6 Time Series Analysis (F5275947)
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1. Stationarity (E& %) :

Let yi, y2,- -+, yr be time series data.
(a) Weak Stationarity (337 € %)
EQ) = u,
E((yt - /-’t)(,yt—‘r - /’l)) = ’y(T)a T= Oa 19 29 Tt

The first and second moments do not depend on time.

The second moment depends on time difference, not time itself.
(b) Strong Stationarity (G&E F 1) :
Let f(Vi, Y1 - +» Y1) be the joint distribution of y; , y,, = -+, s,
SOt Yo 5 Y6) = fOno Yorrs s Yipar)

All the moments are same for all 7.
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2. Ergodicity (T)LT— K1) :
As time difference between two data is large, the two data become independent.
Y1, Y2, -+, yr 18 said to be ergodic in mean when y converges in probability to

E(y).

3. Auto-covariance Function (B oA 8 EE) :

E((yr = )i — 1)) = ¥(1), 7=0,12,---

¥(1) = y(=1)

4. Auto-correlation Function (B 2 +8EERE%Y) :

_ B -0 =) _ y(@)
Var(y) \/Var(y,,)  ¥(0)

Note that Var(y,) = Var(y,_,) = y(0).

p(7)
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5. Sample Mean ({Z2A&1) :
1 T
M= ? Z Vi
t=1
6. Sample Auto-covariance (24X B T 98 :

1 T
YO =5 D 0= 0 =)

t=7+1

7. Correlogram (O L O 5 A, or Z24AHCEEREE) :

R
PO =50

8. Lag Operator (7 71/FEXR) :

lﬁ)% ::yrﬁW T= 1725"'
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9. Likelihood Function (J&ZE#%) — Innovation Form :

The joint distribution of yy, y,, - - -, yr is written as:

SOL Y2, yr) = fOrlyr—1 o yD)f -1, 01)
= fOrlyr—i, . yO)SfOr=ilyr=2, -, YO fQOr=2, -+, y1)

= fOrlyr-1, - yDfOr=1lyr—2, -+, y10) -+ fOaly)fOn)
T
= fo0 [ | £y, 3.
=2
Therefore, the log-likelihood function is given by:

T
log f(y1,y2, -+, yr) = log f(y1) + Z log f(yilye-1,- -+, y0)-
=2

Under the normality assumption, f(y,|y,—1, - -+, y1) is given by the normal distri-

bution with conditional mean E(y,|y,_1, - - -, y1) and conditional variance Var(y,|y,,
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ceey )’1)

6.2 Autoregressive Model (EC.E/ZET /L or AR ET L)

1. AR(p) Model :

Vi=01y1 Gyt 0 Py, + &,

which is rewritten as:
¢(L))7t = &,
where

o(L) = 1—¢1L—¢2L2_ e =g, L

2. Stationarity (E &%) :

Suppose that all the p solutions of x from ¢(x) = 0 are real numbers
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When the p solutions are greater than one, y, is stationary.

Suppose that the p solutions include imaginary numbers.

When the p solutions are outside unit circle, y, is stationary.

. Partial Autocorrelation Coefficient ({7 B 28RHE), ¢is

The partial autocorrelation coefficient between y, and y,_4, denoted by ¢y, is
a measure of strength of the relationship between y, and y, ;, after removing

influence of y,_1, « -, Yr—x+1-

¢11 = p(l)
( 1 P(l))(¢z,1) ~ (p(l))
p(l) 1 /\¢2 p(2)
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L p(1) p(2)
p(l) 1 P(l)][

p(2) p1) 1

1 p(1)
p(1) 1

plk—=1)  p(k—=2)

#3.1 p(1)
¢3,2] = [p(2)]
?33 p(3)

k=2 ple-1y[ ™

k-3 pk-2 ||
o) | k-1

Drk
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Use Cramer’s rule (7 7 A —)LD /A ) to obtain ¢y .

1 p(l) - plk=2) p(1)
p(1) 1 plk—=3) p(2)

plk=1) plk=2)--- p(1) pk)

I p(l) - plk=2) plk— 1)
p() 1 pk - 3) plk — 2)

ik =

plk=1) plk =2)--- p(1) 1

Example: AR(1) Model: y, = ¢y, + €

1. The stationarity condition is: the solution of ¢(x) = 1 —¢1x =0, 1.e., x = 1/¢y,

is greater than one in absolute value, or equivalently, |¢| < 1.
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2. Rewriting the AR(1) model,

Vi=d1yi1 &
2
=Y+ &+ 1€y

3 2
=PViz t &+ P61 + P62

=P\ Vst &+ e+ - + ¢‘i’_1et_s+1,
As s is large, ¢) approaches zero. = Stationarity condition
3. For stationarity, y, = ¢1y,_1 + € is rewritten as:
Vi= &+ d161 + ¢%€z—2 + .-

MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) process, u

u=EQ)=E(g+die+ ¢%€r—2 + --0)
=E(e) + ¢1E(6-1) + $1E(g2) + -+ =0

5. Variance of AR(1) process, y(0)

¥(0) = V() = V(e + ¢r61 + giea+ )
= V(&) + V($16-1) + V($iea) + -

= V(&) + ¢1V(e-1) + ¢ V(e2) + -+

0_2

1-¢

6. Autocovariance and autocorrelation functions of the AR(1) process:

=c*(l+¢7+¢]+ )=

Rewriting the AR(1) process, we have:
V=0Vt &+ D6+ o0 + ¢11-_16,_T+1,
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Therefore, the autocovariance function of AR(1) process is:

Y(@) = E((; = )i — ) = EQyi—o)
= E((‘ﬁb’t—? +&t+dig+ - + ¢7]—_161—T+1)yl—‘r)

= ¢‘{E(yt—‘ryt—‘r) + E(etyt—r) + ¢1E(Et—lyt—‘r) + -0 ¢‘{_1E(EI—T+1yt—‘r)

O_Z(PT
= "y(0) = — L.
¢1y(0) 1= ‘15%
The autocorrelation function of AR(1) process is:
y(1)
(1) = 22 = ¢},

. Another Derivation of y(7):
Multiply y,_. on both sides of the AR(1) process and take the expectation:

E(yyi-r) = $1EQi-1yi-r) + E(&y:-1)
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oyt —1), for t # 0,
(1) =
ory(t—1)+ 072, forr = 0.

Using y(1) = y(-7), y(7) for 7 = 0 is given by:
¥(0) = ¢1y(1) + 0 = $7¥(0) + 0.

Note that y(1) = ¢,v(0).

Autocovariance function y(7) is:

Y@) =gy - 1) =¢iy(r=2) = -+ = ¢{¥(0).

Therefore, y(0) is given by:

y(0) =

1-¢t
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8. Partial autocorrelation function of AR(1) process:

11 =p(1) = ¢
' L pD)

by, = 2D p<2>|:p<2>—p<1>2
2 ll p<1)| 1= p(1)

p() 1
9. Estimation of AR(1) model:

(a) Likelihood function

T
log f(yr,---,y1) =log f(y1) + Zlogf(ytlyt_1,-~-,y1)
=2

1 1 o2 1

= ——log(2n) — < log( ) - yz
2 2 1-¢3) o2/(1—-¢>)"
T-1 T-1

log(2r) —

1 &
3 log(0'2) - ; ;()’t - ¢1yt—1)2

188



r T 2 1 1

1
202/(1 - ¢?)

1 T
2 2
1T 55 ;:2 r = 1yi-1)

Note as follows:

1
)= (__ 2)
FOn Sy X502/ (12 ¢%)yl
= L 2
f())tlyt—l, te ,yl) = — exp( 752 (yt ¢1yt—l) )
alogf(yT’...’yl)__Zi 1 , 1 T ) .
do? S22t 20%/(1 - ¢%)y1 o ;(yt $1y-1)" =0
alogf(y,...,y) ) ¢ 1 T
3;1 - 1 —1¢§ * O%yf * o2 ;(Yt = @1y-1)y-1 =0
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The MLE of ¢, and o satisfies the above two equation.

1 . a 3
=7 ((1 — Dyt + Z()’z - ¢’1yz—1)2]
=2
_ Zthz)’tyt—l ~
Bawa (32 205

2
= + |y —
ZLZy?_l

(b) Ordinary Least Squares (OLS) Method

ot

T
S(¢1) = Z(Yz — $1yi-1)
P

is minimized with respect to ¢;.

(;5 _ Ziz)’t—l)’t — 6 + Z[T:Z.yt—let = 6 + (I/T)Z; 2 Vi-1€
1—-— " 5 — ¥ —7r 5  — ¥
DI SV 1/T) T 02,
E()’t 1€)
— ¢+ = ¢
EG? )

OLSE of ¢, is a consistent estimator.
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The following equations are utilized.

E()’t—lft) =0

E(y; ;) = Var(y,1) = ¥(0)
10. Asymptotic distribution of OLSE ¢;:

VT (¢, - ¢1) — N(O,1-¢?)

Proof:

V16, =1,2,---, T, are distributed with mean zero and variance

From the central limit theorem,

(LT) X ym1&
a4/ = ¢)/NT
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11.

Rewriting,

T = 1-¢
Next,
1w, ) o?
720 — E0L) =90 = —5
t=1 g
yields:
. NT) YL, v
VTG - o = UYD Lo YelS N, 1 - )
(I/T) Zt:l y;_]
Some formulas:
(a) Central Limit Theorem
Random variables x;, x,, - - -, x7 are mutually independently distributed

with mean y and variance 0.

Definex = (1/T) Y., x,.
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Then,
X-EBX X-u

W&  o/NT

(b) Central Limit Theorem II

— N, 1)

Random variables x;, x,, - - -, x7 are distributed with mean u and variance

0.

Define ¥ = (1/T) Y., x,.

Then,
x—EX)

VV(x)

(c) Let x and y be random variables.

— N(0,1)

y converges in distribution to a distribution, and x converges in probability

to a fixed value.

Then, xy converges in distribution.
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For example, consider:
y — N(u,o?), x — c.

Then, we obtain:
xy — N(cu, *o?)
12. ARQ1) +drift: y, =u+d1y-1+¢
Mean:

Using the lag operator,
¢L)y: = p+ &
where ¢(L) = 1 — ¢, L.

Multiply ¢(L)~! on both sides. Then, when |¢;| < 1, we have:

ye =) '+ (L) e
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Taking the expectation on both sides,

E(y) = ¢(L)"'u+ ¢(L)'E(e)

— o)y = H
(1) p -0

Example: AR(2) Model: Consider y, = ¢1y,-1 + ¢2y,2 + €.

1. The stationarity condition is: two solutions of x from ¢(x) = 1 —¢;x—¢rx> =0

are outside the unit circle.

2. Rewriting the AR(2) model,

(1-¢1L—$:Ly, = &.

Let 1/, and 1/a; be the solutions of ¢(x) = 0.
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Then, the AR(2) model is written as:
(I = a1 L)(1 — asl)y; = €,

which is rewritten as:

1
T (I-aD(-al)”
(/e —@)  —an/(a) — @)
B 1—(11L 1—a2L

Vi

3. Mean of AR(2) Model:

When y; is stationary, i.e., @; and @, are within the unit circle,
u=EQ) =E@Le) =0
4. Autocovariance Function of AR(2) Model:

Y1) = E((y; = )i — ) = EQyi—o)
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= E((¢l)’t—1 + $oyi2 + 6t)yz—r)

= $1EQ-1Y-0) + S2E(vi2yi-1) + E(€y,—)

ey =D+ (T =2), fort # 0,

dry(t — 1) + oy(r — 2) + 02, forr = 0.
The initial condition is obtained by solving the following three equations:

¥0) = dry(1) + 2y(2) + o7,
y(1) = ¢1y(0) + doy(1),
¥(2) = ¢ry(D) + ¢2y(0).

Therefore, the initial conditions are given by:

1 —¢ o’
0) = ,
) (1+¢2)<1—¢2>2—¢%

o o 1 -¢» o2
1)=—v9(0) = .
Y =1-570 (1—¢2)(1+¢2)(1—¢2>2—¢%
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Given y(0) and y(1), we obtain y(7) as follows:
(@) = g1yt — 1) + day(7 = 2), fort=2,3,---.

5. Another solution for y(0):

From y(0) = ¢1y(1) + ¢2y(2) + 02,
2

0) = €
YO = 1500 = ap )

where

¢ 3 i+ (1= )y
s p(2) = ¢1p(1) + ¢ = s .

6. Autocorrelation Function of AR(2) Model:

p(l) =

Given p(1) and p(2),

p(t) = d1p(t — 1) + hop(T - 2), fort=3,4,---,
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7. @i = Partial Autocorrelation Coefficient of AR(2) Process:

Dk

1 P ph=D plhm D p(1)

(1) 1 p=3) phk-2 || | [p@
Drk-1

plk=1) plk=2) - p(1) 1 p(k)
Dr i

fork=1,2,---.
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1 p(D)
p(1) 1

plk=1) plk=2)--- p(1) pk)

- plk=2) p(1)
plk—=3) p(2)

i =
1 p(l)

p(1) 1

Autocovariance Functions:
y(1) = ¢1v(0) + ¢oy(1),
¥(2) = ¢1y(1) + ¢2¥(0),
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Y=oyt =D+ dy(r-2),  forr=3,4,--

Autocorrelation Functions:

p(1) = b1 +dap(1) = T2
¢2

p2) = g1p() + > = — + ¢,
— ¢

(1) = d1p(t — 1) + drp(t — 2), fortr=3,4,---.

L
b1 =p(h) = 1o

' L pl)

oy = p(1) p(2)| _p(2) - p(1)? _
' 1 p(1)|_ 1-p(12 77

p(l) 1
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L pD)
ey 1
p(2) p(l)

p(1)
p(2)
p(3)

= T
ph 1
) p()

_ (6B - p(Hp(2)) = p(1)*(p(3) = p(1) + pDp(D(P(2) = 1) _

p(2)
p(1)
1

(1 = p(1)?) = p(1*(1 = p(2)) + p(2)(p(1)* = p(2))

8. Log-Likelihood Function — Innovation Form:

T
log f(yr,+++,y1) = log fya, y1) + > 10g FGilye-1,+++,31)

where

1

fO2,y1) = ﬂ

y(©0)  ¥(1)
()  ¥(0)

-1/2
exp(

202

t=3

1(
2)’1)’2

{

y(0)  ¥(1)
y()  ¥(0)

)

Y1
2

0.
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1

2
To;

1
SOudye—1, -y = (Y (_F(Yt = P11 — ¢2Yt—2)2) .

Note as follows:
y(0) (D) L p(l) 1 é1/(1 — ¢2)
S S R )
y(1)  y(0) p(h) 1 é1/(1 = ¢2) 1

. AR(2) +drift: y, =pu+d1y_1 + by, + &

Mean:

Rewriting the AR(2)+drift model,
¢(L)y: = p+ €
where ¢(L) = 1 — ¢ L — ¢, L>.

Under the stationarity assumption, we can rewrite the AR(2)+drift model as

follows:

ye =) '+ (L) e
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Therefore,

E(y) = (L)'t + (L) "Ble) = p(1) 'yt = ————
() = 6L+ 9L Ee) = 0 = 1

Example: AR(p) model:  Consider y; = ¢1y—1 + poyi2 + -+ + d,yi—p + €.

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., the p solutions of x from ¢(x) = 0 are
outside the unit circle),

2

o
0) = < :
T T ()= =)
Note that y(7) = p(1)y(0).
Solve the following simultaneous equations for 7 =0, 1,---, p:

Y1) = E((y; = )i — ) = EQyi—o)
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) eyT =D+ doy(t=2) + -+ dpy(T - p), fort # 0,
Syt =)+ doy(t=2)+ -+ ¢,y(r — p) + 02, fort = 0.

2. Estimation of AR(p) Model:

1. OLS:
T
min Z O = ¢yt = oYz = = = PypVip)’
¢l7"',¢p t:p+l
2. MLE:

max  log f(yr, -, y1)
b1, 0y

where

T
lng(yT7”'7yl) = logf(ypan"yZ,yl) + Z logf())zl))z—l," '7y1),

t=p+1
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Y1

1 y
FOpe 320 = @0V exp| =301y e ypV |
Yp
1 p(l)y - p(p=2) p(p-1)
p(1) 1 pp—3) plp-2)
V =y(0) : . . .
plp—1) p(p-2) -~  p(l) 1
— 1 2
SOyt 31) = 7T0'2 eXP(_T._%(Yz = P11 — PoYi2 — = PpYiep) )

3. Yule=Walker (1 —JU - 7 # — 71 —) Equation:

Multiply y;—1, yi-2, -+ -, yi—p On both sides of y; = ¢1y,—1 +Poyra+ -+ +Ppy,—p +
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€ =y, take expectations for each case, and divide by the sample variance %(0).

¢
I ) e pp-2) pp-1) ¢1 p(1)
py pr=-3 pp-2 . | @
A ~ N ¢p—l R
pp—=-1) p(p-=2) ---  pa) 1 o(p)
é)
where
50 =1 S 0o, =10
T t -7 ) ’?(O)

t=7+1
3. AR(p) +drift: y, =pu+ 1y +¢oyi2+ - dpyip + &

Mean:
dL)y =pu+¢
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where ¢(L) = 1 = ¢ L — ¢ L* — --- — ¢,L7.
Y=L u+ o) e
Taking the expectation on both sides,

B(y) = ¢(L)" '+ ¢(L)'Ee) = (1) '
_ p
l=¢1=p— - =0

4. Partial Autocorrelation of AR( p) Process:

¢k’k:0f0rk:p+l,p+2,---.
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6.3 MA Model

MA (Moving Average, &) Model:

1. MA( g)

yt = E[ + 9161_1 + 926t—2 + cet + QqE,_q,

which is rewritten as:

yi = 80(L)e,

where

O(L)=1+6,L+6,L*+ - +6,L.
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2. Invertibility (REx AT BEME):

The g solutions of x from 8(x) = 1 + 6;x + x> + -+ + O,x7 = 0 D g are

outside the unit circle.

— MA(g) model is rewritten as AR( o) model.

Example: MA(1) Model: vy, =¢ + 60,¢6_,
1. Mean of MA(1) Process:
E(y,) = E(¢, + 01€,_1) = E(¢;) + 01E(¢,-1) =0
2. Autocovariance Function of MA(1) Process:

Y(0) = EG2) = E(e; + 616-1)° = E(€ + 201661 + 6el )

= E(}) + 20,E(g€1) + 7E(e2 ) = (1 + 60?2
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y(1) = E0y-1) = B((& + 6161 (&1 + 616.2)) = 6,07

¥(2) = EQyi-2) = E((& + 016-1)(62 + 016-3)) = 0

3. Autocorrelation Function of MA(1) Process:

o fort =1
_YO _Ji+e orr=n
P(T)—ﬁ— 1
4 0, fort=2,3, -
Let x be p(1).
0
L=, ie., X0 —60+x=0.
1+6;
6, should be a real number.
1-4x>>0 ie 1. (1)<1
) .., > <p(l) < X
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4. Invertibility Condition of MA(1) Process:

&= -0+
= (—91)26—2 +y: + (=01)yi-1

= (=0 €3+, + (=01 + (=62

= (=00 €5 + Y1 + (=0)y-1 + (=00 ya + -+ + (=0 "y
When (-0,)°¢,_, — 0, the MA(1) model is written as the AR(c0) model, i.e.,

Vo= =00yt = (=00 yia = - = (=0) "y - -+ 6

That is, |6;| < 1 represents the invertibility condition.
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5. Partial Autocorrelation Function of MA(1) Process:
01

11 =p(1) = #0
M 1+6
(1 p(l))(asz,l)_(as(l))
p(y 1 N\gos) \9(2)
‘1 p(1>| ‘1 p(l)\
_lp) p@l _lp) 0| —py* -6
- ¢2’2_‘ 1 p(1)|_‘ 1 p(l)‘_l—p(1)2_1+9$+9;‘¢
p() 1| py 1
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L p(l) pR2)\( 3. é(1)
[P(l) 1 P(U][%,z] = [¢(2)]
p2) p) 1 $33 #(3)

L op() p)| | 1 pD) pD)
p) 1 p2) p(l) 1 0
e oy p3l 1o py ol pay
= PETT o) e T 1T e 0| To2p(R "
o) 1 p| o) 1 )
pQ) p(1) 1 0 p() 1
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L p() p2) p3))(¢s ¢(1)
p(l) 1 p() p@2) || baz $(2)

p2) p() 1 p() || a3 ¢(3)
p3) p2) p(1) 1 J\¢ss P(4)

1 p() p@ e |1 p 0  p)
p() 1 p) p@| |p) 1 p1) 0
p2 p) 1 p®| |0 pd) 1 0
= b= S T T 0
p() 1 o) p@| |p) 1 p1) 0
p2) p) 1 pM| |0 p) 1 )
p(3) p2) p(l) 1 0 0 p) 1

As aresult, ¢y # Oforallk=1,2,---
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6. Likelihood Function of MA(1) Process:

The autocovariance functions are: y(0) = (1+6})02, y(1) = 6,02, and y(1) = 0

forr=2,3,---.

The joint distribution of yy, y,, - -, yr 1s:

fOLY2, - yr) = (27r1)T/2|V|_1/2 exp (—%Y’V‘lY)
where
1+67 6 0o .- 0
. 0 1+6° 6
v=|" veel 0 & - o
: 1+6: 6
. 0 0 0, 1+6:
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7. MAQQ) +drift: y, =u+¢€+6,6

Mean of MA(1) Process:
yi = p+0(L)e,

where (L) = 1 + 6,L.

Taking the expectation,

E(y) = u+ 0(L)E(€) = p.

217



Example: MA(2) Model: y, =€ + 6,61 + 616,
1. Autocovariance Function of MA(2) Process:

(1+67+6)02, fort=0,

(6, + 6,0,)02, fort =1,
Y1) = )

€

6,0 for v = 2,

0, otherwise.

2. let —1/B; and —1/8, be two solutions of x from 6(x) = 0.

For invertibility condition, both 8; and 8, should be less than one in absolute

value.

Then, the MA(2) model is represented as:

Vi= &+ 016 + e,
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=(1+6,L+6,Le

=+ 01 +B:L)e

AR( o) representation of the MA(2) model is given by:

1
T A+ADA+BLD"

_ (/31/(31 —p2) | P/ —ﬁz))
\ 1+BL 1+ 5L !

€
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3. Likelihood Function:

where

yr

JOLY2, - yr) = (27TI)T/2|V|_1/2 exp (—%Y’V‘IY)
1+67+65 60, +6,6, 6, 0
O +60, 1+61+65 6,+06,6,
6, 6, + 6,6, 0,
1+67+65 60,+6,6,
0 6, 01 +60, 1+67+65
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4. MAQ2) +drift: y,=pu+e¢ +06_1 + 606>

Mean:

Vi = p+0(L)e,
where 6(L) = 1 + 6,L + 6,1>.

Therefore,

E(y) = u+0(L)E(e) = u
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Example: MA(g) Model: y, =€ +6i61 +06 5+ -+ + 0,64
1. Mean of MA(g) Process:

E@t) = E(Et + 91 Et—l + 9261_2 + R + qut—q) = 0
2. Autocovariance Function of MA(g) Process:

q-T
03(906T+9]0T+] + o .. +0q—7'9t]) :O’zzgie.r.+i, T = 1’2’-..’q,
¥(1) = g

0, T=qg+1,q+2,---

where 6y = 1.
3. MA( g) process is stationary.

4. MA(q) +drift: y, =u+¢+0i16_1 +bhgr+ - +0,6,
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Mean:

Ve=u+ 0(L)e;,
where (L) = 1+ 6L + 0,L> + --- +6,L7.

Therefore, we have:

E(y) = u+ 0(L)E(€) = p.
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6.4 ARMA Model

ARMA (Autoregressive Moving Average, FE C.[RI/@## #°7-13) Process

1. ARMA(p, q)
V=1 +dyat o Gyt 6+ 016+ 62+ - + 0,6,

which is rewritten as:

¢(L)y; = O(L)e;,

where ¢(L) = 1= L= L?— - —=¢,LP and O(L) = 1+6, L+ 6,L*+ --- +0,L9.

2. Likelihood Function:

The variance-covariance matrix of Y, denoted by V, has to be computed.
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Example: ARMA(1,1) Process: y, = ¢1y,-1 + € + 016,
Obtain the autocorrelation coefficient.

The mean of y; is to take the expectation on both sides.
E(y) = $:E(y-1) + E(€) + 61E(e-1),

where the second and third terms are zeros.

Therefore, we obtain:
E(y) = 0.
The autocovariance of y, is to take the expectation, multiplying y,_, on both sides.
EQyi—) = $1E(yi-1yi--) + E(eyi—o) + 01 E(€-1y1—1).
Each term is given by:
EQyi-—) = y(1), EQi1yi) =y - 1),
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(¢1 + 002, =0,

of, =0,
E(&yi--) = E(€-1y:--) = O'g,
O’ T = 1’ 2’ Tt 2
0,

Therefore, we obtain;

¥(0) = ¢1y(1) + (1 + 16, + 6})o2,

y(1) = ¢17(0) + 6,02,

y() = ¢ry(r = 1), =23,

From the first two equations, y(0) and (1) are computed by:

( 1 —¢1)(y(0)) 2(1+¢191+9%)
= O-E
-¢ 1 y(1) 0,

(7’(0)) 2( L =¢ )_1(1+¢191+9%)
=0
7(1) _¢1 1 91
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O—z (1 ¢1)(1+¢161+9%) 0% ( 1+2¢191+0%
C1-4t\g 1 0, C1-¢ (1+¢:16)(¢1 +6))

Thus, the initial value of the autocorrelation coefficient is given by:

_ (1 +¢101)(d1 +6,)

1
A= e+

We have:
p(1) = ¢1p(r = 1).
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ARMAC(p, g) +drift:

Vi=p+ G Y1t dyiot s Py pt &+ 016+ O 2+ - + 0,6 .
Mean of ARMA(p, g) Process:  ¢(L)y, = u + 6(L)e,

where ¢(L) = 1 — ¢;L — L2 — --- —$,LP and O(L) = 1 + O,L + 6,L% + --- +6,L1.

yi = ¢(L) '+ (L)' O(L)e,.
Therefore,

u

E(,) = ¢(L)~! L)Y '0(L)E(e) = ¢(1) 'u = .
) =) u+ (L) O(L)E(e) = ¢(1)" u [ S——
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6.5 ARIMA Model

Autoregressive Integrated Moving Average (ARIMA, H C[alJ@F123 813 ) Model

ARIMA(p, d, g) Process
(LAY, = 6(L)e;,

where Ay, = A1 = L)y, = A1y, = A%y, = (1 = L)%y, ford = 1,2,---, and

Aoyt =V
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6.6 SARIMA Model

Seasonal ARIMA (SARIMA) Process:

1. SARIMA(p, d, q)
H(L)A Ay, = 6(L)e,

where
Agyr = (1 = L)y =y = yi—s.

s = 4 when y, denotes quarterly date and s = 12 when y, represents monthly

data.

6.7 Optimal Prediction

1. AR(p) Process: y, = ¢1yr-1 + -+ +dpyip + &
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(a) Define:

E(ylYy) = Ytk

where Y, denotes all the information available at time ¢.

Taking the conditional expectation of y,..x = @1yruk-1+ *+ +PpYek—p + €k

on both sides,

Verklt = P1Yesk—1p + 0+ PpYirk—plts
where y,, =y, for s < 1.

(b) Optimal prediction is given by solving the above differential equation.
2. MA(q) Process: y, = + 0161 + -+ + 0,6,

(a) Let &, €r_1, - - -, € be the estimated errors.

(D) Yisk = €k + G161 + -+ + €11y
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(¢) Therefore,

Vitklt = €+t + 916t+k—1|t + et 9q6t+k—q|t9
where €;, = 0 for s > r and €, = & for s < 1.
3. ARMA(p, q) Process: y, = ¢i1y,-1+ -+ +dpyip +t €+ 6161 + - + 0,64

(@) Yirk = P1Ysk—1+ - F PpYrsk—p + €k + O1€6p1 + o0+ Op€1iy

(b) Optimal prediction is:

Verklt = Q1Yesk-1p + 0 F OpYerk—plt T €iir + O1€iry + o+ Ou€i—qis

where y,, = y, and €, = € for s < ¢, and €y, = 0 for s > .
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6.8 Identification

1. Based on AIC or SBIC given d, s, we obtain p, g.
We choose p and g, where AIC or SBIC is minimized.
(a) AIC (Akaike’s Information Criterion)
AIC = -2log(likelihood) + 2k,

where k = p + g, which is the number of parameters estimated.

(b) SBIC (Shwarz’s Bayesian Information Criterion)
SBIC = -2 log(likelihood) + klog T,

where T denotes the number of observations.

2. From the sample autocorrelation coefficient function p(k) and the partial auto-

correlation coefficient function é&k,k fork=1,2,---, we obtain p,d, g, s.
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AR(p) Process MA(g) Process
Autocorrelation Function Gradually decreasing p(k) = 0,
k=g+1,g+2,---
Partial Autocorrelation Function | ¢(k, k) = 0, Gradually decreasing
k=p+1,p+2,---

(a) Compute Ay, to remove seasonality.
Compute the autocovariance functions of A;y;.

If the autocovariance functions have period s, we take (1 — L), again.

(b) Determine the order of difference.

Compute the partial autocovariance functions every time.

If the autocovariance functions decrease as 7 is large, go to the next step.
(c) Determine the order of AR terms (i.e., p).

Compute the partial autocovariance functions every time.
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The partial autocovariance functions are close to zero after some 7, go to
the next step.

(d) Determine the order of MA terms (i.e., g).
Compute the autocovariance functions every time.

If the autocovariance functions are randomly around zero, end of the pro-

cedure.
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6.9 Example of SARIMA using Consumption Data

Construct SARIMA model using monthly and seasonally unadjusted consumption

expenditure data and STATA12.
Estimation Period: Jan., 1970 — Dec., 2012 (T = 516)

. gen time=_n
. tsset time ) )
time variable: time, 1 to 516
delta: 1 unit

. corrgram expend

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 0.8488 0.8499 373.88 0.0000 |------ |------
2 0.8231 0.3858 726.18 0.0000 |------ |---
3 0.8716 0.5266 1122 0.0000 |------ [----
4 0.8706 0.4025 1517.6 0.0000 [------ |---
5 0.8498 0.3447 1895.3 0.0000 [------ |--
6 0.8085 0.0074 2237.9 0.0000 |-=----
7 0.8378 0.1528 2606.5 0.0000 |-=---- | -
8 0.8460 0.1467 2983 0.0000 |-==--- | -



9 0.8342 0.3006 3349.9 0.0000 [-===-- | --

10 0.7735 -0.1518 3666 0.0000 |------ -

11 0.7852 -0.1185 3992.3 0.0000 |------

12 0.9234 0.9442  4444.5 0.0000 Y [
13 0.7754 -0.5486 4764.1 0.0000 |------ —

14 0.7482 -0.3248 5062.1 0.0000 |----- -

15 0.7963 -0.2392 5400.5 0.0000 |-——--- -

. gen dexp=expend-1.expend
(1 missing value generated)

. corrgram dexp

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 -0.4316 -0.4329 96.485 0.0000 - -
2 -0.2546 -0.5441 130.13 0.0000 -- ———-
3 0.1721 -0.4091 145.53 0.0000 - -—-
4 0.0667 -0.3459 147.85 0.0000 --
5 0.0715 -0.0036 150.52 0.0000
6 -0.2428 -0.1489 181.36 0.0000 - -
7 0.0711 -0.1400 184.01 0.0000 -
8 0.0668 -0.2900 186.36 0.0000 --
9 0.1704 0.1681 201.64 0.0000 -
10 -0.2485 0.1306 234.21 0.0000 - -
11 -0.4293 -0.9305 331.56 0.0000 -—  —mee——-
12 0.9773 0.6768 837.12 0.6000 @ |--——--—-—-  |-==--
13 -0.4152 0.3778 928.56 0.0000 -—- -—-
14 -0.2583 0.2688 964.03 0.0000 -- --
15 0.1712 0.0406 979.63 0.0000 -




. gen sdex=dexp-112.dexp
(13 missing values generated)

. corrgram sdex

-1 0 1

[Partial Autocor]

-1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation]
1 -0.4752 -0.4753 114.28 0.0000 -
2 -0.0244 -0.3235 114.58 0.0000
3 0.1163 -0.0759 121.46 0.0000
4 -0.1246 -0.1365 129.37 0.0000
5 0.0341 -0.1016 129.96 0.0000
6 -0.0151 -0.1136 130.08 0.0000
7 -0.0395 -0.1413 130.88 0.0000
8 0.1123 0.0092 137.35 0.0000
9 -0.0664 -0.0100 139.62 0.0000
10 0.0168 0.0069 139.76 0.0000
11 0.1642 0.2422 153.68 0.0000 -
12 -0.3888 -0.2469 231.9 0.0000 -—-
13 0.2242 -0.1205 257.96 0.0000 -
14 -0.0147 -0.0941 258.07 0.0000
15 -0.0708 -0.0591 260.68 0.0000

. arima sdex, ar(1,2) ma(l)

(setting optimization to BHHH)
Iteration 0: log likelihood
Iteration 1: log likelihood
Iteration 2: log likelihood

-5107.4608
-5102.391
-5099.9071
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Iteration 3:
Iteration 4:

log likelihood
log likelihood

-5099.
-5099.

(switching optimization to BFGS)

Iteration 5:
Iteration 6:
Iteration 7:
Iteration 8:

log likelihood =
log likelihood
log likelihood
log likelihood

ARIMA regression

Sample:

14 - 516
Log likelihood = -5099.235

-5099.
-5099.
-5099.
-5099.

4216
2463

2361
2346
2346
2346

Number of obs =
Wald chi2(3) =

503
973.93
0.0000

OPG

.1271774
.1009983

.0581883
.053626

.0419364

.2412244
.2061034

-.7521326

Prob > chi2

P>|z]| [95% Conf.
0.791 -131.628
0.029 .0131304
0.060 -.0041068
0.000 -.9165202
0.000 5838.673

Note: The test of the variance against zero is one sided, and the two-sided
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confidence interval is truncated at zero.

. estat ic

Model | Obs 11 (null) 11 (model) df AIC BIC
_____________ +_______________________________________________________________
. 503 . -5099.235 5 10208.47 10229.57

Note: N=Obs used in calculating BIC; see [R] BIC note
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