Kronecker Product — Review:

1. A:nxm, B: T xk

anB apB -+ a,B
anB a»B --- ay,B
A®B=| ) .|, which is a nT X mk matrix.
anlB anZB e ant
2. A:nXn, B:mXxXm
A®B)'=A"® B!, |A® B| = |A|"|B|",
A®B) =A'"®B, tr(A ® B) = tr(A)tr(B).

3. For A, B, C and D such that the products are defined,

(A® B(C®D)=ACQ®BD.
End of Review
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Going back to the previous slide, using the Kronecker product, we obtain the fol-

lowing expression:
(I, ® Dr)y = (I, ® Dr)XB + (I, ® Dr)u,
where (I, ® Dr), y, X, and u are nT X nT, nT X 1, nT X k, and nT X 1, respectively.

Apply OLS to the above regression model.

A

B

(1, ® DIXY (1, ® D)X) (1, ® Dr)XY (1, ® Dr)y

-1
(X’(In ® D'TDT)X) X'(I, ® D.Dy)y

= (X’(In ® DT)X)_IX’(IV, ® Dr)y.

Note that the inverse matrix of D7 is not available, because the rank of Dy is T — 1,
not 7 (full rank).

The rank of a symmetric and idempotent matrix is equal to its trace.
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The fixed effect v; is estimated as:
=y - )_(ilg-
Possibly, we can estimate the following regression:
Vi = Z;a + €,

where it is assumed that the individual-specific effect depends on Z,.

The estimator of o is given by:

G = T k . Z Z@zt Xif3 = 9;)°

i=1 t=1
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[Remark]
More than ten years ago, “fixed” indicates that v; is nonstochastic.

Recently, however, “fixed” does not mean anything.

“fixed” indicates that OLS is applied and that v; may be correlated with Xj,.

Possibly, E(v;|X) = a@;(X), where @;(X) is a function of X;, for i = 1,2,

t=1,2,---,T,and it is normalized to ).’ ; @;(X) = 0.
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3.2.2 Random Effect Model (U OO ODOOONO)

Model:
yit:Xitﬁ+vi+uit’ i:192""’n9 t:192""’T

where i indicates individual and ¢ denotes time.

The assumptions on the error terms v; and u;, are:

E(v;|X) = E(u;|X) = 0 for all i,
V(viX) = o2 for all i, V(uy|X) = o> foralliand t,
Cov(v;,vjlX) =0 fori # j, Cov(uj, ujs|X) =0 fori# jandt # s,

Cov(v;,u;s|X) = 0 foralli, jandt.

Note that X includes X, fori=1,2,---,nandt=1,2,---,T.
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In a matrix form with respecttot =1,2,---, T, we have the following:

)’i:Xiﬁ"‘VilT"‘ui, i:172"”’n7
Vil Xin 2
Yi2 Xin Up
wherey, =| |, X;=| . |andu;=| _ |areT X1, T xkand T X 1, respectively.
yir Xir uir

u; ~ N,c%I;) and v;17 ~ N(0,02) = vilp+u; ~ N©O,o 1715 + o2ly).

Again, in a matrix form with respect to i, we have the following:

y=XB+v+u,
M X, vilr Uy
Y2 X> valr 7]
wherey=| |\ X=|  |v=| . |andu=|  J|arenT X1,nT Xk, nT x1 and
y}’l Xn anT l/tn
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nT x 1, respectively.
The distribution of u + v is given by:

vu ~ N(0,L,® (oolr1y + ooly))
The likelihood function is given by:

-1/2
LB, 02,02 = 0|1, @ (02171 + o)

x exp(~50~ XB) (1L, ® @311 + 21) 0 - X))

Remember that f(x) = (2n)*2Z7!/2 exp(—%(x -z (x - ,u)) when X ~ N(u, X),

where X denotes a k-variate random variable.
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The estimators of 8, o2 and o are given by maximizing the following log-likelihood
function:
nT
2
1 ’ 2 ’ 2 -1
~5 0= XB) (I ® @171y + 0ulr)) (v = XP).

log L(3,02,072) = —

1
log(2m) -  log|L, ® (01717 + )

MLE of 3, denoted by f§, is given by:

B

(X(1® @2 1715 + 210) X)X (L@ (021715 + o21) 'y

= (Z X171, + o-ﬁlT)—lx,.)‘l(Zn: X{(o2 11y + oalr) i),
i=1 i=1

which is equivalent to GLS.

Note that 3 is not operational, because 3 depends on o2 and o2,
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