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5 GMM (generalized method of moments)

5.1 GMM: linear regression

When E[u|X] ̸= 0, E[u|Z] = 0, X : (n× k), Z : (n× r), r ≥ k,

consider the following linear regression model

y = Xβ + u.

In this case, multiply Z from left hand side and rewrite the equation as

y∗ = X∗β + u∗, u∗ ∼ (0, σ2Z ′Z)

where y∗ = Z ′y,X∗ = Z ′X,u∗ = Z ′u. The GMM estimator can be derived by solving

the following minimizing problem,

min
β

u∗(Z ′Z)−1u∗.
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From FOC,

∂u∗(Z ′Z)−1u∗

∂β
= 0

=⇒β̂GMM = (X ′PZX)−1X ′PZy.

where PZ = Z(Z ′Z)−1Z ′.

5.2 GMM: non-linear case

Consider the case that the moment condition is non-linear;

E[h(θ : wi) = 0,

where θ is k × 1 parameter vactor, wi = (yi, xi), i = 1, · · · , n.
Similarly, we can derive GMM estimator by solving follwing minimizing problem

min
θ

q ≡ ḡ′nS
−1ḡn,

where ḡn(θ : W ) = 1
n

∑n
i=1 h(θ : wi), S is symmetric matrix. From FOC,

∂q

∂θ
= 2

∂ḡn(θ : W )

∂θ
S−1ḡn = 0

To obtain θ̂GMM, linearize the first-order condition around θ = θ̂GMM,

0 =
∂ḡn(θ̂GMM : W )

∂θ
s−1ḡn(θ̂GMM : W )

≈ ∂ḡn(θ : W )

∂θ
S−1(ḡn(θ : W ) +

∂ḡn(θ : W )

∂θ′
(θ̂GMM − θ)

⇐⇒ θ̂GMM = θ −
(
∂ḡn(θ : W )

∂θ
S−1 ∂ḡn(θ : W )

∂θ′

)−1
∂ḡn(θ : W )

∂θ
S−1ḡn(θ : W )

Replacing θ and θ̂GMM by θ̂i+1 and θ̂i,

θ̂i+1 = θ̂i − (D̂iS
−1D̂′

i)
−1D̂iS−1ḡn(θ̂

i : W )

where D̂i ≡ ḡn(θ̂
i:W )

∂θ .
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5.2.1 How to estimate Ŝ?

In this case, S is the variance of
√
nḡn(θ : W );

S = V [
√
nḡn(θ : W )] =

1

n
V

[
n∑

i=1

h(θ : wi)

]

=
1

n
E

[
n∑

i=1

h(θ : wi)
n∑

i=1

h(θ : wi)
′

]

=
1

n
{nΓ0 + (n− 1)(Γ1 + Γ′

1) + (n− 2)(Γ2 + Γ′
2) · · ·+ (Γn−1 + Γn−1)}

= Γ0 +

n−1∑
i=1

(
1− i

n

)
(Γi + Γ′

i)

where Γτ = E[h(θ : wi)h(θ : wi−τ )
′] . The estimator of S is

Ŝ = Γ̂0 +

q−1∑
i=1

(
1− i

q + 1

)
(Γ̂i + Γ̂′

i)

where q ≤ n

Γ̂τ =
1

n

n∑
i=τ+1

h(θ : wi)h(θ : wi−τ )
′

5.3 Testing hypothesis

In this subsection, we assume that

1. θ̂GMM → θ

2.
√
nḡn(θ : W ) → N(0, S), S = lim

n→∞
V [

√
nḡn(θ : W )]

5.3.1 Asymptotic distribution of GMM estimator

θ̂GMM satisfy

q ≡ D̂′Ŝ−1ḡn(θ̂GMM : W ) = 0 (1)

where

D̂′ ≡ ∂ḡn(θ̂GMM : W )′

∂θ
.
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Linearize ḡn(θ̂GMM : W ) around θ̂GMM = θ as follows:

ḡn(θ̂GMM) = ḡn(θ : W ) +
∂ḡn(θ̄ : W )

∂θ′
(θ̂GMM − θ)

where θ̄ is between θ̂GMM and θ. (1) can be rewritten as

0 = D̂′Ŝ−1(ḡn(θ : W ) + D̄(θ̂GMM − θ))

where

D̄
(r×k)

=
∂ḡn(θ̄ : W )

∂θ′
.

By using assumption 2, asymptotic distribution is
√
n(θ̂GMM − θ) = (D̂′Ŝ−1D̄)−1D̂′Ŝ−1 ·

√
nḡn(θ : W )

→ N(0, (DS−1D)−1)

where D̂ → D, D̄ → D, Ŝ → S because of θ̂GMM → θ, θ̄ → θ.

5.3.2 Testing hypothesis

In this subsection, we consider the following hypothesis

• H0 : R(θ)
(p×1)

= 0

• H1 : R(θ) ̸= 0

By delta method,

R(θ̂GMM) = R(θ) +Rθ̄(θ̂GMM − θ)

where

Rθ̄ ≡ ∂R(θ̄)

∂θ′
,

θ̄ is between θ and θ̂GMM. Asymptotic distribution of
√
n(R(θ̂GMM)−R(θ)) is

√
n(R(θ̂GMM)−R(θ)) = Rθ̄

√
n(θ̂GMM − θ)

→ N(0, Rθ(D
′S−1D)−1R′

θ)

because Rθ̄ → Rθ as θ̂GMM → θ. So we have following distribution.

n · (R(θ̂GMM)−R(θ))′(Rθ̂GMM
(D̂′Ŝ−1D̂)−1)(R(θ̂GMM)−R(θ)) → χ2(p)

Under H0 : R(θ) = 0, the test statistic is

n · (R(θ̂GMM))′(Rθ̂GMM
(D̂′Ŝ−1D̂)−1)(R(θ̂GMM)) → χ2(p)
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