2.2 Limited Dependent Variable Model (FIFRTEBZEEET L)

Truncated Regression Model:  Consider the following model:

vi = X6+ u;, u; ~ N(0,0?) when y; > a, where a is a constant,

fori=1,2,---,n.

Consider the case of y; > a (i.e., in the case of y; < a, y; is not observed).

E(u|Xi8 + u; > a) = foo S ()

ui———————du;.
a-X;8 1 - F(a—-XB)

Suppose that u; ~ N(0,2), i.e., = ~ N(0, 1).
(o8

Using the following standard normal density and distribution functions:

¢(x) = 2n)" '/ exp(—%x%,
D(x) = f (27r)”2eXp(—%zz)dz= f $(z)dz,
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f(x) and F(x) are given by:

F(x) = @ro?) 2 exp(—ix% = l<z5(f),
F(x) = f (2ro?) ”Zexp(——z )dz = d(= )

[Review — Mean of Truncated Normal Random Variable:]
Let X be a normal random variable with mean y and variance 0.
Consider E(X|X > a), where a is known.

The truncated distribution of X given X > a is:

B 1
@roty Pexp(—5 5 -w?)  —al

1 a a—p.’
L Qro?)~1? exp(—ﬁ(x - ,u)z)dx 1- (D(T)

fxlx > a) =
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« 1
2\-1/2 2
fa x(2ro”) exp(——zo_2 (x —p) )dx

E(X|X>a):fooxf(x|x>a)dx: - 1
a f (2no?) ™ exp(—5— (x — ) )dx
a 200

a-— a— a—
ooy +u(1-0(=E)) o=
A 7= =t
1 - o(=5) 1-ot=h)
o o
which are shown below. The denominator is:
© 1 © 1
f Qo)™ 2 exp(— — (x — w)*)dx = f 2n)'? exp(—=z%)dz
a 20—2 % 2
k& ~12 1,
=1- (2m) exp(—zz )dz
- 1-o=h),
o
wherexistransformedintoz:ﬂ. X>a = Z:x—,u>a—,u'
o o o
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The numerator is:

f ) x(2ro?) 2 exp( (x 1)*)dx
= f w (oz+ u)(2ﬂ)_” > exp(— —ZZ)dz
:o'f_# z2m) "' exp(- z ?)dz +,uf (2m)~'? exp(— 5 2z ?)dz

o

-0 f ) (2m) ™ exp(-)dt + (1 - cD(—))
1 a—u)z o

a —
= og(—5) + (1 - 2(=5)),
(oA
: : 1, a—Hu L, la—p,
where z is transformed into 1 = EZ . z> = t==7> 5(—) .
o
[End of Review]

55



Therefore, the conditional expectation of u; given X;8 + u; > a is:

(" fuw) w2
E(uz|Xz,B +u; > Cl) = fa_XiIB uimdui = L_Xlﬂ ;1 B (D(Cl — Xlﬁ)du,
g
- X
co(t 2P

= O- .

1 (I)(a - Xi:B)
a

Accordingly, the conditional expectation of y; given y; > a is given by:

E(ilyi > a) = EQilXiB + u; > a) = E(X;B + wi| X8 + u; > a)
a— X,ﬁ

)

a_Xiﬂ)’

= Xif + E(ui|XiB + u; > a) = X; +
] — @

fori=1,2,---,n.
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Estimation:

MLE:
yi— X8

n

T foi=XB) 1 )
Lo = L] 1—F(a—xiﬁ)_1;151_®(a—Xiﬁ

)

is maximized with respect to 3 and o2,

Some Examples:

1. Buying a Car:

vi = x;8 + u;, where y; denotes expenditure for a car, and x; includes income,

price of the car, etc.
Data on people who bought a car are observed.

People who did not buy a car are ignored.
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2. Working-hours of Wife:

y; represents working-hours of wife, and x; includes the number of children,

age, education, income of husband, etc.

3. Stochastic Frontier Model:

vi = f(K;, L;) + u;, where y; denotes production, K; is stock, and L; is amount

of labor.
We always have y; < f(K;, L)), 1.e., u; < 0.

f(K;, L;) 1s a maximum value when we input K; and L;.
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Censored Regression Model or Tobit Model:

X[ﬁ + u;, lfyl > a,
Yi = )
a, otherwise.

The probability which y; takes a is given by:

P(yi = a) = Py < @) = F(a) = f " fody,

where f(-) and F(-) denote the density function and cumulative distribution function

of y;, respectively.
Therefore, the likelihood function is:
L(ﬂ, 0-2) = n F(a)l()’l:a) % f(y,-)l"(”:“),
i=1

where I(y; = a) denotes the indicator function which takes one when y; = a or zero

otherwise.
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When u; ~ N(0, 0%), the likelihood function is:

L) =] f(zmm ' exp(—5 50~ X dy)

x(@ro?y P exp-5 - X87) "

9

which is maximized with respect to 8 and o>.
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