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1.Definition of Hausman’s Specification Error (特定化誤差) Test
• OLS VS IV

𝐻!: 𝐸 𝑢 𝑋 = 0
𝐻": 𝐸 𝑢 𝑋 ≠ 0

• Fixed Effect Model VS Random Effect Model

𝐻!: 𝐸 𝑒 𝑋 = 0
𝐻": 𝐸 𝑒 𝑋 ≠ 0

We use Hausman’s Specification Error Test to confirm whether X is related to u and 
X is related to e.
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2.Choice of OLS and IV
2.1 Review of OLS

Regression model:

𝑦 = 𝑋𝛽 + 𝑢

𝑦: 𝑛×1, 𝑋: 𝑛×𝑘, 𝛽: 𝑘×1, 𝑢: 𝑛×1.

• Assumption
1 𝐸 𝑢# X = 0, i = 1,… , n.
2 𝑉𝑎𝑟 𝑢# X = 𝜎$
3 E 𝑢#𝑢% 𝑋 = 0, i ≠ 𝑗.

Under the assumption, >𝛽&'( is consistent and efficient.
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2.1 Review of IV(instrumental variables)

𝑌# = 𝛼 + 𝛽𝑋# + 𝑢#, 𝑖 = 1,2, … ,𝑁

𝑌:𝑤𝑎𝑔𝑒, 𝑋: 𝑒𝑑𝑢𝑐𝑎𝑡𝑖𝑜𝑛, cov(𝑋#, 𝑢#) ≠ 0.
Assumption of instrumental variables (𝑍#: father education):
cov(𝑋#, 𝑍#) ≠ 0,cov 𝑢#, 𝑍# = 0.

𝑐𝑜𝑣 𝑌#, 𝑍# = 𝑐𝑜𝑣 𝛼 + 𝛽𝑋# + 𝑢#, 𝑍# = 𝛽𝑐𝑜𝑣(𝑋#, 𝑍#)

>𝛽)* =
𝑐𝑜𝑣(𝑌#, 𝑍#)
𝑐𝑜𝑣(𝑋#, 𝑍#)

=
∑#+", (𝑌# − S𝑌)(𝑍# − 𝑍̅)
∑#+", (𝑋# − S𝑋)(𝑍# − 𝑍̅)
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2.2 Two stage least squared method: 2SLS

𝑌 = 𝑋𝛽 + 𝑢

• The first stage: 
endogenous variables are regressed by instrumental variables.

𝑥 = 𝜋! + 𝜋"𝑧#" + 𝜋$𝑧#$ +𝑤#

X𝑋 = 𝑍(𝑍-𝑍)."Z-X

𝑍:𝑁×𝑙, 𝑙 ≥ 𝑘. 𝑃/= 𝑍(𝑍-𝑍)."Z-.
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• The second stage:

>𝛽$('( = X𝑋′ X𝑋
." X𝑋-𝑌 ,

>𝛽$('( = 𝑋-𝑍 𝑍-𝑍 ."𝑍-𝑍 𝑍-𝑍 ."𝑍-X X-𝑍 𝑍-𝑍 ."Z-Y
= 𝑋-𝑍(𝑍-𝑍)."𝑍-𝑋 ."𝑋-𝑍 𝑍-𝑍 ."Z-Y
= 𝑍-𝑋 ."(𝑍′𝑍) 𝑋-𝑍 ."𝑋′𝑍 𝑍-𝑍 ."𝑍-𝑌
= 𝑍-𝑋 ."(𝑍′𝑍) 𝑍-𝑍 ."𝑍-𝑌
= 𝑍-𝑋 ."𝑍-𝑌

Note:

_𝑢# = 𝑦# − 𝑋 >𝛽$('(
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Apply Hausman’s test

𝐻!: 𝑋 𝑎𝑛𝑑 𝑢 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

𝐻": 𝑋 𝑎𝑛𝑑 𝑢 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

• When we accept 𝐻!, we use OLS.
• When we reject 𝐻!, we use IV.
• #𝛽"#$ is consistent and efficient under 𝐻!, but is not efficient under 𝐻%.
• #𝛽&' is consistent under both 𝐻! and 𝐻%, but is not efficient under 𝐻!.
Test statistic:

!𝛽!" − !𝛽#$%
&
𝑉 !𝛽!" − 𝑉 !𝛽#$%

'( !𝛽!" − !𝛽#$% → 𝜒)(𝑘)
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3.Choice of Fixed Effect Model or Random Effect Model
3.1 Review of Fixed Effect Model(固定効果モデル)

𝑦() = 𝛽! + 𝛽%𝑋() + 𝑒() , (1)

𝑒() = 𝑣( + 𝑢() , (2)

𝑦() = 𝛽! + 𝛽%𝑋() + 𝑣( + 𝑢() . (3)

𝑖: 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑖 = 1,2, … , 𝑛 , 𝑡: 𝑡𝑖𝑚𝑒(𝑡 = 1,2, … , 𝑇)
The assumptions are as follows:

𝐸 𝑣! 𝑋!" ≠ 0, 𝑉 𝑣! 𝑋!" = 𝜎#$,

𝐸 𝑢!" 𝑋!" = 0, 𝑉 𝑢!" 𝑋!" = 𝜎%$,

𝐸 𝑣!𝑢!" 𝑋!" = 0.
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3.2 Review of Random Effect Model(ランダム効果モデル)

𝑦*+ = 𝛽, + 𝛽(𝑋*+ + 𝑒*+, (1)

𝑒*+ = 𝑣* + 𝑢*+, (2)

𝑖: 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑖 = 1,2, … , 𝑛 , 𝑡: 𝑡𝑖𝑚𝑒(𝑡 = 1,2, … , 𝑇)
The assumptions are as follows:

𝐸 𝑣* 𝑋*+ = 0, 𝑉 𝑣* 𝑋*+ = 𝜎-),

𝐸 𝑢*+ 𝑋*+ = 0, 𝑉 𝑢*+ 𝑋*+ = 𝜎.),

𝐸 𝑣*𝑢*+ 𝑋*+ = 0.
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Apply Hausman’s test

𝐻!: 𝑋#0 𝑎𝑛𝑑 𝑒#0 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

𝐻": 𝑋#0 𝑎𝑛𝑑 𝑒#0 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

Where 𝑒*+ = 𝑣* + 𝑢*+.

• When we accept 𝐻!, we use the random effect model.
• When we reject 𝐻!, we use the fixed effect model.
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Accept or reject the null hypothesis as determined by the p-value

• 𝑃 ≤ 0.1, reject the null hypothesis(𝐻!) at a 10% significance level.

• 𝑃 ≤ 0.05, reject the null hypothesis(𝐻!) at a 5% significance level.

• 𝑃 ≤ 0.01, reject the null hypothesis(𝐻!) at a 1% significance level.
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4.Empirical Example

• We use the following model to analyze what factors determine investment.

𝑖𝑛𝑣BC = 𝜇B + 𝜇D + 𝛽E𝑣𝑎𝑙𝑢𝑒BC + 𝛽F𝑐𝑎𝑝𝑖𝑡𝑎𝑙BC + 𝜀BC

𝑖 = 1,… , 10, 𝑡 = 1,… , 20.
inv: total investment, value: corporate value, capital: fixed asset.
𝜇#: individual effect,  𝜇1: intercept.
note (assumption):
Fixed effect model: 𝐸(𝜇#) ≠ 0,
Random effect model: 𝐸(𝜇#) = 0.
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Estimate Fixed Effect Model with LSDV(“ Within”)
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Estimate Random effect Model with GLS
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Hausman test

• The estimated result of LSDV is “ result2”, and the estimated result of GLS is “ result3”.

• Conclusion:
P=0.3119>0.05, accept 𝐻! at a 5% significance level, we choose a fixed effect model to 
analyze.
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Hausman Test
Import Dataset (Grunfeld)
> install.packages ("plm")
> library(plm) 
> data("Grunfeld",package="plm")
> result2=plm(inv~value+capital,data=Grunfeld,model="within") 
> summary(result2) 
> result3=plm(inv~value+capital,data=Grunfeld,model="random") 
> summary(result3) 
> phtest(result2,result3) 

Reference: http://user.keio.ac.jp/~nagakura/R/R_panel.pdf
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