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Thu., 8:50-10:20
Room # 4 (ERREEH)

e The prerequisite of this class is Basic Statistics (&5 &%) (by Prof. Oya,
Tue., 16:20-17:50, this semester) and Econometrics (L3 ./ X k1) v 7 R) (by Prof.
Takahashi, undergraduate level, next semester, [FH&E#FFHE) LA #h F, Frithth).
e The class of Introductory Econometrics (5t 1% FFEME) (by Prof. Takahashi,
16:20-17:50 on Mon. and 10:30-12:00 on Thu., this semester) should be registered.
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2 Regression Analysis ([2]1F %3 #7T)

2.1 Setup of the Model

When (x1,y1), (x2,¥2), - -+, (x,,¥,) are available, suppose that there is a linear rela-

tionship between y and x, i.e.,

Vi =P+ Boxi + u;, 4)
fori=1,2,---,n. x; and y; denote the ith observations.
— Single (or simple) regression model (E2[E]/FE 5 /L)

y; is called the dependent variable (/& Z%X) or the explained variable (%5t BiZ
#0), while x; is known as the independent variable (JR3ZZ %) or the explanatory

(or explaining) variable (FZEAZ%X).
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B = Intercept (Y1), B> = Slope (%)
B and B, are unknown parameters (/X7 X —%, %K) to be estimated.
B and 3, are called the regression coefficients (B {%%%).

u; is the unobserved error term (F22Z18) assumed to be a random variable with mean

zero and variance 0.

o is also a parameter to be estimated.

x; is assumed to be nonstochastic (FEFEZRY), but y; is stochastic (FEZRY) because

y; depends on the error u;.

The error terms uy, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed, which is called iid.

It is assumed that u; has a distribution with mean zero, i.e., E(x;) = 0 is assumed.
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Taking the expectation on both sides of (4), the expectation of y; is represented as:

E(y;) = E(B1 + Bax; + u;) = B + Box; + E(u;)

=B+ Baxi, ()
fori=1,2,---,n.
Using E(y;) we can rewrite (4) as y; = E(y;) + u;.
(5) represents the true regression line.
Let 8, and 3, be estimates of 8; and 3.

Replacing 8, and 3, by 3, and 3, (4) turns out to be:

yi = Bl +BZXi + e, (6)
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fori=1,2,---,n, where ¢; is called the residual (F2Z).
The residual e; is taken as the experimental value (or realization) of ;.

We define y; as follows:
Ji= ,[31 +,32Xi, (7)

fori=1,2,---,n, which is interpreted as the predicted value (F8{&) of y,.
(7) indicates the estimated regression line, which is different from (5).
Moreover, using ¥; we can rewrite (6) as y; = J; + e;.

(5) and (7) are displayed in Figure 1.

Consider the case of n = 6 for simplicity. % indicates the observed data series.
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Figure 1. True and Estimated Regression Lines ([B]F E %)

(xi, yi)

Distributions Res;dual
of the Errors !

$i =1+ Bax;
(Estimated
Regression Line)

X

The true regression line (5) is represented by the solid line, while the estimated re-

gression line (7) is drawn with the dotted line.
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Based on the observed data, 8; and /3, are estimated as: 3, and /3.

In the next section, we consider how to obtain the estimates of 8, and S,, i.e., 3; and

A

Ba.

2.2 Ordinary Least Squares Estimation

Suppose that (x1, y1), (x2,¥2), - - -, (x,,, y,) are available.

For the regression model (4), we consider estimating 5; and 3.

Replacing 3, and S, by their estimates 3; and j3,, remember that the residual e; is
given by:

ei =y —9i=yi— B - Brxi.
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The sum of squared residuals is defined as follows:

n

S(Bl,ﬁz) = Zeiz = i()’i —,[31 —,ézxi)z-
i=1

i=1
It might be plausible to choose the 3, and 3, which minimize the sum of squared
residuals, i.e., S(ﬁl,ﬁz).
This method is called the ordinary least squares estimation (/N Z"%&}%, OLS).
To minimize S (B;,3,) with respect to 8; and 3,, we set the partial derivatives equal
to zero:
8S(§ﬁ1;,32) 22( Vi By = Boxy) =

aS (ﬁl,ﬁz)

7 2Zx,<y, Bi-Box) =0
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The second order condition for minimization is:
PSBLB)  PSBib)

n
( B ek | _[ " 2=
PSBip)  PSBuB | T n no.2
3‘[;25[;»] 3ﬁ|% 200 220X
should be a positive definite matrix.

The diagonal elements 2n and 2 }." | x? are positive.
The determinant:

2n 230 X

‘2 2 X 220 xiz

is positive. =  The second-order condition is satisfied.

n

= 4dn Z X2 - 4(2 x)? = 4n an(xi -X)°
i=1 i=1

i=1

The first two equations yield the following two equations:
¥ =B +Box, (8)
D xii=nxp+ By ), ©)

i=1 i=1
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n

where y = %any,- and x = %in.
i=1

i=1
Multiplying (8) by nX and subtracting (9), we can derive /3, as follows:

Dic Xy —nxy (g = X)(yi —y)

B> = = == = (10)
’ Z?:l x? - nx i (xi — x)?
From (8), 3, is directly obtained as follows:
B =3 - Box. (1)
When the observed values are taken for y; and x; fori = 1,2,---,n, we say that ,[3’1

and 3, are called the ordinary least squares estimates (or simply the least squares
estimates, /N _FHE(E) of B and B;.

When y; fori = 1,2, ---,n are regarded as the random sample, we say that Bl and ,@2
are called the ordinary least squares estimators (or the least squares estimators,

RIN_ZEHEE) of 5, and Ss.
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2.3 Properties of Least Squares Estimator

Equation (10) is rewritten as:

r _ 2icti =D -y X=Xy Y X —X)

B =

_ Z T 1(x _x)zy, szy,

- 1
In the third equality, Z(x,- —x) = 0 1is utilized because of x = — Z X;.

i=1 _ i=1
Xi— X
Z?:] (x; — X)? .

w; 1s nonstochastic because x; is assumed to be nonstochastic.

In the fourth equality, w; is defined as: w; =
w; has the following properties:
P "I_ Xi — }
Zwl Z 7 = Z:nl_l( —)2 =0,
2 (Xz - X) izt (Xi = X)
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- - _ X —Xx)?
; wiX; = ; wi(x; — Xx) = m =1, (14)

Y 2 n( Xi—X )2: Z;’:l(xi_})z _ |
X O

(15)

i=1 i=
The first equality of (14) comes from (13).

From now on, we focus only on ﬁz, because usually 3, is more important than §; in
the regression model (4).

In order to obtain the properties of the least squares estimator 3, we rewrite (12) as:

ﬁz—szyz Zw(ﬁl+ﬁ2xl+u)

—ﬂlzw,+ﬂ22wx,+2wu, ﬁ2+2wul (16)

In the fourth equality of (16), (13) and (14) are utilized.
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