Y=oyt =D+ dy(r-2),  forr=3,4,--

Autocorrelation Functions:

p(1) = b1 +dap(1) = T2
¢2

p2) = g1p() + > = — + ¢,
— ¢

(1) = d1p(t — 1) + drp(t — 2), fortr=3,4,---.

L
b1 =p(h) = 1o

' L pl)

oy = p(1) p(2)| _p(2) - p(1)? _
' 1 p(1)|_ 1-p(12 77

p(l) 1
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L pD)
ey 1
p(2) p(l)

p(1)
p(2)
p(3)

= T
ph 1
) p()

_ (6B - p(Hp(2)) = p(1)*(p(3) = p(1) + pDp(D(P(2) = 1) _

p(2)
p(1)
1

(1 = p(1)?) = p(1*(1 = p(2)) + p(2)(p(1)* = p(2))

8. Log-Likelihood Function — Innovation Form:

T
log f(yr,+++,y1) = log fya, y1) + > 10g FGilye-1,+++,31)

where

1

fO2,y1) = ﬂ

y(©0)  ¥(1)
()  ¥(0)

-1/2
exp(
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t=3

1(
2)’1)’2

{

y(0)  ¥(1)
y()  ¥(0)

)

Y1
2

0.

)



1

2
To;

1
SOudye—1, -y = (Y (_F(Yt = P11 — ¢2Yt—2)2) .

Note as follows:
y(0) (D) L p(l) 1 é1/(1 — ¢2)
S S R )
y(1)  y(0) p(h) 1 é1/(1 = ¢2) 1

. AR(2) +drift: y, =pu+d1y_1 + by, + &

Mean:

Rewriting the AR(2)+drift model,
¢(L)y: = p+ €
where ¢(L) = 1 — ¢ L — ¢, L>.

Under the stationarity assumption, we can rewrite the AR(2)+drift model as

follows:

ye =) '+ (L) e
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Therefore,

E(y) = (L)'t + (L) "Ble) = p(1) 'yt = ————
() = 6L+ 9L Ee) = 0 = 1

Example: AR(p) model:  Consider y; = ¢1y—1 + poyi2 + -+ + d,yi—p + €.

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., the p solutions of x from ¢(x) = 0 are
outside the unit circle),

2

o
0) = < :
T T ()= =)
Note that y(7) = p(1)y(0).
Solve the following simultaneous equations for 7 =0, 1,---, p:

Y1) = E((y; = )i — ) = EQyi—o)
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) eyT =D+ doy(t=2) + -+ dpy(T - p), fort # 0,
Syt =)+ doy(t=2)+ -+ ¢,y(r — p) + 02, fort = 0.

2. Estimation of AR(p) Model:

1. OLS:
T
min Z O = ¢yt = oYz = = = PypVip)’
¢l7"',¢p t:p+l
2. MLE:

max  log f(yr, -, y1)
b1, 0y

where

T
lng(yT7”'7yl) = logf(ypan"yZ,yl) + Z logf())zl))z—l," '7y1),

t=p+1
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Y1

1 y
FOpe 320 = @0V exp| =301y e ypV |
Yp
1 p(l)y - p(p=2) p(p-1)
p(1) 1 pp—3) plp-2)
V =y(0) : . . .
plp—1) p(p-2) -~  p(l) 1
— 1 2
SOyt 31) = 7T0'2 eXP(_T._%(Yz = P11 — PoYi2 — = PpYiep) )

3. Yule=Walker (1 —JU - 7 # — 71 —) Equation:

Multiply y;—1, yi-2, -+ -, yi—p On both sides of y; = ¢1y,—1 +Poyra+ -+ +Ppy,—p +
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€ =y, take expectations for each case, and divide by the sample variance %(0).

¢
I ) e pp-2) pp-1) ¢1 p(1)
py pr=-3 pp-2 . | @
A ~ N ¢p—l R
pp—=-1) p(p-=2) ---  pa) 1 o(p)
é)
where
50 =1 S 0o, =10
T t -7 ) ’?(O)

t=7+1
3. AR(p) +drift: y, =pu+ 1y +¢oyi2+ - dpyip + &

Mean:
dL)y =pu+¢
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where ¢(L) = 1 = ¢ L — ¢ L* — --- — ¢,L7.
Y=L u+ o) e
Taking the expectation on both sides,

B(y) = ¢(L)" '+ ¢(L)'Ee) = (1) '
_ p
l=¢1=p— - =0

4. Partial Autocorrelation of AR( p) Process:

¢k’k:0f0rk:p+l,p+2,---.
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5.3 MA Model

MA (Moving Average, &) Model:

1. MA( g)

yt = E[ + 9161_1 + 926t—2 + cet + QqE,_q,

which is rewritten as:

yi = 80(L)e,

where

O(L)=1+6,L+6,L*+ - +6,L.
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2. Invertibility (REx AT BEME):

The g solutions of x from 8(x) = 1 + 6;x + x> + -+ + O,x7 = 0 D g are

outside the unit circle.

— MA(g) model is rewritten as AR( o) model.

Example: MA(1) Model: vy, =¢ + 60,¢6_,
1. Mean of MA(1) Process:
E(y,) = E(¢, + 01€,_1) = E(¢;) + 01E(¢,-1) =0
2. Autocovariance Function of MA(1) Process:

Y(0) = EG2) = E(e; + 616-1)° = E(€ + 201661 + 6el )

= E(}) + 20,E(g€1) + 7E(e2 ) = (1 + 60?2
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y(1) = E0y-1) = B((& + 6161 (&1 + 616.2)) = 6,07

¥(2) = EQyi-2) = E((& + 016-1)(62 + 016-3)) = 0

3. Autocorrelation Function of MA(1) Process:

o fort =1
_YO _Ji+e orr=n
P(T)—ﬁ— 1
4 0, fort=2,3, -
Let x be p(1).
0
L=, ie., X0 —60+x=0.
1+6;
6, should be a real number.
1-4x>>0 ie 1. (1)<1
) .., > <p(l) < X
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4. Invertibility Condition of MA(1) Process:

&= -0+
= (—91)26—2 +y: + (=01)yi-1

= (=0 €3+, + (=01 + (=62

= (=00 €5 + Y1 + (=0)y-1 + (=00 ya + -+ + (=0 "y
When (-0,)°¢,_, — 0, the MA(1) model is written as the AR(c0) model, i.e.,

Vo= =00yt = (=00 yia = - = (=0) "y - -+ 6

That is, |6;| < 1 represents the invertibility condition.
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5. Partial Autocorrelation Function of MA(1) Process:
01

11 =p(1) = #0
M 1+6
(1 p(l))(asz,l)_(as(l))
p(y 1 N\gos) \9(2)
‘1 p(1>| ‘1 p(l)\
_lp) p@l _lp) 0| —py* -6
- ¢2’2_‘ 1 p(1)|_‘ 1 p(l)‘_l—p(1)2_1+9$+9;‘¢
p() 1| py 1
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L p(l) pR2)\( 3. é(1)
[P(l) 1 P(U][%,z] = [¢(2)]
p2) p) 1 $33 #(3)

L op() p)| | 1 pD) pD)
p) 1 p2) p(l) 1 0
e oy p3l 1o py ol pay
= PETT o) e T 1T e 0| To2p(R "
o) 1 p| o) 1 )
pQ) p(1) 1 0 p() 1
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L p() p2) p3))(¢s ¢(1)
p(l) 1 p() p@2) || baz $(2)

p2) p() 1 p() || a3 ¢(3)
p3) p2) p(1) 1 J\¢ss P(4)

1 p() p@ e |1 p 0  p)
p() 1 p) p@| |p) 1 p1) 0
p2 p) 1 p®| |0 pd) 1 0
= b= S T T 0
p() 1 o) p@| |p) 1 p1) 0
p2) p) 1 pM| |0 p) 1 )
p(3) p2) p(l) 1 0 0 p) 1

As aresult, ¢y # Oforallk=1,2,---
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6. Likelihood Function of MA(1) Process:

The autocovariance functions are: y(0) = (1+6})02, y(1) = 6,02, and y(1) = 0

forr=2,3,---.

The joint distribution of yy, y,, - -, yr 1s:

fOLY2, - yr) = (27r1)T/2|V|_1/2 exp (—%Y’V‘lY)
where
1+67 6 0o .- 0
. 0 1+6° 6
v=|" veel 0 & - o
: 1+6: 6
. 0 0 0, 1+6:
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7. MAQQ) +drift: y, =u+¢€+6,6

Mean of MA(1) Process:
yi = p+0(L)e,

where (L) = 1 + 6,L.

Taking the expectation,

E(y) = u+ 0(L)E(€) = p.
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Example: MA(2) Model: y, =€ + 6,61 + 616,
1. Autocovariance Function of MA(2) Process:

(1+67+6)02, fort=0,

(6, + 6,0,)02, fort =1,
Y1) = )

€

6,0 for v = 2,

0, otherwise.

2. let —1/B; and —1/8, be two solutions of x from 6(x) = 0.

For invertibility condition, both 8; and 8, should be less than one in absolute

value.

Then, the MA(2) model is represented as:

Vi= &+ 016 + e,
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=(1+6,L+6,Le

=+ 01 +B:L)e

AR( o) representation of the MA(2) model is given by:

1
T A+ADA+BLD"

_ (/31/(31 —p2) | P/ —ﬁz))
\ 1+BL 1+ 5L !

€
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3. Likelihood Function:

where

yr

JOLY2, - yr) = (27TI)T/2|V|_1/2 exp (—%Y’V‘IY)
1+67+65 60, +6,6, 6, 0
O +60, 1+61+65 6,+06,6,
6, 6, + 6,6, 0,
1+67+65 60,+6,6,
0 6, 01 +60, 1+67+65
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4. MAQ2) +drift: y,=pu+e¢ +06_1 + 606>

Mean:

Vi = p+0(L)e,
where 6(L) = 1 + 6,L + 6,1>.

Therefore,

E(y) = u+0(L)E(e) = u
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Example: MA(g) Model: y, =€ +6i61 +06 5+ -+ + 0,64
1. Mean of MA(g) Process:

E@t) = E(Et + 91 Et—l + 9261_2 + R + qut—q) = 0
2. Autocovariance Function of MA(g) Process:

q-T
03(906T+9]0T+] + o .. +0q—7'9t]) :O’zzgie.r.+i, T = 1’2’-..’q,
¥(1) = g

0, T=qg+1,q+2,---

where 6y = 1.
3. MA( g) process is stationary.

4. MA(q) +drift: y, =u+¢+0i16_1 +bhgr+ - +0,6,
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Mean:

Ve=u+ 0(L)e;,
where (L) = 1+ 6L + 0,L> + --- +6,L7.

Therefore, we have:

E(y) = u+ 0(L)E(€) = p.
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