y(1) = E0yi-1) = B((& + 016-1) (&1 + 016.2)) = 6,07

Y(2) = E(yiyi-2) = E((& + 016-1)(6—2 + 016-3)) =0

3. Autocorrelation Function of MA(1) Process:

2 fort =1
Y@ _J1+e ore=5
p(tr) = W = 1
Y 0, fort=2,3,---.
Let x be p(1).
0
! =X, 1.e., x@%—9+x:0.
1+67
6, should be a real number.
1-4x*>>0 ie L (1)<l
, .€., ) <p(l) < >
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4. Invertibility Condition of MA(1) Process:

& =—016_1 +
= (—91)26—2 + ¥ + (=01)yi-1

= (=01 €3 +y, + (=0)y_1 + (=012

= (=01 €y + Y + (=01)y1 + (=0 V2 + -+ + (=0 "y
When (-0;)°¢,_, — 0, the MA(1) model is written as the AR(c0) model, i.e.,

yi=—=(=00)y1 = (=0 — - = (=0) "y — -+ &

5. Likelihood Function of MA(1) Process:

The autocovariance functions are: y(0) = (1 + 6})o2, y(1) = 6,02, and y(1) = 0 for

=23,
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The joint distribution of yy, y,, - -+, yr is:

SOy, yr) = (zﬂ)T/zM_l/z exp (—%Y’V_IY)
where
1+6; 6 0 0
N 0, 1+6 6
v=\" vl 0 & - 0
: 1+67 6
T 0 0 6, 1+6;
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Mean of MA(1) Process:
ye = p+ 0L,

where 8(L) = 1 + 6,L.

Taking the expectation,

E(y) = u+0(L)E(€) = p.
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Example: MA(2) Model: y, =¢ + 6,61 + 616
1. Autocovariance Function of MA(2) Process:

(1+6+6)02, fort=0,

(6, + 6,6,)02, fort =1,

() = )

p for t = 2,

920’

0, otherwise.

2. let —1/B; and —1/8; be two solutions of x from 6(x) = 0.
For invertibility condition, both 5; and 3, should be less than one in absolute value.
Then, the MA(2) model is represented as:
Vi=€+ 0161+ b6
=(1+6,L+6:LYe
= (1 +4L0)1+ L)
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AR( o) representation of the MA(2) model is given by:

1
T A +AL( +pL)

_ (ﬂl/(ﬂl - B2) N B2/ (B — B2)
\ 1+B8L 1+5L

€

t

113



3. Likelihood Function:

1
— -1/2 vyl
SOLY, - yr) = (27-[)T/2|V| exp( 2Y \% Y)
where
1 +9%+9§ 0, + 6,6, 6, 0
Y1
0, + 6,6, 1+9%+9% 0, + 6,6,
Y2
Y= V=0’ 6, 0, + 6,6, 6,
. 1+9%+0§ 6, + 6,6,
yr -
0 6, 0, + 6,6, 1 +91 +92
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4. MAQ2) +drift: y,=pu+e¢ + 061+ 66>

Mean:

i =p+0(L)e,
where O(L) = 1 + 6,L + 6,1

Therefore,

E(y) = u+0(L)E(€e) = u
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Example: MA(qg) Model: y, =€ +6i6_1 +660+ -+ +0,64
1. Mean of MA(g) Process:

E(yt) = E(Et + 916,_1 + 92€t—2 + - + gqét_q) = O
2. Autocovariance Function of MA(g) Process:

q-T
T2 O00; + 010,01 + -+ +0,_.0,) = 0 Z 060,, T=1,2--.q,
¥(1) = g

0, T=qg+1l,q+2,---

where 6, = 1.
3. MA( g) process is stationary.

4. MA(q) +drift: y, =pu+e+016_1 +brg o+ -+ +0,6,
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Mean:

e =u+06(L)e,
where O(L) = 1+ 6L + 6,L> + --- +6,L7.

Therefore, we have:

E(y) = u+0(L)E(e) = p.
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6.5 ARMA Model

ARMA (Autoregressive Moving Averagel] [0 O O 00 0 O O O ) Process

1. ARMA(p, q)

V=011t dyiot+ s Oy, g+ 016 e 2+ 0 + 0,6,

which is rewritten as:
#(L)y, = 0(L)e,

where ¢(L) =1 - ¢ L—¢L> — --- —p, L7 and O(L) = 1 + O, L+ ,L* + -+ +6,L7.

2. Likelihood Function:

The variance-covariance matrix of Y, denoted by V, has to be computed.
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Example: ARMA(1,1) Process: y, = ¢1y,-1 + €& + 016,
Obtain the autocorrelation coefficient.

The mean of y; is to take the expectation on both sides.

E(y:) = ¢1E(yi-1) + E(&) + 0,E(€-1),

where the second and third terms are zeros.
Therefore, we obtain:

E(y) = 0.
The autocovariance of y, is to take the expectation, multiplying y,_, on both sides.
E(yVyi-c) = $1EQ-1y1-0) + E(€y1—) + O1E(€-1Y1-1).
Each term is given by:
EQyi—) =y,  EQriy-) =y -1,
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(¢1 + 6%, T =0,
o'z, =0,

E(etyt—r) = E(Gt—lyt—r) = O—g’ =1,
0, 7=1,2,-

9

0, T=2,3,---.

Therefore, we obtain;
Y(0) = ¢1y(1) + (1 + ¢161 + 610,
y(1) = ¢17(0) + 6,07,
y(®) =gyt = 1), T=23,---

From the first two equations, y(0) and y(1) are computed by:

( 1 —¢1)(y(0)) 2(1+¢191+9%)
:0-6
-6 1 J\y() 0,

(7(0)) 2( 1 —¢1)‘1(1+¢191+9%)
= O-E
7(1) _¢1 1 91
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-4

o2 (1 ¢1)(1+¢19]+0%) o2 ( 1+2¢,0, + 62 )

EAVE 6, (1+6,0)@1 +6))

Thus, the initial value of the autocorrelation coeflicient is given by:

_ 1+ ¢16))(¢1 +6)

1
= e+

We have:
p(t) = ¢1p(r - 1).
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ARMAC(p, g) +drift:

Vi=p+ G Y1t dyiot o Pyt &+ 016+ O 2+ 0 + 0,6 .

Mean of ARMA(p, g) Process:  ¢(L)y, = u + 6(L)e,
where ¢(L) = 1 — ¢ L — ¢po[* — -+ — ¢,L7 and O(L) = 1 + 6,L + L2+ - + 6,L9.

yi =)'+ (L)' O(L)e..
Therefore,

u
[=¢i—do= - @,

E(y) = ¢(L) '+ ¢(L)'O(L)E(e) = ¢p(1)'u =
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6.6 ARIMA Model
Autoregressive Integrated Moving Average (ARIMAO 0 00O 0O O 0O 0O 0O O O) Model

ARIMA(p, d, q) Process
$(L)AYy, = 6(L)e,
where A%y, = A 1(1 - L)y, = A 'y, — A%y, = (1 = L)%y, ford = 1,2,---, and A%, = y,.
00 ARIMA(0,1,0) Model
Consider the model: Ay, =y, -y +€&, €~ N(@O,0?), vy,=0,
which is rewritten as:  y, =€+ 6.1+ -+ + €.
E(v) =0, (0)=V@) =0t 1) =Cov(y,yir) = EGyir) = 07t = 7),

which implies that y(7) is time-dependent. = y;, is not stationary.

Cov(yiyi—e) _ t1—-T _ t-T
VV()’t) VV(yt—‘r) \/; Vi—7 t
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p(tr) =




That is, p(7) gradually decreases with slow speed.

6.7 SARIMA Model

Seasonal ARIMA (SARIMA) Process:

1. SARIMA(p,d, q)
H(L)A Ay, = 6(L)e,

where

Agy, = (1 - LS)Yt =Y = Vi-s-

s = 4 when y, denotes quarterly date and s = 12 when y, represents monthly data.

6.8 Optimal Prediction
1. AR(p) Process: y, = ¢1y,-1+ -+ +dpyi—p + &
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(a) Define:
E(yt+k|Yt) = Yi+kits

where Y, denotes all the information available at time 7.

Taking the conditional expectation of y,.x = @1 Vi1 + =+ + PpYrk—p + €k ON

both sides,

Verklt = P1Yewk—11 + 0+ PpYisk—piss
where y,, = y, for s < t.

(b) Optimal prediction is given by solving the above differential equation.
2. MA(q) Process: y, = + 011 + -+ + 0,6,
(a) Let &, €r_1, - - -, € be the estimated errors.

(b) Yk = €k + O1€6p—1 + -+ + €11y
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(¢) Therefore,

Virklt = €kt + 016t+k—l|t + e+ 0q6t+k—q|t’
where €, = 0 for s > t and €, = € for s < 7.
3. ARMA(p, q) Process: y, = ¢i1y,-1+ - +dpyip+ €+ 0161 + -+ +0,6-

(@) Yirk = O1Ysk—1+ =+ PpYrsk—p + €k T €61 + o+ Oy

(b) Optimal prediction is:

Vesklt = P1Yesk-11e + 0+ OpYesk—p + €ir + O1€p1y + -0+ Ou€igins

where y,, = y, and €, = € for s < ¢, and €y, = 0 for s > .
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6.9 Identification (U 00 OO0ODODOO)

We have the following two approaches for model specification.
1. Based on AIC or SBIC given d, s, we obtain p, q.

(a) AIC (Akaike’s Information Criterion] O OO OO OO O)
AIC = -2log(likelihood) + 2k,

where k = p + g, which is the number of parameters estimated.

(b) SBIC (Shwarz’s Bayesian Information Criterion)
SBIC = -2log(likelihood) + klog T,

where T denotes the number of observations.
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2. From the sample autocorrelation coefficient function p(k) and the sample partial au-

tocorrelation coefficient function (}bk,k fork=1,2,---, we obtain p,d, g, s.

AR(p) Process MA(g) Process

Autocorrelation Function Gradually decreasing p(k) = 0,

k=g+1,qg+2,---

Partial Autocorrelation Function | ¢(k, k) = 0, Gradually decreasing

k=p+1L,p+2,---

(a) Compute Ay, to remove seasonality.

Compute the autocovariance functions of Ay;.

If the autocovariance functions have period s, we take (1 — L*), again.
(b) Determine the order of difference.

Compute the partial autocovariance functions every time.
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If the autocovariance functions decrease as 7 is large, go to the next step.
(c) Determine the order of AR terms (i.e., p).
Compute the partial autocovariance functions every time.
The partial autocovariance functions are close to zero after some 7, go to the
next step.
(d) Determine the order of MA terms (i.e., g).
Compute the autocovariance functions every time.

If the autocovariance functions are randomly around zero, end of the procedure.
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