8 Unit Root ({1 (I [ ) and Cointegration (LI [1 [1)

8.1 Unit Root ([ I () Test (Dickey-Fuller (DF) Test)

1. Why is a unit root problem important?

(a) Economic variables increase over time in general.
One of the assumptions of OLS is stationarity on y, and x,.
. D 1 . .
This assumption implies that ?X’X converges to a fixed matrix as 7 is large.

That is, asymptotic normality of OLS estimator goes not hold.

(b) In nonstationary time series, the unit root is the most important.

In the case of unit root, OLSE of the first-order autoregressive coefficient is

consistent.

OLSE is VT-consistent in the case of stationary AR(1) process, but OLSE is
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T-consistent in the case of nonstationay AR(1) process.

(c) A lot of economic variables increase over time.
It is important to check an economic variable is trend stationary (i.e., y, = ao +
at + ¢) or difference stationary (i.e., y, = by + y,_1 + €).

Consider k-step ahead prediction for both cases.

(Trend Stationarity) Verke = ao + ai(t + k)

(Difference Stationarity) Verrie = bok + y;

2. The Case of || < 1:

Vi = 1yi-1 + &, € ~ 1.i.d. N(O, 0-2)’ yo =0, t=1,---,T
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Then, OLSE of ¢, is:
T
Z Yi—1)t

t

—_

b=

T
Z }’12—1

t=1

In the case of |¢| < 1,

Note as follows:

1 T
? Z)’t—lft — E(y-16) =0.

=1

163



By the central limit theorem,

-E
Y "EO9 o, 1)
V(ye)
where
1 T
Y€ = T Z:yt—lft
t=
E(e) =
V(e = V(— Zy, 16) = (— Zy, &)%)
T T 1
Z Zyt—lys—lftgs = ﬁ Z}’t 16[ _O- 7(0)
=1 s=1
Therefore,
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JEAOIT o0 NT & Zy 1 O
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which is rewritten as:

V‘Z” 16 —> N(O,0?y(0)).

T
1
Using 7 Z y2, — E(7 ) = ¥(0), we have the following asymptotic distribution:
t=1

Z)’t 1€ )

tl o 2

i — N(O,m):N(O,l—gbl).
Vi1

=1

T

VT (¢ - ¢1) =

: @%

2
1—¢?

3. In the case of ¢ = 1, as expected, we have:

Note that y(0) =

VT($, - 1) — 0.
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That is, ¢, has the distribution which converges in probability to ¢; = 1 (i.e., degen-

erated distribution).

Is this true?

4. O The Case of ¢; = 1: = Random Walk Process
V: = yi-1 + € with yo = 0 is written as:
V=t € 1+ + o0 +€.
Therefore, we can obtain:
yi ~ N0, 7).

The variance of y, depends on time . = y, is nonstationary.

Z)’t—lft

5. Remember that ¢, = ¢, + —.
Zyt—l
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(a) First, consider the numerator ) y,_;€,.
We have y? = (-1 + &)* = y7 | + 2y-16 + €.

Therefore, we obtain:

1
V-1 = E(V;z — Y~ €)

Taking into account y, = 0, we have:

=1 =1
Divided by 0T on both sides, we have the following:
T

1 « 1y V' 11
T Zly 2((;@) 3T 24

t=1

From y, ~ N(0, o*t), we obtain the following result:

2
yr 2
~ (D).
(aﬁ) X
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Moreover, the second term is derived from:

T
1 2 2
- € —> 0.
T t

t=1

Therefore,

1 « 1y 11 1
T 2 2
Yi-1€ = _( ) - = e — —(x(1)-1).
o2 Z 2 T 202 T ; 2

(b) Next, consider Y, y> |.

; 3 - T(T - 1
E[Zy?—l) = E0L) =Y - D=t
t=1 =1 =1

Thus, we obtain the following result:

T
1
w5 [Z y2 1) — a fixed value.
t=1
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Therefore,

T
1
= >y, — adistribution.

t=1
6. Summarizing the results up to now, T(¢, — ¢,), not VT(¢, — ¢,), has limiting distri-

bution in the case of ¢; = 1.

(1/T) X yi&
(1/T» % y>,

— adistribution.

T(¢ —¢1) =

A

The distributions of the ¢ statistic: ¢

, where s, denotes the standard error of gAbl.
S¢
= Compare ¢ distribution with (a) — (c).

— Unit Root Test (I (I [0 [0 O, or Dickey-Fuller (DF) Test)
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Vi = P1yi-1 + €.

Test Hy : ¢ = 1 against H, : ¢, < 1.

Equivalently,
Ay, = pyi1 + €.

Test Hy: p=0against H; : p <0.
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t Distribution

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -249 -206 -1.71 -132 132 171 206 249
50| -240 -2.01 -1.68 -130 1.30 1.68 201 240
100 | =236 -198 -1.66 -1.29 129 1.66 198 236
250 | =234 -197 -1.65 -1.28 128 165 197 234
500 | =233 -196 -1.65 -1.28 128 165 196 233
o | =233 -196 -1.64 -128 128 164 196 233
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@Hy: yi=yi1+ €
H,: y,=¢1yi-1+e&forg, <1

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
25| =266 -226 -195 -160 092 133 1.70 2.16
50| -2.62 -2.25 -195 -161 091 1.31 1.66  2.08
100 | -2.60 -224 -195 -1.61 090 129 164 2.03
250 | =258 -2.23 -195 -1.62 089 129 163 201
500 | =258 =223 -195 -1.62 089 128 1.62 2.00
o | =258 =223 -195 -1.62 089 128 1.62 2.00

To test Hy : p = 0 against H, : p < 0, estimate Ay, = py,_; + € and compare the

t-value of p with the above table.
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b Hy: yi =y + &
Hy: yi=ap+ ¢y + &forg; <1

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
25| =375 =333 -3.00 -2.63 -037 000 034 0.72
50| -3.58 -3.22 -293 -260 -040 -0.03 0.29 0.66
100 | -3.51 -3.17 -2.89 -2.58 -042 -0.05 026 0.63
250 | -3.46 -3.14 -2.88 -2.57 -042 -0.06 024 0.62
500 | -3.44 -3.13 -2.87 =257 -043 -0.07 024 0.6l
o | =343 -3.12 -286 -2.57 -044 -0.07 023 0.60

To test Hy : p = 0 against H, : p < 0, estimate Ay, = @y + py,—; + € and compare

the ¢-value of p with the above table.
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©Hy: yr=ay+yi1+ &
Hy: y,=ay+ ait + g1y,-1 + ¢ for ¢, <1

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
25| -438 -395 -3.60 -324 -1.14 -0.80 -0.50 -0.15
50| -4.15 -3.80 -3.50 -3.18 -1.19 -0.87 -0.58 -0.24
100 | -4.04 -3.73 -3.45 -3.15 -1.22 -090 -0.62 -0.28
250 | =399 -3.69 -343 -3.13 -123 -092 -0.64 -0.31
500 | =398 -3.68 -342 -3.13 -124 -093 -0.65 -0.32
o | =396 -3.66 -341 -3.12 -125 -094 -0.66 -0.33

To test Hy : p = 0 against H; : p < 0, estimate Ay, = a¢ + @it + py,—1 + € and

compare the #-value of p with the above table.
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8.2 Unit Root (More Formally)

Consider y, = y,-1 + € and yg = 0.

yy=€e+e&+ - +& ~ NO,tc?)
1 1 t
—vy=—(g+6+ - +&) ~ NO, =0 N(0, ra”
ﬁyz T(61 5} &) ( ol ) — N(O,ro7)
where0 <r<landr= T
Note that time interval (1, 7') is transformed into (0, 1), divided by 7.
1 1 t
Vi = (er+e+ - +&) ~ NO,) — N(@O,r) = W(r)
VTo~  NTo ’ T

. . . . 1 . .
As T (¢t at the same time) goes to infinity keeping r = T W(r) results in a continuous

function of r where r takes any number between zero and one.

W(r) is a normal random variable with mean zero and variance r and it is called the Brow-

nian motion.
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