
Serially Correlated Errors (Time Series Data):

• Suppose that u1, u2, · · ·, un are serially correlated.

Consider the case where the subscript represents time.

Remember that βGMM ∼ N
(
β, σ2(X′Z(Z′ΩZ)−1Z′X)−1

)
,

We need to consider evaluation of σ2Z′ΩZ = V(u∗), i.e.,

V(u∗) = V(Z′u) = V(
n∑

i=1

z′iui) = V(
n∑

i=1

vi)

= E
(
(

n∑
i=1

vi)(
n∑

i=1

vi)′
)
= E
(
(

n∑
i=1

vi)(
n∑

j=1

v j)′
)

= E(
n∑

i=1

n∑
j=1

viv′j) =
n∑

i=1

n∑
j=1

E(viv′j)

where vi = z′iui is a r × 1 vector.
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Define Γτ = E(viv′i−τ).

Γ0 = E(viv′i) represents the r × r variance-covariance matrix of vi.

Γ−τ = E(vi−τv′i) = E((viv′i−τ)
′) =
(
E(viv′i−τ)

)′
= Γ′τ.

V(u∗) =
n∑

i=1

n∑
j=1

E(viv′j)

= E(v1v′1) + E(v1v′2) + E(v1v′3) + · · · + E(v1v′n)

+ E(v2v′1) + E(v2v′2) + E(v2v′3) + · · · + E(v2v′n)

+ E(v3v′1) + E(v3v′2) + E(v3v′3) + · · · + E(v3v′n)
...

+ E(vnv′1) + E(vnv′2) + E(vnv′3) + · · · + E(vnv′n)

= Γ0 + Γ−1 + Γ−2 + · · · + Γ1−n

+ Γ1 + Γ0 + Γ−1 + · · · + Γ2−n
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+ Γ2 + Γ1 + Γ0 + · · · + Γ3−n

...

+ Γn−1 + Γn−2 + Γn−3 + · · · + Γ0

= Γ0 + Γ
′
1 + Γ

′
2 + · · · + Γ′n−1

+ Γ1 + Γ0 + Γ
′
1 + · · · + Γ′n−2

+ Γ2 + Γ1 + Γ0 + · · · + Γ′n−3

...

+ Γn−1 + Γn−2 + Γn−3 + · · · + Γ0

= nΓ0 + (n − 1)(Γ1 + Γ
′
1) + (n − 2)(Γ2 + Γ

′
2) + · · · + (Γn−1 + Γ

′
n−1)

= nΓ0 +

n−1∑
i=1

(n − i)(Γi + Γ
′
i)
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= n
(
Γ0 +

n−1∑
i=1

(1 − i
n

)(Γi + Γ
′
i)
)

≈ n
(
Γ0 +

q∑
i=1

(1 − i
q + 1

)(Γi + Γ
′
i)
)
.

In the last line, n − 1 is replaced by q, where q < n − 1.

We need to estimate Γτ as: Γ̂τ =
1
n

n∑
i=τ+1

v̂iv̂′i−τ, where v̂i = z′i ûi for ûi = yi − xiβGMM.

As τ is large, Γ̂τ is unstable.

Therefore, we choose the q which is less than n − 1.
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