When h(0;w;),t =1,2,---,T, are not serially correlated, the following §T is consistent, i.e.,

. 1 & . .
$r=1 ;h(eT;w»h(eT;wf)' — 8.

When h(8; w,), t = 1,2,---, T, are serially correlated,
~ A 4 T N A~
$7=00)+ Zl K@@ +Fa),

T
N 1 ~ ~
where I'(1) = T Z h(Or; w)h(Or; wi—y)'.

t=1+1
k(x) = 1 — x = Bartlett kernel (Newwey-west estimator),

k(x) = Parzen kernel, and etc.

Then, we obtain:
VT (0 -6) — N(0.(DS™'D)!),
where

_ 98B W)

D
00’
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Note that D is a r X k matrix.
Let Dy be an estimate of D.

The variance estimator of &7 is given by:
A 9g(0r; Wr)
Dy = ———.
! o0
Asymptotic Normality:
Assumption 1 : 9T — 0,

Assumption 2 : \/Tg(G; Wr) — N(0,S).

Then, we have the following first-order approximation:

dg(0r; Wr) A
————(6-6
50 6-06r)

= g(Or; Wr) + Dr(0 — 0r),

8(0; Wr) ~ g(br; Wr) +

where g(6; Wr) is linearized around 6 = 7.

The first-order condition for the minimization problem is:

(68(9; Wr)
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Substituting the approximation into the above equation, we obtain the following:

D's (g0 W) = D'S ™ (g(@rs Wr) + Br(6 - 0r)

=D'S 'e(Or; Wr) + D'S ' D7 (6 - 07).
Therefore,
VT(0r - 0) ~ (D'S™ D)™ D'S ™' NT (e(Br; Wr) - (6; Wr)).
Thus, GMM estimator, @T, has the following asymptotic distribution:
VT(@r -6 — N(0.(D'S™'D)™"),

where Dy — D is utilized.

From Assumption 2, we have the following asymptotic distribution:

(VTg0: W) s~ (VTg(6:Wr)) — x*().
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When @ is replaced by GMM estimator f7, we have the following distribution:
(VTg@r; Wr)) S7' (VTebr; Wr)) — x*(r = k),
which is called a test of the overidentifying restrictions.
— J test by Hansen (1982)
k linear combinations consisting of a r X 1 vector g(0r; Wr) are zeros.
Therefore, the degrees of freedom are r — k.
Some Examples:

(a) OLS:
Regression Model:  y, =x8+¢, E(xeg)=0

h(0; w,) is taken as:

h@;wy) = x,(y: — x,8).

(b) IV (Instrumental Variable, 2 {/EZ=#0%):
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Regression Model:  y,=x8+¢, E(xe) #0, E(zeg)=0
h(0; w,) is taken as:
h@;wy) = z,(y: — x,3),
where z, is a vector of instrumental variables.
(c) NLS (Nonlinear Least Squares, FJEf# 7 & /)N Z 5&%):
Regression Model:  f(y;, x,,8) = ¢, E(xe) #0, E(ze) =0
h(0; w,) is taken as:

hO; we) = 2o f Ves X1, B)

where z, is a vector of instrumental variables.
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11 Bayesian Estimation (X1 X#7E)
Greenberg, E. (2013) Introduction to Bayesian Econometrics (2nd ed.)
SEHERITE (2010) TAA ZHAETY V70 @EE)

HEHEEHE (2008) T~y a 7dgHE >y FAh Lokl (HAaEE)

Dey, D.K. and Rao, C.R., (2005) Handbook of Statistics, Vol.25: Bayesian Thinking: Modeling and

Computation

gt - RE - KRB 2011) TRA XG> Ty 70 (@EHE)

262



11.1 Introduction

Two Events: A and B
Conditional Probability:
P(ANB) _ P(BIA)P(A)

PAB =—pB = pB)

Posterior Distribution (253 70):  fa,(Aly):

HeO) fo0)  fe(¥16) fo(6)
KO [ £e016)fu(0)de

where f,(6) is called the prior distribution (Z§i43 7).

Joy(Oly) = o fyio(y10)fo(6),

Example 1:  Let x be the number of successes in a series of 7 trials with probability 6 of success
in each.

That is, x has the binomial probability function, given 6,

fxlé)(x|0):(n)9x(l—0)n_x, x=0,1,---,n.
X

6 is assumed to be the beta distribution:

fo(®) = "1 (1-0)7",

B(p,q)
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for < 6 < 1, which corresponds to a prior distribution.

Before applying Bayes’ theorem, f,(x) is given by:

Fulo) = f Fo(xl6)fo(6)d0

n 1 !
— ( ) f 9p+x—l(l _ 0)q+n—x—ld0
r] B(p.9) Jo

(”)B(p+x,q+n—x)
B(p,q)

r

The posterior distribution of 6 is:

1
" 0 — 6p+x—l 1-6 q+n—x—1,
Jox(61%) B(p+x,qg+n—x) ( )

which is also a beta distribution with prameters p + x and g + n — x.

The posterior mean and variance are:

E@ = 2 v = — P +x)2(‘1+”_x) .
p+qg+n (p+g+n)*(p+g+n+1)

Example 2:  x/6 ~ N(6,v), where v is known.
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6 ~ N(m,w), where m and w are known. — prior dist.

Then, the posterior distribution of 6 is:

le - N(wx+vm vw )

wH+v Tw+v

Example 3: X1, X2, - -+, X, are mutually independently and identically distributed as N(u, o?),

where u and 0% are unknown.
L 1
_ 2\-1/2 2
Fao(x160) = L 1| @) exp( -5 5 (i - )

= Qro?)™"? exp(—ﬁ(s2 +n(x — ,u)z)),

where x = (1/n) ), x; and §* = (- x)>2.

The prior density is:

1 _ 2

f(-}(g) = k(a, b, W)O'IH'3 exp __(Cl + (/J m) ) ,
20'2 w

ab/22—(b+1)/2(ﬂw)—1/2

: is a constant.
I'(5b)

where k(a,b,w) =
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The posterior density is:
. - m)*
mwm=mmme@mw4 = 1)}

(a1 +
wi

20 2

w m+ nwx 2 n(x —m)?
, m=——— bi=b+n, a=a+s+—-—

where w; =

1+ nw 1+ nw 1+nw

Inference on u:  The posterior density of y is:

)

o o\ -Bi+D)2
fM@=j‘ﬂWMH=@mﬁob+g—@l)
0

bty
where ¢t midi and k,(t;,b1) = !
1= 1,01
by . NikiBA, b))
M — Ny . . . .
Thus, has a 7 distribution with b; degrees of freedom.

5]

Inference of 0?:  The posterior density of o is:

co o ;
f(@?Ix) = f FOx)du = ky2(ay, by)o b1+ exp(_r‘l_z)’

(za)"/?

where k2 (a;, b)) = ———.
I'(3by)
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Thus, 61_12 is chi-squared with b; degrees of freedom.
o

11.2 Inference
Posterior Distribution (273 70):  fy,(6ly)
11.2.1 Point Estimate

Posterior Mean (£ 14):

00

0= f 6 f,(Oly)de.
Posterior Mode (E%E— K):

6 = argmax, fy.(0y).

Posterior Median (E& X7 1 7 V):

9
6 such that f fa(Bly)dé = 0.5.

267



11.2.2 Interval Estimate

fR Jop(Oly)d6 =1 - a,

where R is called confidence interval.
Bayesian confidence interval (X1 X{S#8X &) or credible interval ({5 f X f&):
PO, <0<0y)=1-q.

6r, and 6y lead to lower and upper bounds.

(6, 8y) is called Bayesian confidence interval or credible interval.

Highest posterior density interval (&= 5% % E X &):

Sony(Boly) = fay(O1ly), for6p € Rand 6, ¢ R.

11.2.3 Marginal Likelihood (&30 1 )
Marginal Likelihood = Fitness of the Model:

HO) = f Fo(v10) fo(6)d6,
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which corresponds to the denominator in the posterior distribution.

11.3 Example: Linear Regression

Regression Model:

y=XB+u, u~ N, 0'21,1),

where y and u are n X 1 vectors, X is an n X k matrix and B is a k X 1 vector.
Likelihood Function: 6 = (8, 0%)

1
fiu016) = o2 expl =5 = XBY (- X))

Prior Distributions:
foB. %) = fyeBlo?) frr(0?),

where

1
far2Blo?) = N(Bo, *A™") = 2ro?) (A" exp(—ﬁw - Bo) A(B —ﬁo)),

vo Ao\ _ (do/2)""

2y _ Yo 2y—vo/2-1 Ao
faz(O’)—IG(z, 2)_ TR exp(
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Bo, A, vo and A are called the hyper-parameters.
1
Note that Y ~ IG(a, b) for X ~ G(a,b) and Y = X

The posterior distribution of 8 and o™ is:

f@ly (B? 0-2 |)’) & f;’l@(ylﬁ7 O-Z)fﬁla'2 (ﬁ|0_2 )fa'2 (0-2)
1
= (2n0?) 2 exp(—;rz(y - X' - X))

1
><(27r0'2)_k/2|A|1/2 eXp(—r‘_z(ﬁ - Bo)AB _,30))

(/10/2)V0/2 2\—vp/2—1 /10
o @ el =55
o (02) ka2 exp(— O =XB)(y—XB) + (B—Bo)AB - o) + /lo)
202
R —BYA N (B -5 . 2
o [o2A[ 12 exp(—(ﬂ B)ZO-Z(B ,3)) x (0?21 exP(_zT-Z)

~

A oA v oA
« for s Blo?, ) X fop (@) = NB,o?A) x 1G(5, )
where

B=X'X+A) " X'XBors +ABo),  Bows = X' X)'X'y,
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A=X'X+A)7", ¥ =vo+n,
A=+ =XB = XB) + (Bo — Pors) (X' X)™" + A™) " (Bo — Bors).

The marginal posterior distribution of S is:

fay(Bly) = f fay(B, o ly)do? = f Fao2yBlo?, ) frap (0 ly)do?

5

| R 02
oc(l +s6-p(54) (,6’—,8))

which is a k-dimensional ¢ distribution with parameters 5, ~A and 7.
%
Note that the k-dimensional ¢ distribution with parameters u, X and v is given by:
rzk)

(r+0)/2
L(3)(vm)k/2 )

Fx) = ||”2(1+ —(r— S - o)
The marginal likelihood is:

Fe(10) fo(0) _ IA]'2|A1V2(2/2)"*T(7/2)
Sa(6ly) 72T (v /2)(1/2)%12

L) =

which is utilized for model selection.
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In general, how do we evaluate fy,(]y), E(ly), f,(y) and so on?

11.4 On Prior Distribution

11.4.1 Non-informative Prior

fo(6) = const.

In this case, the posterior distribution is:

Joy(0ly) < fo(v16),

which is proportional to the likelihood function.

However, we have the case where the integration of prior diverges, i.e.,

f £2(6)d6 = co.

In this case, fy(6) is called an improper prior.
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11.4.2 Jeffreys’ Prior

fa(0) o< [J@O)'2,

where

B 8 log fye(¥10) (07 1og £,16()16)
10 =~ [ gyt = B[ —Z )

which is Fisher’s information matrix.
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