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0Ooooano

2 Maximum Likelihood Estimation (MLE, [1 [ [1 ) — More

Formally Review

1. We have random variables X;, X5, ---, X,,, which are assumed to be mutually inde-

pendently and identically distributed.

2. The distribution function of {X;}! | is f(x;6), where x = (x,x2,---,x,) and 6 =
u, X).

Note that X is a vector of random variables and x is a vector of their realizations (i.e.,

observed data).

Likelihood function L(-) is defined as L(6; x) = f(x;0).
Note that f(x;6) = [, f(x;;0) when X;, X5, - - -, X,, are mutually independently and
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identically distributed.

The maximum likelihood estimator (MLE) of 6 is 8 such that:

max L(6; X). = max log L(6; X).
0 0

MLE satisfies the following two conditions:
X dlog L(0; X)

0.
(a) 50
0% log L(0; X
(b) % is a negative definite matrix.

. Fisher’s information matrix (0 OO0 OO0 0O OO O O) is defined as:

0% log L(6; X))

1(6) = -E
© ( 06000’
where we have the following equality:

0% log L(6; X) _ (0log L(0; X) dlog L(6; X)\ _.0log L(6; X)
—E( 9000’ )=E( 90 o0 )= V(T)
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Proof of the above equality:

f L(9; x)dx =1

Take a derivative with respect to 6.

OL(o:
f ©®: 040
00

(We assume that (i) the domain of x does not depend on 6 and (ii) the derivative
0L(0; x)
00

Rewriting the above equation, we obtain:

f 0log L(6; x)
00

exists.)

L(6; x)dx = 0,

1.e.,
E(W) 0.
06
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Again, differentiating the above with respect to 6, we obtain:

& logL(O;x) dlog L(6; x) OL(6; x)
f “ae08 L(6; x)dx + f 50 50 dx

0% log L(6; x) dlog L(6; x) 8 log L(6; x)
= | —==2"19:
f a0y DA+ f 80 o0
0% log L(6; X) dlog L(6; X) dlog L(6; X)
—F(—=22"7\ 4 E
(e )+ E—2 Py

L(6; x)dx

)=0.

Therefore, we can derive the following equality:

. 0% log L(6; X) _E dlog L(6; X) 0log L(6; X) _v dlog L(6; X)
0606’ B 00 o0 B 90

dlog L(0; X))
goero) o,
a6

where the second equality utilizes E(
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4. Cramer-Rao Lower Bound (D 0000000 O0O0O): (1)
Suppose that an unbiased estimator of 6 is given by s(X).

Then, we have the following:
V(s(X)) = (16)~"

Proof:

The expectation of s(X) is:
E(s(X)) = f s(x)L(6; x)dx.
Differentiating the above with respect to 6,

OE(s(X)) _ oLO;x) , dlog L(6;x)
o0 - f s(x)—ae, dx = f s(x)—agl L(6; x)dx

dlog L(6; X))

= Cov (s(X), 50

31



