EARE L\ = DR EREHEE — /285 X b Y v 2 #fEE
JURS ANy VHEEICET AT F AR

e Pagan, A. and Ullah, A., (1999),

Nonparametric Econometrics, Cambridge University Press.

e Prakasa Rao, B.L.S., (1983),

Nonparametric Functional Estimation, Academic Press, Inc.

e Silverman, B.W., (1986),
Density Estimation for Statistics and Data Analysis (Monographs on Statistics

and Applied Probability, No.26), Chapman & Hall.
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F U250 nHOBERE x;, i=1,2,---,n, BHdET 5,
x; DEEEBE f(x) £ 5,

EIERE f(x) DIRHITH B LT 5,

BEIEBE f(x) OHEEMEE f(x) T 5,
nflADTF—RPSEEFEBERO LS IZHET BN TE S,
B f(x) & D ABIE F(x) OB :

. F(X+g)_F()C—g) F(x+%)_F(x_g)
f(x) =lim - ~ -

F(x) =P(X < x) = x LN DREHR

A F by _ _h
f(x) = (x+2)hF(x ?)

1 . h )
< L DB 21,y DFC (1= 5, v+ 3) DRI A>T B
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l . x—x
= ;K( ) (22)

72720, hlEd B/NI 78T, /N RiE (Band Width), Z1E (Windows Width),
AL EEL (Smoothing Parameter) 72 & & ik 2 I E 4D H B 0%, LABETIX, &
DZEBENYRIFEIERZ £I129 5,
¥72, QD IZEENS KO T

1

- D&
1 lz] < 5 =g

K(z) =
0 Z DAl

LERIND, > ZDHE, K()IX—F94 — Rectangle Kernel £ IEIXN 5,
K() 1&/7—2)V (Kernel) &IN5,

UL, &0—Bzid, [K@di=1, »D, TRTDHZDOWTK@D >0
B E D K() BIERT LW,
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K() D3ERE LT, REMREDIIMEHETLHIHTH 5,
MEE h DFEVDHTH 2,

he RELTBHE, DHEBEBILE S PITEMINEDO AR R L -72%
DER->TUE S,

WIZh /NS T5E, SAEBIIBEL EIZNMMNIZRD, EOmERE I
MITEENTZH DI B,

o TC, IR h DPNEIXNDEBED D B,

BREEEE f(x) OHEEZITEBUE x;, 2 T OHEREZH X, TEEHZ T,

X—Xl'
)

n 1 <
fo=— Z] K(— (23)
EELZENTES,

Bz XKl 2 3 e U WiRY, BB f(x) OHEM e HERIZFAUES f(v
ST LT 5,
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oI, x B pIRILDIGEIZ x DEEBEBOHEEMIZIRD L SITRIN D,

R 1 < —x
o= =" K=
i=1

nhr
UL, ZZTIRERIEDZD, p=1DHEDOAEZHED ZLIZT 5,

9.2 /N Kiig h DFER

el e UC, FIIHEMAZ DS (Integrated Mean Square Error, IMSE) %%

25,
FNEFIRDESITERT B ENTES,

IMSE(f(x)) = f MSE(f(x)) dx = f E((x) - f()Y da
= f (E(f(x) — f(x))* dx + f Var(f(x)) dx (24)
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24) IZE& TN B WIFE, DB, BEBEK f() OHER fx) ITE ENDHER
B X, i=1,2,---,n 23T 2HFHE, 2 THB I LIZEREE X,

F7z, X FBERK f(x) 2R OMRETH 5,
5T, (23) Z2HWT, E(f(x), Var(f(x) IZIRD LS IcEESHZ 5N 5,
. X - X; 1
E(f(x) =E ZK(X —Z E(; K(x D) = E(; K-
i=1

f K(—)f(y) dy (25)

Var( f (x) = Var(i = Zn: Var i

=1

1 X 1 X 1, /1 -X
= —Va r( K(x )) . ( K(x ) —’;(E(Z xh )
= [ KD @ o f KEDma) e

234



i D7Dz, 11—V K() I,

fK(t) dr=1 ftK(t) dr=0 ftzK(t) dt=k, #0 (27)

RPN WV SP SR NANE S Rl R
E7z, REOBEER f(x) 1FTRXTORETH Al ez L 3 5,

k=1 EIZLHETED,
y=x—ht EEBEHEZITN, 25) ZRO LS IZHEESET,
A I x-y
B = [ kD50 ar= [ Kose-ma @8)
ht=0 DEET f(x—ht) 27— F—EET S &, IROLH KB,

f(x = ht) = f(x) — htf' (x) + %hztz 7 (x) + é}ﬁﬁ £ (x) + O(h*)
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(28) ILRAT 5 &,
Equ:\fKUﬂf@)—Mf%@+%h%ﬁwu)+éﬁﬁf”uy+0mﬁ)m
= F) + 3R (ks + O 9)

WESND (=) KO BEGNREIREL TWADT, 1{THDORDAHLD
BI1HEEEIEZIEY IR Z 2 IR,

FBRIZ, y=x—ht CEBEHZITS &, (26) DH 1IH, H2HIX, ThTh,
1 I  x-y, 1 2
Zfﬁm77”®®_&f#Mthmh

:lflmﬁgm—Mfm+ownm
nJ h

:ijufo@Fm+0m*) (30)
nh
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1 1 - 1 1 1
~( f KD ) ) = ~(f00) + SR (ks + O = ~(F()? + O()
n h h n 2 n

=0(n™") (31)

YIB M MBRELRBIZONT, hiZNSLK B LER5),
&5 T, Var(f(x) 1%, (26) 12 (30) & 31) ZRAL T,

Var(f(x)) = L f(x) f K@®*dt+0m™) = i( f(x) f K(0? dt + O(h)) (32)
nh nh
rERINDG, (29) & (32) ZHWT, MSE(f(x) IZIRD & 5 I1TEBEI N B,

MSE(f(x)) = Var(f(x)) + (E(f(x)) — f(x))*
~ i 2 l 41,2 110 N2
~ —f(x) f K@? de+ Zh'iG f" (x) (33)
72, (24) ® IMSE(f(x)) 1%, (33) ® MSE(f(x)) D% x IZ2O2WTHAT 5
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Zeizkoy,
IMSE(f(x)) = f MSE(f(x)) dx
~ % f K(t)* dr + %h“kﬁ f £ (x)? dx (34)
BESND,
(B4 BN B hE hET 5L,
b=k f k@2 di)"( f £ dx) s (35)
AN

£72, Q7)) DEMEETZL, (34) @ IMSE(f(x) Z /NI T 5 51—3 L K() 13,

§(1—r2) -1<t<1
K@ty =14 (36)
0 Z DAt
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& 720, Epanechnikov 77— %)L & FEE4 5 (Epanechnikov (1969) % £ 81 &),
7272, (36) 1% IMSE(f(x)) DiEfl (34) ZH/MZL7=HDTH Y, BTLHH
RN VR ) el = 41 - oA AN AE tY -~y e

PLEZH2IZLUT, NURIERDOERELTEZONSHDE LTI, KilL
T, Q4) PLEREABIZEICEDE B IZEIKLDD220bIToNn5, |
Hixrsax - N)F—vay, BHEITIT -4 vELLTHONT WS,

ZITIE, 2R - NYF—yaIHOLK fEE 2D, 55 4 viEIzHE
S FHER2ODEE 4 ODNY Rig h OHEE R AT 5,

92.1 4 0OR -/\!)F— 3 (Cross-Validation)

1A - N1 F—3 3 v (Cross-Validation) (21X 2 DD H 5, —DI% (24)
EHR/NZT B hERODDLEVSRNAFEI AR - N F—3 3 v (Least-Squares

239



Cross-Validation) & FEENBEDTH D, 5 DI LEEKERKNIZT S h %
kDB WS EIA A - NY F—3 3~ (Likelihood Cross-Validation) T®H %,
2 02D FIZEEIZEIAL T <,

R/NBEESIOR - N1)F— 37 (Least-Squares Cross-Validation): (24) @
IMSE(f(x)) 1%,

IMSE(f(x)) = E f f(x)? dx - 2E f Fx) f(x) dx + f f(x)? dx (37)

ERfRING, 37) DEIHIZ W ITMKFEL R W=D, BBR2IHETEZH/INIT 5 h
EROIE L\, HGE E() 28EHT52, F11H, F2HIROD XS24k 5,

1 n n X, 1 n .
V) = = » f K ; Y DK () di - 2 > Ftx (38)
i=1

i=1 j=1
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7272 L/, f_i(xi) Ci,

Jfoix) = (n—1h «
j=1

VER!

(38) D 1 HDFMZX, €V T - VOB PEMERINEZSND, EVT -
INafESsEFMHETSE, KO PS mEOEE 1, 6, -, 1, ZFEIET, X
DEHIZCV(h) MEEZI NS,

z]]1k=1
]¢1

KO X, OB TREINGEERBTHSDT, FLEERDMEHELE
BEE T LW,
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EE-0OR-/\1)F— 3 (Likelihood Cross-Validation): XU ERIE log L
WIRD &S ITaplE s,

logL = Z log f(x) ~ Z log f-i(x) = Z log(— S kAT (o)
i= i= = j=1

(n—-Dh h

VE)
(40) PEARIZZE B L 57 h AN X X0, (39) X (40) IZEEDWT h OH#EEE h
R B FiEE, BMEEE L (Simle Grid Search) % WA ME N H 5,

9.2.2 737 - 4 ik (Plug-In Method)

(35) 1%, EBLEI N7 IMSE(f(x) Z2H/MZT B &5 hTH D, RIEIZ, (35)I
BWTRHDEZ f/(x) THBL WS L TH5S, mbBRGER, Koo
BERM fO) 2EHRMG (D8 ZE P T5)TiElILTLES Z & THDE, T
Hhb,

h= k;z/s(fK(z)z dr)”s(g3—ﬁa-5)_”5n—‘/5 @1)
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Y%, 212U, k= [PKOA=1EF 2, o ldx,x, x5/ 05 E
ARARDEDEF (7205, HEAGHERS) ICESHMASNS, f(x) PO
o2 DERDADLE, [ f(x)?dx = #J-S CEMEINE I LICEEY X,
Iz, fO % f()TEHERZDE, MDESITRD,

b=k f Ky dr) " f Frer dx) s 42)
42) D [ f(x)? dx OFHIZDOWT, I —F )V K() 2 EEERS ML L L &,

. 1 n n l_ . l_ .
ff”(x)z dx = nz_thZf((x hx’ — 07 = 1)@ = DK(S hx’ — OK(f) dt

i=1 j=1

m

~ —ng;fsm ZZZ((xi;xj ~1)* - 1) - 1)K(xi;xj — 1) 43)

i=1 j=1 k=1

EB, 127120, tty, ooty X K@) DOERINELE T B, MEIE, 43)
MhiZMFT 52 THD, IRHITIE, K¢ Z2EETEHSGEEBVWT, 41) %
FAWT, hzRkdDdE, 1.066n 17 £75DT, i A3 DFD L E LT,
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(39) % (43) LIFBRIZ, [K®*dtix, €T - HVaREs PRIER D TS h
5, Kt) oSN, b, 1, ZH2IZLT,

f K(1)? dr = E(K(X)) ~ % D K (44)
i=1

CERHREIND, KL, X IXEERKRK() 2R OMREB LT 5, REITIL,
A= 2IVIZIE 36) LEMEER NG Z VWS DT, [K(0)*dr ZPRIIZRD %
ZEMTED, W DEIBREVT - HIVABESMZ LS OELUTHRE L L
B\, bbb, K() & (B6) 295, [K@)di=06 7D, K() ZEEE
Bafitsar, [K@?d=Qyn) ' kb,

(39), (43), (44) OWNMEE KD BHEIT, HHEEWSTHODT I =y 2 %8
TR LTH L KO D SERENFHI 1, 1, -, 1, 1, BT, DS OIEIZI
NEALNTVBEDET B, 1y, 6, - 1y WEIBBDOT, SHEETEHNS SO
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CHERGEMLIS S Z e kS, T b, WIHME A 1

f K(1) dt— —

%‘f{‘%f\_j—{ﬁtbsz&b, 1,13, -, t, =8

Ik 1
f K(t)dt = — k=2,3,---,m
o m

k—1

Zw7zd e UTIHRKRKD oNnbd, SWHRZ 5 &, i, BEEBEE K() D 100X
(k—=0.5)/m % ST B, ZDOXDIZLTH, by, -ty DIEEEDS Z 21T
£oT, (39), (43), (44) ODEMAZERDB7-2HDDY Iab—Y a VHEZHS
FTZEMWTE B,

PLED XSz, h ofEE UTIE, 39) Z2&/NMI9 5 h, (40) ZEKIZT 5 h,
(41), (43) ZH\W/= (42) D 438D Z#r U7z, (39) X (40) IZEEDWT h OHEE
fili h %K B JHkE, BMIEA I (Simle Grid Search) 2 W2 BERH 572,
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FHEEEAIEFE 12D B, BHZ, (39) 121X, I A3 0L EFENT WD, B
MEEEICL D hORELAZRD D Z L IHIFEE A EARAREIZEWN,
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BizFH-RE

45000.00

40000.00

35000.00

30000.00

25000.00

20000.00

15000.00

10000.00

5000.00

g
]

LT/ar/s0
STfatfs0
£1/91/50
T1/a1/50
60/T /50
Lofatfso
S0/41/50
£0/91/50
T0/91/50
66/91 /50
L6/aT/50
S6/91/50
£6/91/50
1681150
68/91/50
Lafanfsn
S8/91/50
£8/91/50
T8/4T /50
69T /50
Lifatfso
/91150
£¢/91/50
Tefariso
69741 /50
L9/91/50
59/91/50
£9/a1/50
Ta/at /50
66/41/50
Ls/atfso
S6/9T/50
£5/91/50
Ts/aT/s0

Bk /9T /50

75 7 DO

1949 F£5 A 16 H~2017 £ 12 H29 HO HEf 7 — &

T P2 Al 45 4K
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b=

/950

Zajar/so

-20

n = 18767

-’n’

i=1,2,-

100 ln(x,-/xi_l),

kA%
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06

——h=01 ——N{0.0259,1354)

Hi . h=0.1 CHEEEEEHE
AR N(0.0259, 1.354) «— T—X M5 DY & U X 5 IEHRO A
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06

——h=0.1724 —— N(0:0259, 1.354)

i h=017 CHEEREEZHEE «— h=1.066n""°~0.17, 62=1.354
AR N(0.0259, 1.354) «— T—X M5 DY & U X 5 EHRO A
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06

——h=1 ——N([0.0259, 1354)

Hi . h=1 CEEEKEHE
AR N(0.0259, 1.354) «— T—X M5 DY & U X 5 IEHRO A
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06

05

04

——h=3 ——N([0.0259, 1354)

Hi . h=3 CEEEKLIHE
AR N(0.0259, 1.354) «— T—X M5 DY & U X 5 IEHRO A
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06

05

04

/J 8 \X
-8 -6 -4 -2 o 2 4 6 B

——h=10 ——N[0.0259,1354)

10

Hi . h=10 CEEBEKEHE
AR N(0.0259, 1.354) «— T—X M5 DY & U X 5 IEHRO A
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06

&
-10 -8 -6 -4 -2 o 2 4 6 3 10

——N[p,1)Kerneland h=0.172  —— N[0.0259, 1.358)

i N(,1)Kernel, h=0.17 CEEBKEHE «— h=1.066n"°~0.17,
6% =1.354
AR N(0.0259, 1.354) «— T—X M5 DY & U X B IEHO A
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kR, HREO 7125 L (Fortran 77)

implicit real*8 (a-h,0-z)
dimension y(100000)
open(l,file="r.txt’)
read(l,*)
do 1 i=1,100000

1 read(l,*,end=2) y(i)

2 close(1)
n=i-1

a=0.0
v=0.0

do 3 i=1,n
a=a+y(i)/float(n)

3 v=v+y(i)*y(i)/float(n)
se=sqrt(v-a*a)
h=1.06%*se*( float(m)**(-0.2) )

C h=1
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write(1,4) h,a,se*se
4 format(3£15.10)

do 5 i=-1000, 1000
x=float(i)/100.
sum=0.0
do 6 j=1,n
z=(x-y(3))/h
if( abs(z).le.0.5 ) sum=sum+l.
6 continue
f=sum/(float (n)*h)
fn=exp(-0.5*(x-a)*(x-a)/(se*se))/sqrt(2.%3.141592*%se*se)
5 write(1l,7) x,f,fn
7 format(£7.2,2£15.10)

end

do 6 j=1,n 75 6 continue D445, Rectangle Kernel (ZX /&3 5,

256



Stata IZ X B %58 -

. kdensity r

Kernel density estimate
© |
<l: -
2
2
i
[a]
N
®d
-20 -10 0 10

T
20

r
kernel = epanechnikov, bandwidth = 0.0989

7 7 )V N T (36) ® Epanechnikov 77 — 3 L ASGER X 4, h = 0.0989
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9.3 [EIFDHA~DIH

yi AR (AT =), x; ZBHEB (1 xk X7 b)) &5,
[FiEE 7 ViE, BEBIEEZREMRLRVT, RO LD ITRIND,

yi = m(x;) + us, i=1,2,---.n (45)
m(:) WARK = m(-) ZHE - 7 V8T A MY v J A

72720, BRI u; 130, DE o (x) DH DI RMITHS BDET B,
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y & x OEERBZ f.(0,x), x DEERHZ f(x) 2T &, y DRMANIE

fE 1%,
Y, X) d
—————dy

Emm:mm=f‘fm

R0, mx)IZkoTEREIND,

f(.X) Ci’
fm:fmmmw

b, — f(x) \XEL5 A
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2 O DB £, 0), f(x) DHERZE f,0.0, f(0) £ LT,

n

ﬂx(y, X) = e Zny(y_Tyi’ X ;l xi)

i=1

7 7 1 - —Ji - Al
f(x)Ef‘f;’x(y,x)dy:fnhk_'_lZKyX()%’ %)dy

i=1
1 + -y x— , i
:nh"“;ny"(y hy,xhx dy = hk+12hf X — x)du

1 X=X
= — Kﬁhx) (46)

i=1

y¥5,
ﬂ@@4§§@%ﬁ?&LnX%&&bf§ﬁ§@o

ﬂw®sﬁa®%ﬁﬁﬁ,fKme:mm%ﬂ%o
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2=0,%) 2 UT, Kuz) & K(x) DMEEK

nyx(Z)dZ =1, fZny(Z)dZ = 0’ fZZ’ny(Z)dZ =Q
fK(x)dx =1, fo(x)dx =0, fxx’K(x)dx =Q

[ ®atoay =k
LLTEREIND,

AT k+ D xk+ D ITH, QIFkxkiTHTH S, Q. & QL DOERIX

LiR5HDET B,

KAEDTTIE, ) 1 y,i= 1,2, n P ORFONTEADTH, QI x,x, -

MOERIR I N (1/n) YL, xx; &35,

261
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ZDrE, m(x) DHEER m(x) 1E, f.0,0) & f(x) & fiu(,x) & fx) TEEH

Z5 &,

1 n f % u X — X; d
h(x) = f yﬁ”‘(y’x)dy:”hk”; Ko )
f(x) |z .

w25

i=1

#Z f O+ Ko, = )

I & r—x
K5
13 e .
2K () a(x) - k(=)
= 1 ’:,11 — f?(x) _ 1=rll _ Zyiwi(x)
5 g ) =

i=1 “

A,
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2fTHTIE (y—y)/h=u & UTEBLEWEIT > TV 5D,
3M7E T [uKy(u,v)du = 0 BV SN TS,

2L, BFD gx) %

8(n) = #Z}M(J‘ )

LEET D,
X7, x
w;(x) = ,,K(—hl)
YY)
9%,
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m(x) DEGERMEEX, nh* — co DEE, DX SITHRBZERHSNT WD,

2
(nh) 2 ((x) — m(x)) ~ N(o, ?((x’;) Kz(u)du) (48)
=72 L,
oo [ =m0 f,x)
o= f(x) &
95,

ZD &SI, mx) IE mx) D—BHEERL 2D, BHERNIZ EROMIZRS Z &
2725,
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SWZ B L, nHhRKESWVWE E, ELNIZ,

R o(x) 1
mm~waﬂmﬁfﬁww

tt}:éo

FERESHIZBWT, m(x) OWEHESENE, 48) XD o?(x) & f(x) 2 X DHftE =
62(x), fx) TEEMAT, kohb,

Ti&:b%,

. 6 (x) 1
m(x) ~ N(m(x), f(x) o f KZ(u)du)

PRI NS,
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FEETIX, m(x) ® 100(1 - @)% EFEX I,

. 1 6%(x)
(m(x) _Za/2(% f(x)

1/2 1 6%(x)
K*(u)d s (X) + 2o ———
(u) u) (x) /2<n W 7

Kz(u)du)l/z)
ER5,

Zaj2 1E N(O, 1) @ L 1002/2% 55235 (@ =005 DL X, 7, = 1.96).

) iyimx;lx")
FEL, f(x):iZK(ﬂ), (x) = =1

nhk £

B > K=
- h
J
- X — X;
2= G K (=)
63(x) = S— . h=1.06s,n""
X — .X'j
D K=
Jj=1 h

266



35 (EDRIZ1DOH, s, 13 i FBHD x BEOEHESF),
X 51T, K() %2 NO,1) &{ET I,

sz(u)du: f(\/% eXp(—%Lﬂ))zdu: f%exp(_bﬁ)du
T

1 1 10 1
- - dy = ——
2ﬁf s ) s

N A
BEDERIT NO, 1/2) 2 FH,

(*) N(u, %) DR,

1 2
22X —H)

fx) = exp(—

1
V2ro?
‘f‘\ % é [e]
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XoT, ZOHE, mkx) ® 100(1 - @)% (EHEX X

1 0'2(x) 1 )1/2
nh* f(x) 2+

HE, x5k, f), mx), 64x), hix

1 0'2(x) 1 )1/2)

(m(x) g nit ) 2

(x) + Zaja(—=

xxl

Z(yl () K (—=)
i=1

G (x) = ., h=1.06s.n""

ZK(xixj)
=1 h

EDRIZ1DDH, s, 1%i BHD x ZEOFEHE[R
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X 51T, Ku) Z2IRDE 512 NO,Q) DEEHMERPGEE2IEETS Q=1 TH
K72\,
K@) = Q)02 exp(—%u’Q_lu) (50)

ZoLx, (48) XOBIHEI,
sz(u)du = f(27r)_k|Q|_1 exp(—u’Q_lu)du

= Qm) QI f (271)_1‘/2'%{2‘_1/2 exp(—%u’(%ﬁ)_lu)du

— 2_k7'(_k/2|Q|_1/2

L LUTEHREI NG,
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HIREHEIEH O vs BEREY :  HEEWIR : 1986.2.1~2017.12.29,
F— 2B n=7932, h=1.066n""5~ 0343565, &2 =1.95245

4.7

4.6

y =0.0524x + 4.075

. DS Y 4

44

-1 0 1 2 3 4 5 6 7 8 9 10
o logsS —m(x) FBR(99%) —m(x) —m(x)LBR(99%) —HFRH (logS)

o EERIE D, e RS RRA R R D X EL

270



Stata IZ X B %58 -

. 1poly 1s r, ci 1(99)

1s [ HRFARRAMME DX E, r IXEEF]ED

ci lZA 7> a T, 95 %IEHX R (Confidence Interval)

199 W ci DA T a T, 99 WEMEXE TN, 774V FTI5%1F
SELDX AT
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Local polynomial smooth

0 2 4 6 8
r

9% Cl els

Ipoly smooth

kernel = epanechnikov, degree = 0, bandwidth = .22, pwidth = .32
M EERE D, M RS FE E D 35K
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