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1.Maximum Likelihood Estimator

We assume that random variables X;, X,,..., X, are mutually independent and identically

distributed. The distribution function of {X;}/=; is f(x;0), where x = (x, x5, ...

0 =w).

The joint density function of x4, x5, ..., X, is

f(xerZr "'!xnle) = nf(xi H 9)

Likelihood function L(-) is defined as L(8;x) = f(x; )

n
nf(xi ;0) = L(6;xq, %5, ..., Xy)
i=1

The log likelihood function is

n
logL(0; x4, X5, .., Xp) = Z logf (x;;6)
i=1

1.1Definition of MLE

MLE (0) maximize the likelihood function. MLE satisfies the following condition

dlogL(0;x) 0
0

d%logL(6; x)
0006’

1.2Fisher’s information matrix

19) = —E <azlogL(9;x)> _v (6logL(9;x)>

0000’ 00

is negative definite matrix.
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Before starting the proof:

_ (7)
v | L(G; x4, X5, o, Xp)dXq..dx, = 1
8
JL(H;x)dx =1 ®
We assume %fL(G;x)dx = I%L(G;x)dx
Then, we prove it from
d (€))
%JL(H,x)dx =0
G (10)
J%L(e,x)dx =0
This equation can be rewritten as
dlogL(0; x) an
JTL(Q,X)dX =0
Differentiation by 6
9% log L(8; x) dlog L(6; x) dL(6; x) (12)
J—aeae' L(G,x)dx+J 50 FY T dx =0
9% log L(6; x) dlog L(0;x) dlogL(0; x) (13)
JwL(Q,X)dX'FJ EY EY-L L(G,x)dx—O
L(6;x) is a probability density function and [ g(x)L(8;x)dx = E[g(x)]
9% log L(6; x) T E dlogL(6;x)dlog(0;x)\ _ 0 (14)
0006’ a0 20’ B

Therefore,

g 0%logL(6;x)\ _ £ dlog L(6;x) dlog(8; x) _v dlogL(6;x) (15)
B 0006" |~ 26 FC 26



1.3The Cramér-Rao Lower Bound

Suppose that s(x) is an unbiased estimator of 8, then we have the following:
Var[s(x)] = 1(6)7!

Proof:
Taking the expectation of s(x)

E[s(x)] =
E[s(x)] = Js(x)L(Q;x)dx

Differentiation by 8

0E[ s(x) J . )6L(9 x) J G )alogL(B X)L(H;x)dx

B dlogL(0;x)\ dlogL(0; x)
=F (S(X)T> = Cov (S(X) T
Since E [M = 0,we can obtain the following equation
dlogL(8;x)\ _ dlogL(0; x) dlogL(0; x)
Cov (S(”'T> = (500 =g~ Bls e (S5
_ dlogL(6; x)
=k (s(x) 36 )
For simplicity, let 8 and s(x) be scalars
JE (s(x)) 2 _(c @ dlogL(0; x) ’
50 = | Cov|s(x), 50
dlogL(8; O\\’
Cov (s(x),M>
26 dlogL(8;x)
2 V(S(X)V (T

= (m\/‘f (aloggét?;x)»

6logL(9;x)>

= pZV(s(x)V( 30

Since p denotes the correlation coefficient, |p| < 1

(16)

(17)
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(19)

) (20)

21)



P2V (sCOV (6logg§9;x)> <V(sGOV (aloggg?; x)) (22)
O 2 dlogL(6; 23
() vty
Then, when E (s(x)) = 6,we get
2
(6E(s(x))>
a0 1
V(st) = —7; L@ 2N~ (alogl@ oy~ L@ (24)
V(5 2) v (F)

The variance of any unbiased estimator of 6 is larger than or equal to (1(6))7.

1.4Asymptotic Normality of MLE

Reviewl: Central Limit Theorem

@assume that X;,X,,..,X, are iid with E(X;) =puandV(X;) = 0? < o for i=\

1,2, ..,n. Define X = = X,
n

Then,
X—-EX) X-
* _X-n > N(O1)
Jve)  a/in
Which implies

_ 1w
VAR — ) = ﬁ;(xi —uw) —> N(0,0?)

.

Review2: Central Limit Theorem 11

-

We assume that X; is iid and a vector of random variable with E(X;) = pand V(X;) = %;
fori=12,..,n
Then,

/

_ 1<
Vn(X — =ﬁ;(xi_:u) — N(0,%)

Where £ = lim =37, 5; < oo.

o /




Review3: Asymptotic Theories

-

Convergence in Probability: X,, —» a
X converges in probability to a.
Convergence in Distribution: X,, —% X

The distribution of X,, converges to the distribution of X as n goes to infinity.

\_

Review4: Weak Law of Large Numbers

We assume that X;,X,,..,X, are iid with E(X;))=pandV(X;) =02 < oo fori=
1,2,..,n.

Then, X —» u asn —»oo which is called the week law of large numbers.

Proof: Asymptotic Normality of MLE
Suppose that 8 is the MLE and 6 is the true value of the parameter,

max logL(8;x) (25)

a0 a0 0 (26)

i=1
When we are using the Central Limit Theorem I, we use X; instead of x;.
1 n
AE -0 == Xi—i)  —+NO,D) @7)
Vn i=1

Where %Z?ﬂXi = X;AHEO%Z?=1ZL' =) < oo.

10logL(6;X)\
E(E a0 )_0 (28)

10logL(6;X)\ 1 (29)
V(;—ae )_F’(G)



1 dlogL(6;X)

Thus, the asymptotic distribution of s is given by:
10logL(8; X) 10logL(8; X)
vn <E o - (E a6 )

_ 1 dlogL(6;X)
“Jn 06

» N(O,X)

Where v (2222E0) 1y (—al"ggge‘x)) =21(6) » =

Consider the asymptotic distribution of

1 dlogL(6; X)
vn 06 '

Which is expanded around 8 = 6 as follows:

_ 1 0logL(6;X) 1 dlogL(6;X) 162logL(6’;X)(A 6)
“Jyn 06 T Jyn 06 Jn 0006’

1 9%logL(0;X) , ~ 1 dlogL(0;X)
Vn 0606 @~ G)NE 20 > NO.2)

1 9%logL(8;X) , ~ 192%logL(6; X)\ , ~
~Vn 0606 (0- 9)_‘5(_5 0606’ >(9_ %)

10%logL(6: X ~ 1 dlogL(6; X
i~ L0 L0gLO X)) 5 _ gy - L OlogL(B:X)
0606’ vn 06
R 102logL(8;X)\ " [ 1 dlogL(6; X
V(8= ) ~ [~ 12L0gLG: X)) = (1 OlogL(6; X)
n 0006’ Nl

— > N(0,27'zx"Y) = N(0,271)

Using the law of large number

_lazlogL(H;X) 1<—E <azlogL(9;X)>)

n_ 0006 > lim 2000

= lim 1<V (M>) = lim 11(19) =3

n—-oon 69 n—-oon

(30)

G
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1.50ptimization

Optimization procedure

0_alogL(9;x) dlogL(0*;x) 9%logL(6*;x)
I T 2606’

-6

0o 92logL(8*; %)\ dlogL(6”; x)
B 0006’ Pl

Newton-Raphson method

24D — 9@ (0210gL(9(i);x)>_1 logL(8®D; x)

0000’ 00

Method of Scoring

) -1 ,
gl+D) _ () _ (E [azlogL(e(l);x)D dlogL(0®; x)

0000’ 00

Note that

3 d%logL(6; x)
10)=-E [ 9606’ ]

is the Fisher information matrix.
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(43)



