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5 Time Series Analysis

e Exmple: AR(1) Model

@ Stationarity condition @ Another derivation of (1)

@ Rewriting the model @ Partial autocorrelation function

© MA representation

@ Estimation
O Mean
© Variance @ Asymptotic distriubution of OLSE
@ Autocovariance and autocorrelation @ Some formulas
functions @ AR(1) +drift
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5 Time Series Analysis

e Exmple: AR(2) Model

@ Stationarity condition @ Autocorrelation function

@ Rewriting the model @ Partial autocorrelation coefficient
© Mean

@ Autocovariance function O Loglikelihood function

@ Another solution for «(0) O AR(2) +drift
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@ AR(1) Model
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1. Stationarity condition

@ The AR(1) model is given by

Yt = P1y—1 + €.

@ The stationarity condition is : the solution of

d(x)=1— 1z =0,

e, v = % is greater than 1 in absolute value, or equivalently, |¢1] < 1.
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2. Rewriting the Model

@ Rewriting the AR(1) model,

Yt = P1yi—1 + €
= ¢1(d1yr—2+ 1) + e
= @iy + e+ dre
= ¢ (d1yi—3 + €1—2) + €& + Pre1

= OiY—s + €+ dr164—1 + -+ ¢i71€tfs+1

S
k-1
= P1Y—s + Z b1 €t—kt1-
k=1
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2. Rewriting the Model

Y = G1y—1 + &

S
k—1
= 1Yt—s + Z D1 €t—kt1-
k=1

e As s is large, ¢f approaches zero. (. |¢1] < 1)
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3. MA representation

Yt = O1yi—1 + €&
= iy—s + e+ Prei—1 + o+ O e sia
=¢ + drei-1 + Prer—o + Plepz + -

o
k
= Z ¢1 €t—k-
k=0

@ This is the moving average (MA) representation of the AR model.
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4. Mean of AR(1) process

@ The mean of AR(1) process is

E(yt)

E(Gt + ¢re-1 + (ﬁ%ét_g + ¢?6t—3 + ... )
E(Et) + ¢1E(€t—1) + ¢%E(€t—2) + .-
0.

I
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5. Variance of AR(1) process

@ The variance of AR(1) process is

7(0) = V(ye)

€+ dre—1 + dle—a + Pie_g+ )

&) + V(gre—1) + V(dier—2) + - (. independence)
&) + SV (er1) + 91V (e-2) +

=02+ ¢io® + o+ - (e~ (0,0%), Vi)
=L+ i+ o1+

0_2

C1-¢}

<

(y
(
(
(

I
< < =
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6. Autocovariance and Autocorrelation functions of AR(1) process

@ Rewriting the AR(1) process, we have:

Yt = O1Yt—r + € + Pre—1 + - + ¢71-716t—7'+1-

@ Therefore, the autovcovariance function of AR(1) process is:

V(1) = El(ye — 1) (Y1—r — )]

E(ytyt—r) (-p=0)
=E[(¢yi—r + &+ Prer-1+ -+ &7 Lerri1)Yi—r]

= OTE(i—ryt—r) + E(etyi—r) + 01 E(et—1—r) + &7 'E(et—ry19t—r)

0_2 T
= 671(0) = - d’;%-
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6. Autocovariance and Autocorrelation functions of AR(1) process

@ Note that since ¢ and y;_, are independent,

E(tht_T) = E(Et)E(yt_T) =0x0.

@ The autocorrelation function of AR(1) process is:

" A

v _ e _

p(T) = = 7 ¢1
7(0) %5
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7. Another derivation of (7)

Yt = P1Yp—1 + €.

@ Multiply y;—- on both sides of the AR(1) process and take the expectation

E(yiyi—r) = 01 E(yr—1yi—7) +E(eyp—r).
—— —_——
=v(7) =y(r-1)
@ Then we have
do1y(T — 1), for 7 #£ 0,
¢1y(tr — 1) + 0%, forT=0.

V(1) =
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7. Another derivation of (7)

@ Using v(7) = v(—7), (1) for 7 = 0 is given by

7(0) = ¢r1y(~1) + 0

= ¢17(1) +o° (. (1) = 5(=1))
= 61017(0) + o (- 2(1) = 617(0))
= ¢17(0) +o*.
o2
— 7(0) = T
@ Autocovariance function ~(7) is
7'02
1) = 8ri(r = 1) = Ghlr = 2) = = 67(0) = A7
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8. Partial autocorrelation function of AR(1) process

@ The partial atocorrelation function is denoted by ¢, 1.

@ Incase of k =1,

11 =p(1) = ¢1.
@ In case of k = 2,
) 1 p(1)
Ce() p2)] p2) - p(1)?
2T p(y| 1) v
p(l) 1
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8. Partial autocorrelation function of AR(1) process

@ The numerator of ¢ is

2 1))\ ?2
0(2) — ol )2—%—(*0;)
_ ¢1y(0) ¢1’Y(0)>2
7~ \ 70
=¢i—¢7 =0

o Note that AR(1) model assumes that y; does not depend on y;_ directly, but via y;_;.
@ Thus, the autocorrelation between y; and y;_o has to be 0 after removing the influence of

Yt—1-
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9. Estimation of AR(1) model

@ The unconditional and conditional distribution is given by

1 2

F) = ————exp{ ——2}
22 V)

1-¢? 1-¢7

Pl ) = o exp { - W= 18-
t19t—1, » Y1 27'('0'2 20_2 .

o Note that the parameter interest is o2 and ¢;.
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9. Estimation of AR(1) model

(a) The likelihood function is

1 1 o2 Y2
log f(yr,--- y1) = — 5 log(2m) — 5 log (1 Z ¢2) -A
1 g2
-1 T-1 1 &
T Tlog(27) — ——~1 2y _ _— B 2
5 log(27) 5 log(”) 5 ;(yt G11e1)
1
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9. Estimation of AR(1) model

@ The F.O.C:s are

alogf(yTa"'vyl) T1 2 1
80'2 = _57 + ( 0_2)2 Z ¢1yt 1 = 07
¢1 t=2
T
dlog f(yr, - ,y1) b1 <z>1y1 1
06 :—1_¢2 o2 ;Z — ¢1y—1)yt—1 = 0.
t=2

Ryo Sakamoto

Econometrics Il TA Session #10



AR(1) Model
0000000000000 000e000000000

9. Estimation of AR(1) model

@ The MLE of 02 and ¢; are

T
1
5 = T (1— D)yt +Z — $1yi-1) ],
t=2
T Py — 2 d’
<l~51 _ thz YtYt—1 —¢7

+ .
T
Do %:2—1 Zt:Q yt—l
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9. Estimation of AR(1) model

(b) OLS method:

@ The loss function is

T
S(p1) = Z — O1Yi—1)
=2
@ The F.O.C. w.rt. ¢ is
T
0S
agb) = -2 Z(yt — $1Y-1)yt—1 = 0.
t—2
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9. Estimation of AR(1) model

@ Solving this, we obtain the OLS estimator of ¢
T
51 _ Zt:Q YtYt—1
T
D=2 Y1
Zthg €tYi—1
T

D2 i
% 2522 €tYi—1

1L ~~T

T 2t—2 i1
P E(etyi—1)
=P+ —5

E(y;_+)

= ¢1. (= The OLSE is consistent.)

=¢1+

=¢1 +

(. Ergodicity)
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10. Asymptotic distribution of OLSE ¢,

@ We will show that
VI(91 = ¢1) = Nr(0.1 - 67).

Proof

@ By the expression above, we have

M
Ztﬂ ytfl
1

1 T
R
N RE S

b1 — ¢ =

— \F(ﬁbl
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10. Asymptotic distribution of OLSE ¢,

o Assume that ¢; ~ NR(0,02).
e We have already confirmed E(e;y,—1) = 0.

@ Note that if two random variables X and Y are independent,
V(XY) = V(X)V(Y) + (E[X])*V(Y) + (E[Y])*V(X).
@ Now, since ¢; and ;1 are independent, the variance of the product is

V(ewi—1) = V(e)V (ye—1) + [E(e)]V (ye-1) + [E(y—1)]"V (er)
2 2)2

2 Oc _ (Ue

C1-¢7 1-47
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10. Asymptotic distribution of OLSE ¢,

@ Then, we have

T

2)2 1 2)2
etyi—1 ~ NRr (0, 1(0_6 %) = T ZEt?/t—l ~ Nr (07 1((2 ;% /T>
t=2

@ By the central limit theorem,

1T 2\2
T oo €tyt—1—0 g (07)
0,1) = — ————) 0, .
(o2 2/T T—o00 NR( ’ ) f Z €tYt—1 NR < @%
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10. Asymptotic distribution of OLSE ¢,

@ Next, by the ergodicity,

o2

T
1 2 P 2
m— —_— 6 .
TtE:2yt1 ——>T E(?Jt—1) 7(0) 1 d’%

@ Again, by the ergodic theorem (theorem 20.2 in Greene),

1 T -1 P 0_2 —1
- 2 €t
| o (i)

t=2
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10. Asymptotic distribution of OLSE ¢,

@ By the Slutsky theorem,
VT (¢1 — 61) ﬁ Ne (0, 1—-¢7),

where the asymptotic variance can be derived as follows:

2 2\ 2

R -1 9 —1
v(re-e) 22 (78] Rl o
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12. AR(1) -+drift

@ Consider the model:

Yt = b+ P1Yt—1 + €.

@ Using the lag operator, we have

Yyt =+ ¢1Ly: + &
—= (- l)y=p+e
— o(L)y: = p+ e,
where ¢(L) :=1— ¢ L.
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12. AR(1) -+drift

e Multiply ¢(L)~! on both sides, then when |¢1| < 1, we have

Yt = gf)(L)_l,u + ¢(L)_1€t.

@ Taking the expectation, we obtain the mean of y;:

E(y) = (L)' pu+ (L) "E(er)
R
S l—¢1
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® AR(2) Model
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1. Stationarity condition

@ The stationarity condition is that 2 solutions of = from

p(z) =1— ¢z — dopa® =0

are outside the unit circle.

@ Notice that ¢; and ¢o are used as parameters in this equation.
= The solutions are function of these parameters.

= The stationarity condition is imposed on the values of the parameters.
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2. Rewriting AR(2) model

e An AR(2) model is given by

Yt = Pr1ye—1 + P2yr—2 + €.

@ Rewriting this expression,

yr = ¢1Lys + <Z52L2yt + €
= (1-$L—¢lPy=¢
= O(L)yt = e,
where ¢(L) == 1 — ¢1L — ¢ L2
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2. Rewriting AR(2) model

o Let a% and a% be the solution of ¢(L) = 0.

@ We then have
(1—-a1L)(1 — azsL)y; = €.

@ Arranging this, we have

1
T A aL)(1 —asl)®

ar/(ag —ag)  —ag/(ag — a2)
:( 11—1a1L2 * 21—0142L 2 >6t‘

Ryo Sakamoto
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3. Mean of AR(2) model

@ Recall that

Yt = P1Ye—1 + P2yr—2 + €&
= L)yt = e

@ When y; is stationary, i.e., a1 and ag are within the unit circle,

o5 ) -
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4. Autocovariance function of AR(2) model

@ The autocovariance function is

V(1) =El(ye — 1) (%17 — )]
= E(yyt—r)
= E[(p1yt—1 + d2yi—2 + €1)yi—7]
= N1E(Yi-1yt—7) + P2E(yi—2y1—7) + E(eryi—r)
O1y(1 — 1) + pay(T — 2) for 7 =0,
o17(T — 1) + ¢oy(T — 2) + 02 for T # 0.

Ryo Sakamoto
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4. Autocovariance function of AR(2) model

o1y (T — 1) + p2y(T — 2) for T =0,
G1y(T — 1) + ¢oy(r — 2) + 02 for T £ 0.

V(1) =

@ To obtain the initial condition, we consider the cases of 7 =0, 1, 2:

¥(0) = ¢1y(1) + $27(2) + o7
Y(1) = ¢17(0) + d2v(1)
7(2) = ¢17(1) + ¢27(0)

Ryo Sakamoto

Econometrics Il TA Session #10



AR(2) Model
0000000 e@000000000

4. Autocovariance function of AR(2) model

@ We solve the system of equations to obtain:

. 1—¢2 0'62
(0= <1+¢2> (1—¢2)? — 3’

10 = (125 ) 90

Y(2) = ¢17(1) + ¢27(0)

_ ¢1 + (1 — d2)d2
1 —¢o

@ Given these initial condition, we obtain ~(7) as follows:

7(0).

Y1) = p1y(T — 1) + poy(T — 2), for T =3,4,---.
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5. Another solution for ~(0)

@ Rearranging the expression above,

Y(0) = ¢17(1) + ¢27(2) + o7

7(0) = ¢1p(1)7(0) + ¢2p(2)7(0) + o2 < p(7) = ::8)
— |1—¢1p(1) — ¢2p(2)|7(0) = o7
o;
= 0= 1= P1p(1) — d2p(2)
where
¢ _ i+ (1= )2
pll) = 75 and p(2) = H =

Ryo Sakamoto
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6. Autocorrelation function of AR(2) model

@ Recall that the autocovariance function is given by:

Y(1) = d1y(1 — 1) + poy(T — 2), for T =3,4,--- .

e Multiplying 1/7(0) on both sides, we obtain the autocorrelation function:

W) A =1) | (- 2)
20 =0 T )
= p(1) = d1p(T — 1) + ¢ap(T = 2), for 7 =3,4,---.
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7. Partial autocorrelation coeeficient of AR(2) process

@ The partial autocorrelation coefficient ¢y, 1. is expressed as

1 p(1) - p(k—2) p(k—1) Pr,1 p(1)
p(1) 1 o plk—=3) plk—2) Pr.,2 p(2)
p(k—2) p(k=3) - 1 p(1) Pr k-1 p(k—1)

plk=1) p(k=2) -~ p(1) 1 Phk p(k)

Ryo Sakamoto
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@ Using the Cramer's rule,

1 p(1) p(k—2)  p(1)
p(1) 1 p(k=3)  p(2)
p(k—2) p(k—3) 1 p(k—1)
p(k—1) p(k—2) p(1) p(k)
Ok =
1 p(1) p(k—2) p(k—1)
p(1) 1 p(k—3) p(k—2)
p(k—2) p(k—3) 1 p(1)
p(k—=1) p(k—2) p(1) 1

Ryo Sakamoto
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@ Let us look at ¢ in case of k =1,2,3.

¢1,1=p(1) = 1 fl@'
1 p(1)
p(1) p(2)]  p2) —p(1)*
P22 = L 0 T2 b2
p(1) 1
¢33 =10

o Note that since we are now considering an AR(2) model, y; is not dependent on y;_3

directly, but via y;—1 and y;_o.
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8. Log-likelihood function - Innovation form

@ The joint density is given by

T
log f(yr. -+ 1) =1log f(y2,51) + 3 _1og f(yelye1, -+ 1),
t=3
where
f(y2,y1) = L0t ieXP - (y1 yz) (7(0) 70)) 71 <y1>
o V2r |y (1) 40 2 v(1) +(0) v [’

yes

. 1 1
felyt—1, -+ 1) = 53 P {—202 (Yt — pryt—1 — ¢2yt—2)2} :

Ryo Sakamoto
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8. Log-likelihood function - Innovation form

[N

N

= o (2 ¢2)27<0>2]

Ryo Sakamoto
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8. Log-likelihood function - Innovation form

1
(yl yz) 70 () = (y7 +45)7(0) + 2y127(1)
v(1)

= [(y% +y3) + 2y192

®1
- <Z>J 7(0).

@ Then, we can rewrite f(y2,y1):

fya, 1) = \/127 [1 - (1 f%)zl 2 7(0)1exp{—; [(y%w%) + 2y1927 flqu 7(0)}

Ryo Sakamoto
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8. Log-likelihood function - Innovation form

@ The log-likelihood function is expressed as follows:
T

log f(yr. -+ w1) =log f(y2,y1) + Y _log f(yelye—1,- - 1)

t=3
o\
1__(1-—¢2):

1
-%%%®—2Pﬁ+£%ﬂww

T—-2 T -2
log(27) —

1 1
==3 log(2m) — 3 log

1?;J7®)

log(a?)

LI
- Z (ye — Prye—1 — Pavi—2)” .
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