6.2.3 FRERICRIEEDLH DI5E
[E])FE TV
Yi=a+6X;+u
up = pu_| + € i=2,3,---,n
€, €, € EHWVIZHILT, $RTDiIZD2WT g ~N(0,0%) 2IKET 5.
u xHET 5L,
Yi—a—-BX) =p(Yisi —a-BXi1) + €

EA =S
(Yi = pYii1) = a(l — p) + B(X; — pXi-1) + €

LESET I MRS,
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9 = (aaﬁa Uz’p) tj—%o
log /(¥;:6) = 3 log(2?)

1 2
55 ((Yi=pYi) — all = p) = BX; = pXi.1)

JCRERRRUL,

logl(6) = Z log f(Y;;6) = _ ; ! log(2r) — n—1

i=2

C 2
27 2. (¥ = Y1) = a(l = p) = BX; ~ pXi-1)

log(c?)

Linb,
TEEEEZZN TN @, B, 0%, pIZO2WVWTHMAL, a2 EL,

dlogl®) 1-p
= Yi - Yi—
50 -2 ;(( pYi1)

~a(l - p) = BX; ~ pXi-1)) = 0
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0logl(0)

1 n
o = OTZZ(Xi _pXi—l)((Yi -pYi_1)
i—
~a(1 = p) = BX; = pXi-1)) = 0

n

dlogl®) n-1 1
P + 2o ;((Yi -pYi_)

a1 - p) ~ BX; — pXin)) =

dlog 1(9)

5 Z(Yll—a BXi-)((Y; - @ = BX)

—p(Yioi —a _:BXi—l)) =

(Y, —a—BX) —p(Yio1 —a - BX;y) 1
(Yi—pYi) —a(l —p) - BX; — pX;-y) ZHFSEHLZED,

4 DD FRREBNT, HLMERT, B, 72, pABESNS,
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— FRED LS IZIHEIEIZ X > TR 5,
() W TIX, p=0X&T 5,
(i) X! =X; —pXin

Y =Y -pYi

1

a ( n—1 Y, X; )_1( Y Y} )
() (,3) Y X; YiLX?) \ZL XY,

B

(iv) @ =

—

l-p

V) W =Y —a-pX

1 © —
(vi) 02 = — Z@ —pliy)’
n=1<=
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(viii) AT v 7 (i) ~ (vii) 2, KT B ETHEVIELEET 5,

6.3 LELRE

n EOMEREE X1, X, -+, X, EEHWIZHNLT, FUHRS A f(x) = f(x;0) &
T35,
R BB, n
0= | f:0

=1
LB,
o DEID E BAHEE R E 9, FIRELBAHEERE LT 5,
HFI D E GHE T 2,
1(6)

— ZRER R
)
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MEAZEL: REHPHLMEID/NTVE ST, W2 ENT S, T4

bbb, B
9 .
1(0)
LAY X, R AEENT S, ZOBEES, c 2RO ESIZLTKRD BB

ENH 5,
f--~fnf(xi;5)dx] cedxy, =«
i=1

72720, a lXERKE (REEAELWE 1T, WK 2 ZNT HHER) %
xY,

REAR2 (KEXMRE): 2k, n—o oD X,
—2log17 — X*(G)
1(6)
Y5,
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Z DIRRE & L HRRE LIP3,

Bl1:  IEMEEER N, o?) 25 OFEEARME x, x, -+, x, ZFIWT, o2 D3ERFID

S >

L E, U%ﬂﬂiﬂigﬁflo H=po, Hy: p+#p DEELREZTT D,

o BRI ¥ &, TR I 13,
n 1 <
) = Qo) f exp(~5— D (i = p))

i=1

EiRb,
() ZHmRIZT B u & loglu) ZEmKIZT 5 p XA UIZZR 5,

u DERIGHEE R,

tt%o

122



JCRE EERE R T RIS,

EBcERDD,

Hy BIELWE ZIZ, V(X - p)/o ~ N(0,1) £ 7225 DT,

ERAY.PR-F
P(exp(—

P(‘

202/n

X—IJO
o/\n

)

X - 110)2) < CXP(
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B TESL, Lo,

1

c= eXp(_EZ?y/z)

ETIX LW,

Bl2: X, X Xy BEWIZHNLT, TRNENNTA—R p 2ffo 2RIV R
IR S B DET B, Thbb, X, DHEREBUL,

feap)=pd-p' x=0,1

Linb,
DL EREREBUL,
l(p) = l_lf(x,, p) = npxl(l _p)l—x,-
i=1 i=1
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L5,
p DiELHEER D 1T,

~
1]

SEE

NA=
>

Th b,
IR DARGRIRTE %5 Z 5,
Hy: p=po Hy: p#po

— HIREIE 1D, (G=1)

R I,
Ipo) _ TTii py'(1 = po)'™
Ip) 1L, pX(1 -p)'¥
UL7zMoT, n— oo D& X,

1(po) Po v 1-po <
—2log —= = 21lo — Xi_210 — (1_Xl)
) 85 Z *T-% Z]
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— x*(D)
YA 53D Ll 100 a% ik y2(1) T 5L,

po)
og 1) > xo(1)

D& E, WERS Hy: p=po ZHHT 5,

=21

F3: [EFETIL

Yi = BiXyi + 5o Xoi + -+ + B Xy + u;

u; ~ N0, o?) i=1,2,---,n

DWW, B, oo, B (BT B ARG R HARE 21T 5
A,



Hy: Bi+p=1

Hy: Bi=p=p3=0
D& D IRARGEHMRRE

0= (ﬁl,"',ﬁk,O'Z) t—g—%o

KB,
16 = ]_illf(n; 0
= 0no) Fexp(~55 an](n X -~ BiXe)
AN

Hy DEIIS EmAMEREZ 0= B, ,puo?) T3, ZORBIZEENDH
A2 G35,
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B URAHEEREEZ 0= B),--,B02) T 5,
ki b




2
( G (Z?ﬁ—Z?ﬁ?)/G) "2
X1+

n—k YL u/(n-k)

D& SR 2T B,

L ur -y, u))/G
S (n - k)

ZRHT L c KX B,

~ F(G,n-k)
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7272L, @ TR 2R

1 < ~ ~
2 _ - Yi_ Xi_"'_ Xi2
=G ;:1( BiX BiXii)

- 1 -
o= Py ;(Yi =BiXii— - = BiXui)
RN o B
-k =1 l
AL U,
5 @)% exp(———
21 j(—f):—zl ( nzk)
0 —y\_1 -
( ) (0'2) 2 exp(—T)



:nm4§;+«k—a)

— x*(G)

fBl4: [EFETIL

Y,-=a/+,BX,-+u,-
U =pui_ + €

€ ~ N(0, o) i=2,3,---,n
IZDWT, Hy: p=0, Hy: p#0 DRELMEZITS,

0= (a,B,0%p) £ T 5, NEAEREIL,

n—1 n-—1

5 log(27) — 3 log(c?)

logI(6) = > log f(¥;;6) = —
i=2
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n

(%= pYi) = a1 = p) = BX; = pX.-1))

2
20 i=2

Y5,
N ERES 2 TN TN a, B, o, plZ2VWTHAL, ¥uksl, 4 Ko
VAR AT, B URLHER 0= (@ B, 02, p) MESNB,
p=0tHlEBL, 0= (a,8,0%,0) T 5, NELEREEIL,

-1 -1
" log(2r) — 1

log(0'2)

logI(6) = > log f(¥;;6) = —
i=2

EiRb,
FEOMBREREBE TN TN a, B, o2 IZDOVWTHAL, Yri s, 3AKD
Y HEREZMBNT, p=0 OHMNESREMER 0= @, B, 72, 0)2ES
Nns,
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ERY2EH

max /(a, S, a2,0)

a.,p,0? _ Z(ZY',E, 52,0) _ @
max l(@.f.0%.p)  I@f,5%p)  1(6)
a,B,0°,p

— 1 <« — S
logI@) &, 7 = —— >"((Y; = pYi) ~ @1 ~ ) ~ B ~pXo-0)) 1L T,
n—1 i=2

n-—1 n-—1

log(2m) —

log[(6) = - log(@™)

1 « - — 2

5= Z((Yi —-pYi.) —a(l —p) - BX; —707(1'—1))
i=2

n-—1 n-—1

~1
- log(2) - &

2

log(c™) -

Y5,
— _ 1 <& . N
FkEIZ, logl@) 1%, 7%= —— Z(Y,- —G-BX)F ITEELT,
n-1 P

n—1 n—1

log(2r) —

log 1(6) = — log(c™)
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1 <& =
o ;m - @ - BX)
= _n; ! log(2r) — n- log(c?) —
A
L7203 - T, LEMRERE =
1(6) o2

—210g — = (I’l — 1)10g -
1(0) o’

&, nWREL LD L, () AMEITED L,
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7 Time Series Analysis (F5275947)

7.1 Introduction

1. Stationarity (E&E %) :

Let y;,y,,- -+, yr be time series data.

(a) Weak Stationarity (33 € M)

EQ) = u,

E(3r = Q- — 1)) = y(1), 7=0,1,2,-

The first moment does not depend on time.

The second moment depends only on time difference.
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(b) Strong Stationarity (G&E F 1) :
Let f(v, ¥1,» - -+, 1,) be the joint distribution of y,,, y,,, - -+, yr,.
JOus Yo 5 ¥4) = fOnsrs Yores = s Vipar)
All the moments are same for all 7.
2. Ergodicity (T)LT— K1) :
As time difference between two data is large, the two data become independent.

Y1, Y2, -+, yr 18 said to be ergodic in mean when y converges in probability to

E(y)).
3. Auto-covariance Function (B 22 8E£0) :
E((: = ) Qi—r — ) = (1), 7=0,12,---
¥(@) = ¥(-7)
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. Auto-correlation Function (B 2 8ERE%Y) :

_ B =0 =) _ (@)
Var(y) \Var(y,,)  ¥(0)

Note that Var(y;) = Var(y,_,) = y(0).

p(7)

. Sample Mean (24 ¥19) :
1 T
a== Vi
3
. Sample Auto-covariance (Z2AB S H D) :

1 T
Y@ == D 0= D0 = )

t=7+1

. Correlogram (O L 0% 35 A, or 24 HSHEBEREE) :

R
PO =50
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8. Lag Operator (7 7{/FER) :

LTyt:yt—T’ T:192""

9. Likelihood Function (J&ERE#%) — Innovation Form :

The joint distribution of yy, y,, - - -, yr is written as:

SOy, yr) = fOrlyr—1, - yO)f -1, 01)

= fOrlyr-1, - yOfOr=1lyr=2, -, YD fOr=2, -, ¥1)

= fOrlyr—i, - yO)SfOr=ilyr=2, -, 310 -+ fOa2lyDfO1)
T

= fo0 | | £y,
=2
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Therefore, the log-likelihood function is given by:
T
log f(y1,y2, -+, yr) =log f(y1) + Z log f(yilye=1,- -+, ).
=2

Under the normality assumption, f(y|y.-1, -, y1) is given by the normal distri-

bution with conditional mean E(y,|y,_1, - - -, 1) and conditional variance Var(y,|y,_1, -

7.2 Time Series Models (537 E 7))

Autoregressive Model (E2.E)FET )L or AR EFJ)L): AR(p)

Vi=P1tPoViat s + Pyt &

Moving Average Model (3119 E 5 )L or MA E7J)L): MA(g)

yl‘ = E[ + 91@_1 + ezft_g + A + Qqﬁt_q
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ARMA Model: ARMA(p, q)

Vi= Gyt t Pyt o Ay, g+ 016 thEg o+ - + 0,6,

ARIMA Model: ARIMA(p,d, q)

Ay, =y =y = = L)y,
Azyt =Ay,— Ay, = (1 - L)zyta

Ad)’z =(1- L)d)’z-
Ady, ~ ARMA(p,q) < y;, ~ ARIMA(p,d, q)

Ady[ = ¢1Adyt_1 + ¢2Adyt_2 + - + ¢pAdy[_p + € + 916[_1 + 926_2 + - + qut—q
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SARIMA Model: SARIMA(p,d, q)
SAy, = y; — yi—5, s = 4 for quarterly data s = 12 for monthly data

‘AA?y, ~ ARMA(p,q) < y; ~ SARIMA(p,d, q)

SAAYy, = ¢ AAYy, 1+ G2 ANy, o+ - + ¢, ANy, +€+016-1+0262+

141

40,6,



7.3 Autoregressive Model (E2E)FE T /L or AR 7 )L)

1. AR(p) Model :

V=11 + Yo+ s+ Ppyip + &,
which is rewritten as:
¢(L)yl‘ = 61"
where

(L) =1—-¢L—¢oL7 = --- —¢,L".

2. Stationarity (EFE M%) :

Suppose that all the p solutions of x from ¢(x) = 0 are real numbers

When the p solutions are greater than one in absolute value, y; is stationary.
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Suppose that the p solutions include imaginary numbers.

When the p solutions are outside unit circle, y, is stationary.

. Remark for Partial Autocorrelation Coefficient ({& B 2. 48B%E), ¢is

AR(p) model:

Vi =Pt t Yot s+ hy, &

Multiplying y;_; on both sides, we have:
ViVici = Q1Y 1Vi—i + P2Yi2Yii + -0 F OpYipYioi + EYVicis
fori=1,2,---,p. Taking the expectation on both sides, we obtain:
EQGyi-i) = $1EQGi-1yi-i) + $2E(i2yi) + -+ + ¢,EQi—pyi-i) + E(€y:-),
fori=1,2,---,p.
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Noting E(y,y,—;) = y(i) and E(¢,y,-;) =0 fori =1,2,---, p, we obtain:

Y@ = oyl =D+ ¢y =2) + -+ +¢py(i = p),

fori=1,2,---,p.

Noting E(y;ys) = y(t — s5), we obtain:

y(1) = ¢1¥(0) + doy(=1) + --- + ¢, ¥(1 - p),

Y(2) = g1y(D) + doy(0) + -+ +¢,¥(2 — p),

YP)=dry(p— D+ dy(p—2)+ -+ + ¢,y(0).
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From y(1) = y(—7), we have:

y(1) = ¢1y(0) + oy(D) + -+ +dpy(p = 1),

Y2 = dry(D) + ¢2y(0) + -+ + ¢,¥(p = 2),

Yp)=d1y(p—D+day(p—2)+ -+ + ¢,y(0).

Using the matrix form, we obtain:

y(1) y(0) ya - yp-1\ (¢
¥(2) ~ y(1) y0) - yp-=-2)|| ¢
Y(p) yp-1) y(p-2) ---  ¥0) ép

4. Partial Autocorrelation Coefficient ({7 B S HBEREX), s :
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The partial autocorrelation coefficient between y, and y,_4, denoted by ¢y, is
a measure of strength of the relationship between y, and y,_;, after removing

influence of y,_1, -+ -, yr_xs1-

é1.1 = p(1)

1 P(l))(¢2,1 ~ (P(l))
p(l) 1 (%) p(2)
L p(1) p2)\( ¢ p(l)

p(ly 1 p(D) || #32 [=]p(2)
p2) p(I) 1 ¢33 p(3)
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1 p(l)
p(1) 1

plk=1) p(k—2)

- pk=2) plk—=1)

plk=3) p(k—=2)

p(1) 1
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Use Cramer’s rule (7 7 A —)LD /A ) to obtain ¢y .

1 p(l) - plk=2) p(1)
p(1) 1 plk—=3) p(2)

plk=1) plk=2)--- p(1) pk)

I p(l) - plk=2) plk— 1)
p() 1 pk - 3) plk — 2)

ik =

plk=1) plk =2)--- p(1) 1

Example: AR(1) Model: y, = ¢y, + €

1. The stationarity condition is: the solution of ¢(x) = 1 —¢1x =0, 1.e., x = 1/¢y,

is greater than one in absolute value, or equivalently, |¢| < 1.
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2. Rewriting the AR(1) model,

Vi=d1yi1 &
2
=Y+ &+ 1€y

3 2
=PViz t &+ P61 + P62

=P\ Vst &+ e+ - + ¢‘i’_1et_s+1,
As s is large, ¢) approaches zero. = Stationarity condition
3. For stationarity, y, = ¢1y,_1 + € is rewritten as:
Vi= &+ d161 + ¢%€z—2 + .-

MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) process, u
pu=E@y)=E&+di&1+dien+ )
=E(&) + ¢1E(6-1) + ¢1E(e-2) + -+ =0
5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Ve = (bb’t—r +&6+dig+ -0+ ¢T16z—r+1~
Therefore, the autocovariance function of AR(1) process is:

(@) = E((; = Wi — ) = EQyi—o)
= E((‘]ﬁyt—r +&t+dig+ -+ ¢71—_1€t—7'+1)yl—‘r)
= 1 E(Vi—cyi—o) + E(€&yi—o) + ¢1E(&-1y10) + - + ¢‘{_1E(E[—T+1yt—r)

= ¢17(0).
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The autocorrelation function of AR(1) process is:

YO
P =55 =00

Multiply y,_. on both sides of the AR(1) process and take the expectation:
E(yyi-r) = $1EQi—1yi--) + E(€y-1)

dry(r — 1), fort # 0,
y(1) =
ory(t—1)+ 02, fort =0.

Using y(1) = y(-7), y(7) for 7 = 0 is given by:

¥(0) = ¢1y(1) + 0 = ¢1y(0) + 0.

Note that (1) = ¢,7(0).
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Therefore, y(0) is given by:

6. Partial autocorrelation function of AR(1) process:

é11=p(1) = ¢
l L pD)

brn = p(1) p(Z)':p(2)—p(1)2:
»2 l 1 p(l)' 1-p(1)?

pl) 1
7. Estimation of AR(1) model:

(a) Likelihood function
T
log f(yr,+++y1) = log f(1) + Y log f(lye-t, -+, y1)
=1
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1 1 o2 1
= ——log(2n) — < log( ) - y2
2 2 F\1-¢2] o -4
T-1 T-1 1+ )
——5— log2m) - zmmwﬁﬁgmﬂmm

T T 1 1
= —Elog(Zﬂ) - Elog(a' ) — Elog(1 —¢%)

1
202/(1 - ¢?)

T
1
2 2
Yi— 202 ;:2 O = d1y-1)

Note as follows:

fOon) = ))’1

1 2
S
2702 /(1 — ¢?) 202 /(1 - ¢

1
SOy, y1) = exp (—272(% - ¢1y;_1)2)

2n02
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