dlog f(yr, -+, y1) _.T 1 1

1 T
- + 2 + § _ g 2 _ 0
00_2 2 0_2 20_4/(1 _ ¢%)yl 2 4 - (yt ¢1yt 1)

dlog fyr, -+, y1) b1 6, 1 T
= — R _ _ ~ = O
0, 1 - ¢ TVt S 1:22 O = G1Y-1)Yi-1

The MLE of ¢, and o satisfies the above two equation.

| . S
= ((1 — Gy + ;(yr - ¢1yf—1)2]

- T
~ Zszz)’t)’z—l ~ .2 5'2¢1 2
b= —F—— + (o — = Vi1
ZzT=2 )’12—1 - ¢% /;
T
~ Z’:Tz—y’)z)’_l, when T is large.
Z‘4t=2 Yic1
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(b) Ordinary Least Squares (OLS) Method

T
S(¢1) = Z(y’ — $1y-1)’
=2

is minimized with respect to ¢;.

(25 _ Zszz)’z—l)’t - ZZT:QYI—IQ — b+ (1/T) Zszzyt—lft
1= =7 5 0t =%
Y2 Vi IR (1/T) Eia ¥y,
E(y,._
— Py + (ytzlft) = 4
E(y[_])

OLSE of ¢, is a consistent estimator.
OLSE of ¢, is equal to MLE when T is large.

The following equations are utilized.

E(y,-16) =0, E()’;Z_l) = Var(y,-;) = y(0)
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8. Asymptotic distribution of OLSE ¢;:

VT (¢ — ¢1) — N(O,1-¢?)

Proof:

Vio16,t =1,2,---, T, are distributed with mean zero and variance

—to

From the central limit theorem,

(U)X yii&

ot /(1= ¢/ NT

— N, 1)

Rewriting,
1 « o
— 16 — N(O, ).
\/T ;yl 1€ ( 1 _ ¢%)
Next,

2

2, BO) = (0) = —¢
V-1 =) = ¥(0) )
1 —¢7

1

T

Dngh
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yields:
(VN XL yia&

VT - ¢) = DS, T Mo1- ¢7)
9. Some formulas:
(a) Central Limit Theorem
Random variables x;, x,, -- -, x7 are mutually independently distributed
with mean y and variance o.
Define x = (1/T) 3", x;.
Then,
x—E(X) _ X—pu L NO. D)
WE  o/NT
(b) Central Limit Theorem II
Random variables x;, x,, - - -, x7 are distributed with mean u and variance

2.
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Define X = (1/T) Y|, x..
Then,

-E® N(0, 1)

VV@)

(c) Let x and y be random variables.

y converges in distribution to a distribution, and x converges in probability

to a fixed value.
Then, xy converges in distribution.

For example, consider:
y — N(,u,O'Z), X — cC.

Then, we obtain:

xy — N(cu, *o?)
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