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Panel Data Analysis

Consider the model:

yit = Xitβ + vi + uit, i = 1, · · · , n, t = 1, · · · , T (1)

where i indicates individual and t denotes time.

uit is the error term such that

E[uit] = 0, ∀i and ∀t,

V (uit) = σ2
u,∀i and ∀t,

Cov(uit, ujs) = 0,∀i ̸= j and ∀t ̸= s.
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Panel Data Analysis

Consider the model:

yit = Xitβ + vi + uit, i = 1, · · · , n, t = 1, · · · , T

vi is the individual effect, e.g., IQ, patience and so on.

If we treat vi as a variable that is correlated with the explanatory variables Xit, then we

choose a fixed effect model to deal with endogeneity.

If we treat vi as a variable that is NOT correlated with the explanatory variables Xit, then

we CAN choose a random effect model.

Throughout this slide, Xit is assumed to be a random variable.
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Suppose that the individual effect vi is correlated with Xit.

Taking the average of each variable w.r.t. time, we have

yi = Xiβ + vi + ui, i = 1, · · · , n, (2)

where

yi =
1

T

T∑
t=1

yit, Xi =
1

T

T∑
t=1

Xit, ui =
1

T

T∑
t=1

uit.

Note that the individual effect vi is time invariant.
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Taking a difference between equation (1) and (2),(
yit − yi

)
=

(
Xit −Xi

)
β +

(
uit − ui

)
, i = 1, · · · , n, t = 1, · · · , T.

Note that

yit − yi = yit −
1

T

T∑
t=1

yit

= yit −
1

T
(yi1 + · · ·+ yiT )

= yit −
1

T
(1× yi1 + · · ·+ 1× yiT )

= yit −
1

T
(1, · · · , 1)′(yi1, · · · , yiT )

= yit −
1

T
1′T yi.
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where

1T =


1
...

1

 ∈ RT , yi =


yi1
...

yiT

 ∈ RT .

Using this notation, we have
yi1 − yi

...

yiT − yi

 =


Xi1 −Xi

...

XiT −Xi

β +


ui1 − ui

...

uiT − ui

 , i = 1, · · · , n.
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Note that
yi1 − yi

...

yiT − yi

 =


yi1
...

yiT

−


yi
...

yi

 =


1 · · · 0
...

. . .
...

0 · · · 1



yi1
...

yiT

−


1
...

1

yi

= IT yi − 1T yi

= IT yi − 1T
1

T
1′T yi

= IT yi −
1

T
1T 1

′
T yi

=

(
IT − 1

T
1T 1

′
T

)
yi, i = 1, · · · , n,

where IT is an identity matrix that is T × T .
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Using this notation, we have(
IT − 1

T
1T 1

′
T

)
yi =

(
IT − 1

T
1T 1

′
T

)
Xiβ +

(
IT − 1

T
1T 1

′
T

)
ui, i = 1, · · · , n,

which is expressed as

DT yi = DTXiβ +DTui, i = 1, · · · , n,

where DT =

(
IT − 1

T 1T 1
′
T

)
which is T × T .
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Note that DTD
′
T = DT , i.e., DT is a symmetric and idempotent matrix.

DT = IT − 1

T
1T 1

′
T =


1 · · · 0
...

. . .
...

0 · · · 1

−


1
T · · · 1

T
...

. . .
...

1
T · · · 1

T

 =


1− 1

T · · · − 1
T

...
. . .

...

− 1
T · · · 1− 1

T


We have confirmed that DT is symmetric.

For DT to be idempotent, it must hold that the ij element of DTD
′
T is equal to the ij

element of DT for any i and j.
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In case of i = j (diagonal element):

(
DTD

′
T

)
ii
=

(
1− 1

T

)2

+ (T − 1)
1

T 2
= 1− 1

T
,

which is equal to the ii element of DT .

In case of i ̸= j (off-diagonal element):(
DTD

′
T

)
ij
= 2

(
1− 1

T

)
·
(
− 1

T

)
+ (T − 2)

1

T 2
= − 1

T
,

which is equal to the ij element of DT .

Hence, we have confirmed that DT is idempotent.
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Using the matrix form for i = 1, · · · , n, we have:
DT y1

...

DT yn

 =


DTX1

...

DTXn

β +


DTu1

...

DTun

 .

Using the Kronecker product, we obtain the following stacked model:

(In ⊗DT )y = (In ⊗DT )Xβ + (In ⊗DT )u,

where (In ⊗DT ) is nT × nT , y = (y1, · · · , yn)′ is nT × 1, X = (X1, · · · , Xn)
′ is nT × k

and u = (u1, · · · , un)′ is nT × 1.
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Note that


DT y1

...

DT yn

 =




1− 1

T · · · − 1
T

...
. . .

...

− 1
T · · · 1− 1

T

 y1

...
1− 1

T · · · − 1
T

...
. . .

...

− 1
T · · · 1− 1

T

 yn
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DT y1

...

DT yn

 =




1− 1

T · · · − 1
T

...
. . .

...

− 1
T · · · 1− 1

T

 · · ·


0 · · · 0
...

. . .
...

0 · · · 0


...

. . .
...

0 · · · 0
...

. . .
...

0 · · · 0

 · · ·


1− 1

T · · · − 1
T

...
. . .

...

− 1
T · · · 1− 1

T








y11
...

y1T


...

yn1
...

ynT




= (In ⊗DT )y.
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Kronecker Product

For matrices A: n× n and B: m×m

(A⊗B)−1 = A−1 ⊗B−1,

(A⊗B)′ = A′ ⊗B′,

|A⊗B| = |A|m|B|n,

tr(A⊗B) = tr(A)tr(B).

For matrices A, B, C and D such that the products are defined,

(A⊗B)(C ⊗D) = AC ⊗BD.
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Recall that we have the following:

(In ⊗DT )y = (In ⊗DT )Xβ + (In ⊗DT )u,

Applying OLS to the above regression model,

β̂ =
[(
(In ⊗DT )X

)′(
(In ⊗DT )X

)]−1(
(In ⊗DT )X

)′(
(In ⊗DT )y

)
=

[
X ′(In ⊗DT )

′(In ⊗DT )X
]−1

X ′(In ⊗DT )
′(In ⊗DT )y

=
[
X ′(In ⊗D′

TDT )X
]−1

X ′(In ⊗D′
TDT )y

=
[
X ′(In ⊗DT )X

]−1
X ′(In ⊗DT )y.
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Note that the inverse matrix of DT is not available, because the rank of DT is T − 1

(not full rank).

The rank of a symmetric and idempotent matrix is equal to its trace.

tr(DT ) =

(
1− 1

T

)
× T

=
T − 1

T
× T

= T − 1.
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The fixed effect vi is estimated as:

v̂i = yi −Xiβ̂.

Possibly, we can estimate the following regression:

v̂i = Ziα+ ϵi,

The estimator of σ̂2
u is given by

σ̂2
u =

1

nT − k − n

n∑
i=1

T∑
t=1

(
yit −Xitβ̂ − v̂i

)2
.
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Consider the following:

yit = Xitβ + vi + uit, i = 1, · · · , n, t = 1, · · · , T.

The assumptions on the error terms vi and uit are:

E[vi|X] = 0, ∀i, E[uit|X] = 0, ∀i, t,

V (vi|X) = σ2
v , ∀i, V (uit|X) = σ2

u, ∀i, t,

Cov(vi, vj |X) = 0, ∀i ̸= j, Cov(uit, ujs|X) = 0, ∀i ̸= j, t ̸= s,

Cov(vi, ujt|X) = 0, ∀i, j, t,

vi|X ∼ NR(0, σ
2
v), uit|X ∼ NR(0, σ

2
u).
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In a matrix form w.r.t. t = 1, · · · , T , we have

yi = Xiβ + vi1T + ui, i = 1, · · · , n,

where

yi =


yi1
...

yiT

 , Xi =


Xi1

...

XiT

 , ui =


ui1
...

uiT

 .
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The distribution of the vectors of error terms are

vi1T |X ∼ NRT

(
0, σ2

v1T 1
′
T

)
,

ui|X ∼ NRT

(
0, σ2

uIT
)
.

Then, by the reproductive property of normal distribution,

vi1T + ui|X ∼ NRT

(
0, σ2

v1T 1
′
T + σ2

uIT
)
.
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Again, in a matrix form w.r.t. i = 1, · · · , n, we have

y = Xβ + v + u,

where

y =


y1
...

yn

 , X =


X1

...

Xn

 , v =


v11T
...

vn1T

 , u =


u1
...

un

 .
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The conditional distribution of v + u|X is

v + u|X ∼ NRnT

(
0, In ⊗

(
σ2
v1T 1

′
T + σ2

uIT
))

.

The likelihood function is

L(β, σ2
v , σ

2
u) =(2π)−

nT
2

∣∣∣In ⊗
(
σ2
v1T 1

′
T + σ2

uIT
)∣∣∣− 1

2

× exp

{
− 1

2
(y −Xβ)′

(
In ⊗

(
σ2
v1T 1

′
T + σ2

uIT
))−1

(y −Xβ)

}
.
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The log-likelihood function is

logL(β, σ2
v , σ

2
u) =− nT

2
log(2π)− 1

2
log

∣∣∣In ⊗
(
σ2
v1T 1

′
T + σ2

uIT
)∣∣∣

− 1

2
(y −Xβ)′

(
In ⊗

(
σ2
v1T 1

′
T + σ2

uIT
))−1

(y −Xβ).

The MLE of β, denoted by β̃, is

β̃ =

[
X ′

(
In ⊗

(
σ2
v1T 1

′
T + σ2

uIT
))−1

X

]−1

X ′
(
In ⊗

(
σ2
v1T 1

′
T + σ2

uIT
))−1

y

=

[
n∑

i=1

X ′
i

(
σ2
v1T 1

′
T + σ2

uIT
)−1

Xi

]−1[ n∑
i=1

X ′
i

(
σ2
v1T 1

′
T + σ2

uIT
)−1

yi

]
,

which is equivalent to GLS.

Note that β̃ is not operational since β̃ depends on unknown variables σ2
v and σ2

u.
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OLS and GLS

The estimator of the fixed effect model is considered to be OLS estimator while that of

the random effect model is considered to be GLS estimator.

Why?

The difference comes from the variance of the error term.

In case of the fixed effect model, the variance of the error term depends on σ2
u because we

remove the individual effect vi.

In case of the random effect model, the variance of the error term depends on σ2
v and σ2

u,

which is the source of the auto correlation.

The issue of auto correlation must be dealt with by using GLS to obtain the efficient

estimator.
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Properties of Fixed/Random Effect Model

We have derived the estimator of fixed and random effect models.

The next task is to check the properties of estimators:

unbiasedness

efficiency

consistency

asymptotic normality
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Using nlswork.dta, we will consider the model that the dependent variable is log wage

and the explanatory variables are:

completed years of schooling (grade)

current age, its squared

current yeas worked (exp), its squared

current years of tenure on the current job, its squared

whether black (race)

whether residing in standard metropolitan statistical area (SMSA)

whether residing in the South.

Wages are considered to be associated with the individual effect which is correlated with

the explanatory variables, so removing it may be important to obtain the estimates that is

not biased.
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In using Stata, type xtreg y x1 x2, fe to use a fixed effect model.
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Reference

Stata.com ”xtreg - Fixed-, between-, and random-effects and population-averaged linear

models.”
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