3.2.2 Random Effect Model (T > % AR ETIL)

Model:
yit:Xilﬁ+Vi+uit’ i:l929“'9n’ t:1’2""’T

where i indicates individual and ¢ denotes time.

The assumptions on the error terms v; and u;, are:

E(iX) = E(u;|X) =0 for all i,
V@ilX) = o for all i, V(uy|X) = o> foralliand ¢,
Cov(v;,vjlX) =0 fori # j, Cov(uj, ujs|X) =0 fori+ jandt # s,

Cov(vj,u;;|X) = 0 foralli, jand z.

Note that X includes Xj; fori=1,2,---,nandt=1,2,---,T.
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In a matrix form with respecttot = 1,2,---,T, we have the following:

)’i:Xi,B+Vz’1T+Mia i:172"",n’
Vit X; Uji
Yi2 Xin Upp
wherey, =| |, X;=| . landu;=| |areT x1,T xXkand T X 1, respectively.
yir X; uir

u; ~ N,cI;) and vily ~ N(0,02) = vl +u; ~ NO,02171} + 02I7).

Again, in a matrix form with respect to i, we have the following:

y=XB+v+u,
Y1 X vily Ui
» X5 wlr Uy
wherey=| | X=|  |v=| . |andu=|  |arenT xX1,nT xXk,nT X1 and
Vn Xn anT Uy
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nT X 1, respectively.
The distribution of u + v is given by:

vu ~ N(0,L,® (or1r1} + ooly)
The likelihood function is given by:

~1)2
LB, 02,02 = 0P|l @ (021517 + o)

X exp(—%(y - XB) (I, ® (021717 + ang))*l(y - XP)).

Remember that f(x) = (27)*/?|g|"1/2 exp(—%(x - (x - ,u)) when X ~ N(u, X),

where X denotes a k-variate random variable.
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The estimators of 8, o2 and o2 are given by maximizing the following log-likelihood
function:
nT
2
1 ’ 2 ’ 2 -1
-0 = XB) (I ® (@171} + oolr)) (v — XP).

log L(B,02,07%) = —

1
log(2m) -  log|L, ® (071717 + )

MLE of 3, denoted by 3, is given by:

(X(1® @ 1715 + 210) X)X (L@ @171y + o21) 'y

B

= (Z X171, + ang)—lx,.)‘l(Zn: X(o2lr 1y + oaln) i),

i=1 i=1
which is equivalent to GLS.

Note that 3 is not operational, because 3 depends on o and o2,
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3.3 Hausman’s Specification Error (s E{LERZ) Test

Regression model:
y=XB+u, y:nxl1l, X:nxk B:kx1l, wu:nxl.
Suppose that X is stochastic.

If E(u|X) = 0, OLSE j is unbiased because of 8 = (X’X)"' X’y = 8+ (X’X)"'X'u and
E(X'X)"'X"u) = 0.

However, If E(u|X) # 0, OLSE ,fi’ is biased and inconsistent.

Therefore, we need to check if X is correlated with u or not.

—> Hausman’s Specification Error Test
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The null and alternative hypotheses are:
e H,: X and u are independent, i.e., Cov(X, u) = 0,
e H;: X and u are not independent.
Suppose that we have two estimators 3, and 3;, which have the following properties:

° [3’0 is consistent and efficient under Hy, but is not consistent under H,

° ﬁl is consistent under both Hy and H;, but is not efficient under H,.

Under the conditions above, we have the following test statistic:
A oA A ANl A A
B =By (VB = VBo) Br —Bo) — x(h).
Example: J, is OLS, while 3, is IV such as 2SLS.

Hausman, J.A. (1978) “Specification Tests in Econometrics,” Econometrica, Vol.46,

No.6, pp.1251-1271.
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3.4 Choice of Fixed Effect Model or Random Effect Model
3.4.1 The Case where X is Correlated with u — Review

The standard regression model is given by:
y=XB+u, u ~ N(0,0°I,)

OLS is:
B=XX)'Xy=8+XX)"'Xu

If X is not correlated with u, i.e., E(X'u) = 0, we have the result: E(B) =p.

However, if X is correlated with u, i.e., E(X"u) # 0, we have the result: E(ﬁ) * B.

— B is biased.
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Assume that in the limit we have the followings:

1
XX — M}
n

-X'u — M,, # 0 when X is correlated with u.
n
Therefore, even in the limit,
phmB = ﬂ + M;xl qu F ﬁ,

which implies that /3 is not a consistent estimator of 3.

Thus, in the case where X is correlated with u, OLSE [3’ is neither unbiased nor con-

sistent.

89



3.4.2 Fixed Effect Model or Random Effect Model

Usually, in the random effect model, we can consider that v; is correlated with X;,.

[Reason:]

v; includes the unobserved variables in the ith individual, i.e., ability, intelligence,
and so on.

X represents the observed variables in the ith individual, i.e., income, assets, and so
on.

The unobserved variables v; are related to the observed variables X;;.

Therefore, we consider that v; is correlated with Xj;.

Thus, in the case of the random effect model, usually we cannot use OLS or GLS.
In order to use the random effect model, we need to test whether v; is uncorrelated

With Xi[.
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Apply Hausman’s test.
e Hj: X, and ¢; are independent (— Use the random effect model),
e H,: X and e; are not independent (— Use the fixed effect model),

where ¢e; = v; + u;.

Note that:

e We can use the random effect model under H,, but not under H;.

e We can use the fixed effect model under both H, and H,.

e The random effect model is more efficient than the fixed effect model under H,.
Therefore, under H, we should use the random effect model, rather than the fixed

effect model.
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