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1 Question 1

1.1 (1)
In order to Obtain the variance matrix of y = (y1,y2, -+ ,y;) we first rewrite
Yy as:

*If you have any errors in handouts and materials, please contact me via
lvang12@hotmail.com
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Yt = PYi—1 T+ €&
= P*Yi2 + € + per—1

=0 Ypr t &+ pE1 P e

=€+ pe 1+ ple gt
where py;_, goes to 0 when |p| < 1 as 7 goes to infinity
Then we can obtain variance as:

V(yt> = V(Et + PE€t—1 + p2€t—2 + .o )
= V(&) + p*V(e-1) + p'V(ea) + - -
:(72(1—|—p2—|-p4_|_...)

Next denote the covariance of y; and y;_, as v(7):

v(1) = Cov(ys, Yi—r)
= E(ye—r) =E((0"yr+ e+ peas+-+ 0 eri)thr)
=0 E(y; ) + E(up—r) + pE(wry—r) + p°E(w—aye—r) + -+ p7  E(t—ri1ye—r)
= p"E(y;_,)
= p"7(0)

Notice V' (y;) = v(0)

Going back to the vector form

n 0

Yo 0
Ely)=F | =

yr 0
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Y1
V) =) =B 7| owe e our)
yr
7(0) v(1) (T —1)
(1) v(0) (1) YT —2)
= (1) ~(0) :
B v(1)
YT —=1) AT -2) (1) ~(0)
7(0)  p(0) p"1y(0)
py(0)  ~4(0)  py(0) p"(0)
= py(0)  ~(0) :
E p(0)
p"(0) p? py(0)  ~(0)
1 p prl
p 1L p pt?
=7(0) p 1 5
: p
pT—l pT—Q p 1
1 ) LT
) o1 p e g2
=1 i e P | : =Q
L p
pT—l pT—2 p 1
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1.2 (2)

Based on (1) we know that y ~ N(0,€). Thus, the joint distribution of
y = (y1,%2, -+ ,yr) whihch is also the likelihood function can be obtained
as:

F(y) = @m) 201 o eap(~ 07 'y)

1.3 (3)
Unconditional Mean:
E(y) = E(er + per1 + pera +---)

= E(e) + pE(ei-1) + p°E(er—2) + - -
=0

Unconditional Variance:

V(:Ut) = V(et + PEL—1 -+ p2€t_2 + .. )
=V(e) + p°V(e1) + p'V(e—a) + -+
:0'2(1+p2—|-p4_|_...)

Conditional mean:

E(yt\yph ce ,yl) = PYt-1 + E(ﬁt) = PYt—1

Conditional variance:

V(ylyi—t, -+ ) = Vi) = o’
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1.4 (4)

From (3) we can know that the unconditional distribution of y; is given by:

= ! exr ——ytz
W)= T ")

the conditional distribution of 1, is given by:

(yt - Pyt—1)2

1
f(yt’ytfh o 7?/1) = Wel.p(_ 20_2 )

The innovation form of the likelihood function can be written as:

f(ythyt—l) e 7y1) - f(yt|yt—17 e )yl)f(yt—h Yt—2,° - 7y1)
= f(yt’yt—la te 7?/1)f(yt71‘yt727 T ,y1)f(ytfz, Yt—3," " 7y1)

= fWelye—1, - y) fWealye—2, - y0) f W2y Yesy o+ 1) - -+ f(welyn) f(v1)
T

= f) [T f@elvy—,- - m)

t=2

1 2 ﬁ (yt - pyt71>2)

ex ex
20?2 /(1 — p?) p(- 202/(1 V2mo? pl- 207

1.5 (5)
Set P~! such that:
PTIQP = Iy
1.e.
Q=PP
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We can construct P~! as:

1—p2 0 0
—p 1 0 0
1
pPt=C —
o 0 p
0
0 0 —p 1
Thus:
1—p2 0 -+ - 0
—p 1 0 --- 0 N
1 . Y2
P ly== —
Y - 0 p 1 :
0
Y
0 0 —p 1) V"
1 —p*ys
_ 1 2=
== E
Yr — PYr-1
Then:

y/Q—ly — y/P/—lpfly

T
1 — p*y 1 —p*y
1| v2—pn Yo — PY1

Yr — pYyr— Yr — PYT—1

= % <(1 — pHyi + Z(?Jt - Pyt—1)2> (1)

t=2
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1
det(A)

On the hand by using the matrix determinant property det(A™!) =
and det(AB) = det(A)det(B) we can easily obtain:

1 B 1 B 0.2T
Q7 [PPY 1 p?

9 = (2)

Substitute expression (1) and (2) back into f(y) = (2m)~7/2|Q|"/2exp(—1y' Q1Y)
we can easily find that the likelihood function we obtained in question (2)
and (4) are the same.

Finally we can calculate the inverse of P~! to obtain:

1 0 0 0
P 1—p? 0 0
o — 0> pV1—p2 1 —p? 0
1—p? . . .
: : - 0
pT=L pT=2, /1 — p2 ,0\/1 — 2 \/1 — p?



