Solutions of the homework #2

LU ANG
April 24th, 2020

Question 1

(1)

According to previous study we know that the BOLS is derived as:

T > _ T > n

R (X, - X — (X, - X Lo

BoLs = Zt_l( t Ve —9) . Zt_l( t i :§ :wtyt — G-
t=1

Se(X-X)2 YL (X, - X)?

X, — X
ZtT:1(Xt - X)2

if we view Bors = f (y) , we can easily prove that:

flag) = af(y) and f(y+Z2) = () + f(2)

where w; =

which means that Sors is a linear estimator
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(2)

BO s is unbiased estimator means E (BOLS) = [, first recall that:

T T
Bors = Z WYt = Z wi(a + BX + uy)
=1

t=1

T n T
= aZwt + ﬁZtht + Zwtut
t=1 t=1 t=1
T
=0+ Z Wity
t=1

then we take expectation of BO LS:

T
(50L5 E(B+ Zwt“t =0+ Zth(“t) =83 q.ed
t=1

(3)

Suppose that B is any unbiased linear estimator, which can be written as:

T T

B = thyt = Z(wt + dy)y,

t=1

T
Zwt+dt (o + BXy + uy)

t=1

T T T T
= aZwt+ﬂZtht+Zwtut —|—aZdt +BZtht +Zdtut
t=1 t=1 t=1 t=1 t=1 t=1

- T :1T T T
= ﬁ‘f‘azdt +5Ztht + Zwtut + Zdtut
t=1 t=1 t=1 t=1

Then we take expectation of 3, notice that E (ug) =0

T T T T
= /8+O[Zdt+62dtfﬂt +Zth(ut)+Zth(ut)
t=1 t=1 t=1 \‘:6'/ t=1 :6'/
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T T
:B‘f‘azdt‘i‘ﬁzdﬂtzﬁ
t=1 t=1
T T
i.e. Zdt =0 and Zdta:t =0 (1)
t=1 t=1

Next we take the variance of /3, notice that V (u;) = o2.

T T

V(B) =V(B+ Z(Wt + dy)uy) = V(Z(wt +dy)uy) = Z V((we + dy)uy)

t=1 t=1
T
Z Wy + dt )

t=1

T
= 02(2 w? + Zwtdt +Y dy)
t=1 t=1 t=1

According to result (1) we know that:

=0 =0
— —~ =
T T

S dX-X) d
d = - =1 =1

T V2 T )2
t=1 thl (Xt - X) thl (Xt - X)

then we can rewrite V() as:
T T
RN
=1 =1
T T
B S N o
t=1 t=1

T
=V(Bows) +0°> di  >V(Bows)
t=1
Thus we have proved the efficiency of OLS estimator
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(4)

according to weak law of large number(WLLN):

1

T Z(Xt — X)(u; — ) & Cov(Xy,u) =0
T

t=1

P.S:

Cov(Xy,uy) = E(Xtut)—E(Xt)% = FE(E(Xyuw|Xy)) = E(Xy E(u] X)) =0

we also assume that:

T
1 _
Tg (X, — X5 m< oo

t=1

Then we look at BOLS:

3 (X — X)(u — 1)
ilr Z?=1<Xt - X)2

ESL =R -0 0
% Zthl(Xt - X)2 m

T
Bors =B+ Y wiuy = B+
t=1

as T — o0,

thus we have: )
Bors — B as n— o0 q.ed



(5)

Following the Center Limit theorem(CLT):

=0

Zt 1 Wtk — Zt | wetiy) Z;f:l Witly — ZL Wi 5@3
\/V Zt L wity) \/V(Zthl BRI
_ Zthl Wity
0y Yoy W
68

o)\ (X, — X2
VTB-8

= — N(0,1)
o)\ S (X, - X2
where 27wy = f— fand 3 w2 = !
— twt — - — — —
- T EL - X
as T — oo we substitute & Zt (X — X) with its convergence value m:

VT(3 - B)

o/ — N(0,1)



