7 Time Series Analysis (F5275947)

7.1 Introduction

1. Stationarity (E&E %) :

Let y;,y,,- -+, yr be time series data.

(a) Weak Stationarity (33 € M)

EQ) = u,

E(3r = Q- — 1)) = y(1), 7=0,1,2,-

The first moment does not depend on time.

The second moment depends only on time difference.
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(b) Strong Stationarity (G&E F 1) :
Let f(v, ¥1,» - -+, 1,) be the joint distribution of y,,, y,,, - -+, yr,.
JOus Yo 5 ¥4) = fOnsrs Yores = s Vipar)
All the moments are same for all 7.
2. Ergodicity (T)LT— K1) :
As time difference between two data is large, the two data become independent.

Y1, Y2, -+, yr 18 said to be ergodic in mean when y converges in probability to

E(y)).
3. Auto-covariance Function (B 22 8E£0) :
E((: = ) Qi—r — ) = (1), 7=0,12,---
¥(@) = ¥(-7)
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. Auto-correlation Function (B 2 8ERE%Y) :

_ B =0 =) _ (@)
Var(y) \Var(y,,)  ¥(0)

Note that Var(y;) = Var(y,_,) = y(0).

p(7)

. Sample Mean (24 ¥19) :
1 T
a== Vi
3
. Sample Auto-covariance (Z2AB S H D) :

1 T
Y@ == D 0= D0 = )

t=7+1

. Correlogram (O L 0% 35 A, or 24 HSHEBEREE) :

R
PO =50
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8. Lag Operator (7 7{/FER) :

LTyt:yt—T’ T:192""

9. Likelihood Function (J&ERE#%) — Innovation Form :

The joint distribution of yy, y,, - - -, yr is written as:

SOy, yr) = fOrlyr—1, - yO)f -1, 01)

= fOrlyr-1, - yOfOr=1lyr=2, -, YD fOr=2, -, ¥1)

= fOrlyr—i, - yO)SfOr=ilyr=2, -, 310 -+ fOa2lyDfO1)
T

= fo0 | | £y,
=2
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Therefore, the log-likelihood function is given by:
T
log f(y1,y2, -+, yr) =log f(y1) + Z log f(yilye=1,- -+, ).
=2

Under the normality assumption, f(y|y.-1, -, y1) is given by the normal distri-

bution with conditional mean E(y,|y,_1, - - -, 1) and conditional variance Var(y,|y,_1, -

7.2 Time Series Models (537 E 7))

Autoregressive Model (E2.E)FET )L or AR EFJ)L): AR(p)

Vi=P1tPoViat s + Pyt &

Moving Average Model (3119 E 5 )L or MA E7J)L): MA(g)

yl‘ = E[ + 91@_1 + ezft_g + A + Qqﬁt_q
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ARMA Model: ARMA(p, q)

Vi= Gyt t Pyt o Ay, g+ 016 thEg o+ - + 0,6,

ARIMA Model: ARIMA(p,d, q)

Ay, =y =y = = L)y,
Azyt =Ay,— Ay, = (1 - L)zyta

Ad)’z =(1- L)d)’z-
Ady, ~ ARMA(p,q) < y;, ~ ARIMA(p,d, q)

Ady[ = ¢1Adyt_1 + ¢2Adyt_2 + - + ¢pAdy[_p + € + 916[_1 + 926_2 + - + qut—q
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SARIMA Model: SARIMA(p,d, q)
SAy, = y; — yi—5, s = 4 for quarterly data s = 12 for monthly data

‘AA?y, ~ ARMA(p,q) < y; ~ SARIMA(p,d, q)

SAAYy, = ¢ AAYy, 1+ G2 ANy, o+ - + ¢, ANy, +€+016-1+0262+
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7.3 Autoregressive Model (E2E)FE T /L or AR 7 )L)

1. AR(p) Model :

V=11 + Yo+ s+ Ppyip + &,
which is rewritten as:
¢(L)yl‘ = 61"
where

(L) =1—-¢L—¢oL7 = --- —¢,L".

2. Stationarity (EFE M%) :

Suppose that all the p solutions of x from ¢(x) = 0 are real numbers

When the p solutions are greater than one in absolute value, y; is stationary.
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Suppose that the p solutions include imaginary numbers.

When the p solutions are outside unit circle, y, is stationary.

. Partial Autocorrelation Coefficient ({7 B 28R HE), ¢is

The partial autocorrelation coefficient between y, and y,_4, denoted by ¢y, is
a measure of strength of the relationship between y, and y, ;, after removing

influence of y,_1, « -, Y—x+1-

é1,1 = p(1)

(1 P(l))(¢z,1)_(p(1))
p(l) 1 /\¢ p(2)
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L p(1) p(2)
p(l) 1 P(l)][

p(2) p1) 1

1 p(1)
p(1) 1

plk—=1)  p(k—=2)

#3.1 p(1)
¢3,2] = [p(2)]
?33 p(3)

k=2 ple-1y[ ™

k-3 pk-2 ||
o) | k-1

Drk
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Use Cramer’s rule (7 7 A —)LD /A ) to obtain ¢y .

1 p(l) - plk=2) p(1)
p(1) 1 plk—=3) p(2)

plk=1) plk=2)--- p(1) pk)

I p(l) - plk=2) plk— 1)
p() 1 pk - 3) plk — 2)

ik =

plk=1) plk =2)--- p(1) 1

Example: AR(1) Model: y, = ¢y, + €

1. The stationarity condition is: the solution of ¢(x) = 1 —¢1x =0, 1.e., x = 1/¢y,

is greater than one in absolute value, or equivalently, |¢| < 1.
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2. Rewriting the AR(1) model,

Vi=d1yi1 &
2
=Y+ &+ 1€y

3 2
=PViz t &+ P61 + P62

=P\ Vst &+ e+ - + ¢‘i’_1et_s+1,
As s is large, ¢) approaches zero. = Stationarity condition
3. For stationarity, y, = ¢1y,_1 + € is rewritten as:
Vi= &+ d161 + ¢%€z—2 + .-

MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) process, u
pu=E@y)=E&+di&1+dien+ )
=E(&) + ¢1E(6-1) + ¢1E(e-2) + -+ =0
5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Ve = (bb’t—r +&6+dig+ -0+ ¢T16z—r+1~
Therefore, the autocovariance function of AR(1) process is:

(@) = E((; = Wi — ) = EQyi—o)
= E((‘]ﬁyt—r +&t+dig+ -+ ¢71—_1€t—7'+1)yl—‘r)
= 1 E(Vi—cyi—o) + E(€&yi—o) + ¢1E(&-1y10) + - + ¢‘{_1E(E[—T+1yt—r)

= ¢17(0).
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The autocorrelation function of AR(1) process is:

YO
P =55 =00

Multiply y,_. on both sides of the AR(1) process and take the expectation:
E(yyi-r) = $1EQi—1yi--) + E(€y-1)

dry(r — 1), fort # 0,
y(1) =
ory(t—1)+ 02, fort =0.

Using y(1) = y(-7), y(7) for 7 = 0 is given by:

¥(0) = ¢1y(1) + 0 = ¢1y(0) + 0.

Note that (1) = ¢,7(0).
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Therefore, y(0) is given by:

6. Partial autocorrelation function of AR(1) process:

é11=p(1) = ¢
l L pD)

brn = p(1) p(Z)':p(2)—p(1)2:
»2 l 1 p(l)' 1-p(1)?

pl) 1
7. Estimation of AR(1) model:

(a) Likelihood function
T
log f(yr,+++y1) = log f(1) + Y log f(lye-t, -+, y1)
=1
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