_ (01/(0/1 —) —a/(a) —ay) c

1- CZ]L 1- ClzL
3. Mean of AR(2) Model:

When y;, is stationary, i.e., @; and «; are inside the unit circle,
u=E(y) =E@L)e) =0
4. Autocovariance Function of AR(2) Model:

Y(v) = E((y; = ) Yi—r — ) = E(yiyi—-)
= E((‘Pl)’t—l + $ayi2 + 6:)}%—7)

= ¢1E(ytflyt77) + ¢2E()’172)’t71) + E(etytf‘r)

_ oy(t— 1) + dry(t = 2), fort #0,
ory(T = 1)+ poy(t = 2) + 0L, for 7 = 0.
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The initial condition is obtained by solving the following three equations:

¥(0) = 1y(1) + ¢y (2) + 02,
y(1) = ¢17(0) + gry(1),
Y(2) = ¢1y(1) + d2¥(0).

Therefore, the initial conditions are given by:

1 —¢» o’
0) = ,
v &+@LL¢%—%
o o1 1 -¢ o’
1) = 0) = .
v =150 h—mxqua—@v—#

Given y(0) and (1), we obtain y(7) as follows:

v(1) = d1y(t — 1) + poy(t — 2), fortr=2,3,---.
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5. Another solution for y(0):

From y(0) = ¢1y(1) + ¢2y(2) + 02,

2

0) = €
YO = 1500 —6p )

where

1 _ g+ (=)
T—ay pP2) = ¢ip(l) + ¢, = T

6. Autocorrelation Function of AR(2) Model:

p(l) =

Given p(1) and p(2),

p(t) = ¢1p(T — 1) + ¢rp(T - 2), fort=3,4,--,
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7. ¢ = Partial Autocorrelation Coefficient of AR(2) Process:

1 (D)
p(1) 1

plk—=1) p(k—=2)

fork=1,2,---.

- plk=2) plk—1)

br.1
b2

plk=3) pk—-2) )
i j-1
i

p(1) 1
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1 p() - plk=2) p(1)
p(1) 1 pk =3) p(2)

plk=1)pk=2)--- p(1) p(k)

Grp =
1 p() - plk=2)p(k—1)

p(1) 1 plk =3) p(k = 2)

plk=1) pk =2)--- p(1) 1
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Autocovariance Functions:

(D) = ¢1y(0) + d2y(1),
¥(2) = ¢1y(1) + ¢2y(0),

Y(T) = ¢17(T_ 1)+¢27(T_2), for T = 3’4""

Autocorrelation Functions:

b1
1-¢,
2

pQ2) = gip(1) + ¢ = 7 fl o+

p(1) = ¢1 + ¢op(1) =

p(1) = ¢1p(r = 1) + dop(r =2),  fort=3,4,-
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¢
1 =¢,

d11=p) =

1 p(l)‘
p() p2)| _ p2) —p(1)* _

2= p(l)“ T—pp 7
p() 1
L) p()

p(ly 1. p(2)

1s = p2) pd) p@3)
’ L p() p(2)

e(l)y 1 p(1)
p(2) p() 1
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_ (03 = p(Hp(2) = p(1)*(p3) = p(1) + pPp(M(P(2) — 1) _
(1 = p(1)*) = p(1*(1 = p(2)) + p(2)(p(1)* = p(2))

0.

8. Log-Likelihood Function — Innovation Form:

T
log f(yr, > 31) = 10g f(y2,31) + ) log fyilyi1, -+, 31)
=3

where
y(0) ¥(1)
() ¥(0)
JOye—1,- 5 31) =

1

f2,y1) = Z‘(

-2 1 y©0) Y\ (n
eXp —=(n )’2)( ) ( ) ,
2 y(1) y0)) \y,

1 1 ,
\/Fo-z: exp (_ 20_% (.Yt - ¢1yt—l - ¢2yt—2) ) .

Note as follows:

y(0) (D) 1L p(l) 1 ¢1/(1 = ¢2)
( )=7(0)( )=7(0)( )
y(1) ¥(0) p(l) 1 $1/(1 = ¢2) 1
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9. AR(2) +drift: y, =p+d1y1+dyi2t+6&
Mean:

Rewriting the AR(2)+drift model,

¢(L)y; = p+ €
where ¢(L) = 1 — ¢ L — ¢ L.
Under the stationarity assumption, we can rewrite the AR(2)+drift model as follows:
ye=¢(L) 1+ (L) e

Therefore,

u

E(y,) = ¢(L)~! L 'E(e)=¢(1)'u= ———
) =¢(L)" u+¢(L) E(&) = ¢(1)" p T —
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Example: AR(p) model:  Consider y, = ¢1y-1 + doyi + -+ +d,yi—p + €.

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., the p solutions of x from ¢(x) = 0 are outside

the unit circle),
2

o
¥(0) = . :
1 =¢ip(1) = -+ = dpp(p)
Note that y(1) = p(1)y(0).
Solve the following simultaneous equations for 7 =0, 1,---, p:

y() = E((0r = )i — 1)) = EQuyi—-)
_ oyt =D+ doy(r=2)+ -+ ¢, y(1 — p), fort # 0,
pry(t— D+ doy(t —=2)+ - + ¢, ¥(t — p) + 02, for 7 = 0.
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2. Estimation of AR(p) Model:

1. OLS:
T
min Z Vi = P1yi1 — P2y — 00— ¢pyt—p)2
A1, p 1=p+l
2. MLE:

max logf(yTa"'ayl)
b1,y

where

T
logf(YT,"',)’l) = logf(yp,”',yZ’yl) + Z logf()’tb’z—l,' "ayl)a

t=p+1
Y1
£y — P2 12 e | L 1] 2
p?"'9y2’y1)_(27r) |V| eXp 2()’1 YZ yP)V
Yp
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1 pl)y - p(p=2) p(p-1)

p(l) 1 p(p—3) plp-2)
V =v(0) . ) . )
plp=1) p(p=2) -~  p(1) 1
— 1 1 2
SOyt y) = T eXp(—r‘_g(}’z = 1Yt — Poyia = = PpYip) )

3. Yule=Walker (U 0 O 0O 0O 0O 0O 0O O) Equation:

Multiply y,_1, yi-2, - -+, yi-p on both sides of y, = ¢1y,—1 + oy 2+ -+ +,y—p+€& = Y1,
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take expectations for each case, and divide by the sample variance ¥(0).

¢
1 ) pp-2) pp-1) ¢1 p(1)
py po-3 pp-2 . | @
o " R $p-1 R
pp=1) p(p-2) ---  p(l) 1 p(p)
¢
where
o1y . R D
YO =3 Q00— A = S

t=7+1

3. AR(p) +drift: y, =u+ ¢y +¢oyi2+ - dpyip + &
Mean:

dL)y; =pu+¢
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where ¢(L) =1 = ¢ L — ¢poL? — -+ — ¢,L7.
Y=L u+ o) e
Taking the expectation on both sides,

E(y) = ¢(L)"'u+ (L) 'E(e) = ¢(1) '
_ u
l=¢1=p= - =9

4. Partial Autocorrelation of AR( p) Process:

¢k,k20f01‘k:p+1,p+2,"-.
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6.4 MA Model

MA (Moving Average[] [1 [J [J [ ) Model:

1. MA( ¢)

i=&+0ig 1 +tbher+ -

which is rewritten as:

ye = 6(L)e,

where

OL)=1+6,L+6,L*+ ---
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2. Invertibility (D OO 0O 0):

The ¢ solutions of x from 8(x) = 1 + 6;x + 6,x*> + -+ + 6,x% = 0 are outside the unit

circle.
— MA(g) model is rewritten as AR( o) model.
Example: MA(1) Model: vy, =¢ + 6,6,
1. Mean of MA(1) Process:

E(y)) = E(¢ + 616-1) = E(&) + 0,E(€-1) = 0

2. Autocovariance Function of MA(1) Process:

¥(0) = E(?) = E(e + 016_1)* = B(€” + 20,661 + Bi€" )

= E(€’) + 26,E(g€-1) + BE(€ ) = (1 + 6D)o?
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