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1 Optimization

Example
We try to apply Newton’s method for MLE of binominal distribution.
A coin is thrown 100 times and a table has gone out 52 times. Then what is most suitable for parameter p?
Likelifood function of binominal distribution is

logL = log(nCm) +m log p+ (n−m) log(1− p). (1)

First derivative of likelihood function is

m

p
− n−m

1− p
. (2)

Also second derivative of likelihood function is

−m(1− p)2 + (n−m)p2

p2(1− p)2
. (3)

Thus, optimization procedeure is

0 =
m

p
− n−m

1− p
− m(1− p)2 + (n−m)p2

p2(1− p)2
(p∗ − p). (4)

Then H̄−1f ′
p is (H̄ is a hessian of logL.)
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− p(1− p)(m− np)

m(1− p)2 + (n−m)p2
. (5)

We set a default is p0 = 0.1. Then, computational result are,

0.1 −→ 0.19 −→ 0.33 −→ 0.48 −→ 0.52

Also we set a default is p0 = 0.8. Then, computational result are,

0.8 −→ 0.66 −→ 0.54 −→ 0.52

Newton’s method has some problems. We consider the function as bellow.

f(x) = x3 − 3x2 + x+ 3 (6)

We set a default is x = 1. Then x does not converge and repeat two value. (If you had an interest, please
try.) Also calculation value diverge in another case. Thus a cuculation result may not convergent in Newton’s
method. Also Even if result converge on the value, that isn’t always the global extreme value.

2 Descreat choice model

Linear probability model

Dependent variable y is binary values as below.

yi =

{
1 w.p.Pi

0 w.p.1− Pi

(7)

Next we consider a regression model when data are binary.

yi = x′
iβ + ui (8)

The expectation of yi is given by this

E[yi] = x′
iβ (9)

Thus,E[yi] = Pi

This model has two difficulties. First, ui is not normally distributed. Second Pi might not be in [0,1].To
overcome these difficulties, we have to use non linear probability models.

Logit model

2



If we use logistic distribution for F (), we call this model logistic model or logistic regression amd formulated as
follows

Pi = E[yi] =
1

1 + exp−x′
iβ
. (10)

Similarly

1− Pi =
exp−x′

iβ

1 + exp−x′
iβ

(11)

Taking the ratio Pi to 1− Pi, we get

Pi

1− Pi
= expx

′
iβ

log
Pi

1− Pi
= x′

iβ (12)

and we call this odds ratio. If we can observe Pi directry, we estimate β by using following regressiojn model

log
Pi

1− Pi
= x′

iβ + ui (13)

If use normal distribution for F (), the we call this model probit model.

Estimation

It is rare to observe Pi directly. Therefore, it is more realistic to estimate β by using maximum likelihood
method. Suppose that error term are independent. Then the likelihood function for above model is given by
this

L =
∏
i

(1− F (−x′
iβ))

yiF (−x′
iβ)

(1−yi) (14)

In the case of logit model, l could be given by

logL =
∑
i

(1− yi) log(
1

1 + exp(x′
iβ)

) +
∑
i

yi log(
exp(x′

iβ)

1 + exp(x′
iβ)

). (15)

The FOC is

∑
i

exp(x′
iβ)

(1 + exp(x′
iβ))

2
xi(yi − F (xiβ))(

exp(x′
iβ)

(1 + exp(x′
iβ))

2
)−1 = 0 (16)
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Empirical Example

”An empirical analysis of a firm ’s decision to franchise” Pin.Minkler, 1990, Economic letters,34 p77-82
Hypotheses from monitoring and search cost explanations for the existence of franchising are discussed and

tested.
Ownership in franchising is utilized the notion of costly monitoring. The first hypothesis is that ownership

tenure is related to distance form monitoring headquarters. Outlets close to monitoring headquarters are
relatively cheap to monitor and thus are more likely to be companyowned.

The second monitoring hypothesis suggests that locations along freeways are more likely to be company-
owned [Klein (1980)]. Outlets which have a high percentage of non-repeat customers are more likely to be
company-owned to reduce the cost of cheating by store operators.

The last hypothesis is that ownership tenure is related to the density of outlets. Clusters imply that
monitoring costs per individual outlet are low because a monitor can travel among dense locations cheaply.
Hence, outlets in clusters are more likely to be company-owned, according to the monitoring theory.

The following model was estimated using three different techniques (1) linear probability, (2) logit, and (3)
probit

Tenure = B0 +B1AGE +B2DIST +B3CLUST +B4HWY + e (17)

where
Tenure = 1 if outlet franchised, 0 if not
AGE = number of years to outlet ’s opening from first outlet ’s opening (1965)
DIST = distance of outlet from monitoring headquarters
CUST = number of outlets within five miles
HWY = 1 if outlet within one mile of highway, 0 if not.

Furthermore, they estimated same equation using subsample of Sacrament.
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Figure 1:

Figure 2:
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