6 Unit Root (LI [J [ ) and Cointegration (LI [1 [)
6.1 Unit Root (I [ [0 ) Test (Dickey-Fuller (DF) Test)

1. Why is a unit root problem important?

(a) Economic variables increase over time in general.
One of the assumptions of OLS is stationarity on y, and x;.

: e 1 : :
This assumption implies that TX’X converges to a fixed matrix as 7T is

large.

That is, asymptotic normality of OLS estimator does not hold.

(b) In nonstationary time series, the unit root is the most important.

In the case of unit root, OLSE of the first-order autoregressive coefficient

1S consistent.
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OLSE is VT-consistent in the case of stationary AR(1) process, but OLSE

is T-consistent in the case of nonstationay AR(1) process.

(c) A lot of economic variables increase over time.

It is important to check an economic variable is trend stationary (i.e.,
y; = ap + a1t + ) or difference stationary (i.e., y; = by + y,—1 + €).

Consider k-step ahead prediction for both cases.

(Trend Stationarity) Verkle = ao + ai(t + k)

(Difference Stationarity) Verke = bok + y;

2. The Case of |¢;]| < 1:

yl:¢1yt_1+€t, ft"’i.i.d. N(0,0-z), y():()’ l’: 1’...’T
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Then, OLSE of ¢, is:
T
Z Yi—1)t

t

—_

b=

T
Z }’12—1

In the case of |¢| < 1,

Note as follows:

1 T
f Z)’t—lft — E(y-1&) =0.
t=1
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By the central limit theorem,

where
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E(ye) =
1 a )
VM)W—Z%m% zhwﬂ
=1
T T
2 ;yt—lys—lftfs = T— ny 16 —ff 2¥(0).
Therefore,
e 1 1 <
= Vi-16 — N, 1),
o2y (0)/T aEVwD>v7;;

which is rewritten as:

1 T
7 2 Ve — NO.oEyO).
t=1
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T
1
Using T Z y2, — E(7”)) = ¥(0), we have the following asymptotic distri-
=1
bution:

Yi-1€

T
Z 0'2
VT~ 1) = ; —>N(, f):N(o,1—¢f).

ﬁ\

2
_¢2'

. In the case of ¢; = 1, as expected, we have:

Note that y(0) =

VT($ - 1) — 0.

That is, ¢; has the distribution which converges in probability to ¢; = 1 (i.e.,

degenerated distribution).
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Is this true?
4. O The Case of ¢; = 1: = Random Walk Process
Vi = yi-1 + & with yg = 0 is written as:
VW=t € 1+t 2+ -0 + €.

Therefore, we can obtain:

y; ~ N(0, 021).

The variance of y, depends on time r. = y, is nonstationary.

2 Vi-1€
-
Yic1

5. Remember that gAbl =¢ +

(a) First, consider the numerator )y, ;€.

2 _ 2 2 2
We have y; = (y-1 + €)" =y, +2y,_16 + €.
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Therefore, we obtain:

1
V1€ = E(Yzz - y12—1 - Ezz)'

Taking into account y, = 0, we have:

1 < 1 yv V' 11
_ _ T _ — 2
o2 Zy"lf"z(geﬁ) 2agTZef'

=1

From y, ~ N(0, %), we obtain the following result:

2
T )~ .
(GE\/T) x (1)
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Moreover, the second term is derived from:

T

1

T E 6,2 — E(e,z):O'2
=1

Therefore,

T
_2 § V-1 =
E

t=1

T

2 q |
T _ 1 S Vo
( EVT) 20'2T26f 2(/\/ (1)-1).

€ =1

NI*—‘

(b) Next, consider Y, y> |.

S ,T(T - 1)
2
E[Zy) ZE@I )= Za -1=aIT=D,
Thus, we obtain the following result:

T 2

1 o

EE[E yf_l] —> a fixed value, i.e., ==
=1
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Therefore,

T
1
= >y, — adistribution.

t=1
6. Summarizing the results up to now, T(¢, — ¢;), not VT(¢; — ¢,), has limiting

distribution in the case of ¢; = 1.

(A/T) X yi1&
(/T Xy,

7. Basic Concepts of Random Walk Process:

— a distribution.

T(¢ —¢1) =

(a) Model:  y, =y, +¢€, vo =0, &~ N(,1).
Then,

yl:€t+€l—l+ A +El
Therefore,
yl‘ ~ N(O’ t)
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— Nonstationary Process (i.e., variance depends on time t.)

Difference between y and y, (s > 1) is:
Vs — Vi = €+ €_1+ o + Eyn t €41
The distribution of y; — y, is:
Vs =Y ~ N, s —1).

(b) Rewrite as follows:

Vi=Y-1t+t €&
=Y1t+tei s te+ o teny,
where ¢ = e, + ey, + - +eny.

€1 €, ey, are iid with e;, ~ N(0, 1/N).
That is, suppose that there are N subperiods between time ¢ and time 7+ 1.
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The limit when N — oo is a continuous time ([] J [J [J ) process known

as standard Brownian motion or Wiener process.

The value of this process at time r is denoted by W(r) for 0 < r < 1.

Definition:

Standard Brownian motion W(r) denotes a continuous-time variable at

time r and a stochastic function.
W(r) for r € [0, 1] satisfies the following:
i W@0)=0
ii. For any time periods 0 < rj <r, < .- <ry <1, W(rp) — W(r),

W(r;) — W(rp), - -+, W(ry) — W(ri_;) are independently multivariate
normal with W(s) — W(¢) ~ N(O,s — t) for s > t.

iii. W(r) is continuous in r with probability 1.
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An example:
oW(r) ~ N0, ?r),

which denotes the Brownian motion with variance 2.

Another example;

W) ~ rx (1.
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(c) Assume ¢ ~ iid (0,02). Define X(r) for r € [0, 1] as follows:

1

0, 0<r<-—
T

€] 1 2
—, _Sr<_
T T T
Xp()={ate 2.3
T T~ T

e +e+ - t+€r
, r=1
T

Let [Tr] be the largest integer which is less than or equal to 7' X r.

[Tr]
1
X7(r) = = § €, VT X7 (r) — N(O,ra?).
=1

Note that
1% Tr] 1 &
= &= ——— €,
T "TOT [Tr] !

t=1 t=1
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[Tr]

[Tr] 1 2
— — 7, , — N(, ),
T . T ; € 0,02)
[Tr]
VTX(r) = L r] r _, 1

(7] v[T—rZ” 7l

Therefore, we obtain:
VTXr(r) — N(O, ra?).

Moreover, we have the following results:

@ — N9 = W),

NT (Xr(r2) — Xz (r1))

Oe

— W(r) = W(r)) = NQO,r, — ).
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For example, consider:

1 T
Xp(1) == ) &
t=1

Then,
T
VTXr(1) 1 D& — W(l) =N, 1),
O¢ O¢ \/T =1
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(d) Considery, =y, | +¢€, yo =0and & ~ N(0,0?).

X7(r) is defined as follows:

1
0, 0<r<—,
ST
)i’ lSr<%’
T T T
2 3
)2, =<r<—,
Xr(r)=3T T T
yT_l, _ <r<l,
T
}i, r=1
T
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Define S 7(r) as follows:

1

0, OS}’<?,

2

)i’ lSr<z,

T T T

2

)2’ er<3’
Sy(r) = T‘ T T

2

yT_l, <r<l,

T

y—zT r=1

T’ '

1 1
To obtain f Xr(r)dr and f S r(r)dr, we compute a sum of rectangulars
0 0

as follows:

! 2 1 3 2 _ T-1
fXT(r)drfv)i___ +)2___+...+)ﬂ1__
0 T\t 1) T\T T T T
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i, ) yr-1 1
ﬁ+ﬁ+ T2 ﬁzyta
=1
1 o) 2 )
2 1 3 2
fST(r)drN&——— )2___4_ +yT_1
0 T\t 1) " T\T"T T
on oo o1

We have already known that NTXr(r) — o W(@).

Therefore,
! 1
f VIXr(rdr — o f W(r)dr.
0 0

That is,
1 — 1
WZ% - Uef W(r)dr.
=1 0
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From S 7(r) = ( \/TXT(F))Z’
S1() = (NTXr(n) — o2 (W)Y,

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem ([ U O 0 0 0):
if x; — x (convergence in distribution) and g(-) is a continuous function,

then g(xr) — g(x) (convergence in distribution).
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Threfore, we have the follwoing result:

1 1
f S r(r)dr — o? f (W(r))*dr.
0 0

That is,
1 < !
T2 Zytz — of f (W(r))2 dr.
=1 0
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8. Asymptotic Distribution of AR(1) Model:

(@) Ho: yi=yr1+eand Hy @ y; = ¢ryi1 + € for [¢] <1
OLSE of ¢, denoted by ¢, is given by:

g = Tl ey
ZtT:I yt2_1 Zszl ytz_l
Using ¢ = 1 and some formulas shown above, we obtain:
1 2
T(&] _ 1) — T_] ZIT:I Vi-1€ E ((W(l)) - 1)

_ T .2 - 1
T 22t:1y1_1 f (W(r))Z dr
0

Remember that

T
1 v — 5o (W - 1)

t=1
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and ,
1
T2 v — ot f (W(r))* dr,
t=1 0
where (W(1))* = ¥*(1).
We say that ¢, is super-consistent (0 0 O 0 ) or T-consistent.

Remember that when |¢,| < 1 we have \/T(gfﬁl —¢1) — N, 1- ¢%), and

in this case we say that @, is VT-consistent.
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Conventional ¢ test statistic is given by:

where

T T
1 A
S¢ = [SZ/Z yzz—l] and §* = T-1 Z(Yt - ¢IYt—l)2-
t=1
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Next, consider ¢ statistic.

The 1 test statistic, denoted by ¢, is represented as follows:

¢ — 1 :T(¢A51—1)
S¢ TS¢

=

The denominator is:
1 T
TS¢:[S ﬁ;y 1)
1/2 1 -1/2
— (Ui/(vi f (W(r))zdr)) :( f (W(r))zdr) :
0 0

where s> — ¢ is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
s s (war-) Sk
- ‘bls ! 2 / ( f (W(r)> dr)
¢ f (W) dr

> (v -1)

= ) 12"
( f (W(r))? dr)
0

Therefore, the distribution of the ¢ statistic shown above is different from

the ¢ distribution.
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(b) Hy: ys=yia+€and Hy : y, = @y + d1y,-1 + € for |¢¢| < 1

@\ (T Xy YA
(rfn)_(Zyz-l Zy?_l) (Z)’t—lyt)
(0 2
¢ DIR RS I ol 2 Vi-1&
In the true model, ap = 0 and ¢; = 1.
& \ (T Xy 1 Ye
(&1—1)_(2%_1 Zytz_l) (Zy,_le,)
Ox(T)  O(T¥)\™' (0,(T"?)
:(op(rm) op(Tz)) ( 0,(T)

|

(*) For random variable x and constant k, x = O,(k) implies that x/k

converges in distribution.

To change each element of the matrices to O,(1), we use the following
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matrix:
T2 0
()
0 T
Multiplying the above matrix from the left, we obtain the following:
&o T'2q, O0,(T) O,(T**)\"! 0,(T'?)
(o) lran) o o) ™ (om )
¢ -1 T(p1 -1 O,(T*?)  0,(T?) 0,(T)
3/2 -1 1/2
F‘l( O0,(T) O,T ))F‘l) - (OI,(T ))
O(T*?)  0,(T?) 0,(T)

B r-l( T Zy,_l)r_l)‘lr_l( X6 )
YVl XVi Vi€

1 T332y )‘1( T712% ¢ )
T332 Yy T2Yy, T' Yy

268



Each matrix converges in distribution as follows:

( I T Zyt_l) [ : f o ]
T332 %y T2Yy, fW(r)dr O'f (W(r)*dr

Lo WO g
:(0 U)[f W(r)dr f(W(r))zdr](O ‘Te)’
T-12y ¢ CTEW(?) 01 0 w(l)
(Ti?y) N (%Uﬁ (w2 - 1)) s "f){é((W(l”z - 1)).
T4, 10 1 WO 0y)
(T(éﬁl—l))_)[(o Ue)(folwmdr l(W(r))zdr](o f’)]

10 W)
! )[1 2 J
eI\ 3 ((w()*-1)
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Finally, T(¢, — 1) converges to the following distribution:

1 1
E((W(l))z—l)—W(l) fo W(r)dr

1 1 2
f (W(r))zdr—( f W(r)dr)
0 0

T($—-1)—
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The t test statistic is:
_ -1 _T@ -1

()" (=)™

T 2 Vi1 170
el )
DR/ 1

where

T
1 o

) A 2

S =75 21 i — @ — d1y-1)".

The denominator Tzsé converges in distribution as follows:
1

1 0 1 W(r)dr 1 0\\!
(N (R Nl 0
0 o f Wrdr | (WPdr)\0 o
0

= 1 1
f (W) dr - ( f W(r)dr)
0 0
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Thus, the ¢ test statistic converges to the following distribution:

1 1
5((W(l))z—l)—W(l) fo W(r)dr

r—>
1 1 2
( f (W(r))zdr—( f W(r)dr))
0 0

1/2°
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() Hy: yr=ap+yin+eand Hy : y, = ap + Pry,—1 + & for |¢q| < 1

T]/z(d'o _ a’O)) (O) . 1 ?
— N Nos 5

( 32 - 1) 0 @ @
2 3

(abbr.)

(d) Hy: y, = ap+y,-1+ € and
H1 C Y=+ ait + ¢1yt—1 + € for |¢1| <1

(abbr.)
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A

¢1—1

S¢

9. The distributions of the ¢ statistic:

t Distribution

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -249 =206 -1.71 -132 132 171 206 249
50| -240 -2.01 -1.68 -130 1.30 1.68 201 240
100 | =236 -198 -1.66 -1.29 129 1.66 198 236
250 | =234 -197 -1.65 -1.28 128 165 197 234
500 | =233 -196 -1.65 -1.28 128 165 196 233
o | =233 -196 -1.64 -128 128 164 196 233
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@Hy: yi=y1+€
Hl Ve = ¢1yt—1 + ¢ f0r¢1 <lor-1< ¢1

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| =266 -226 -195 -160 092 133 1.70 2.16
50| -2.62 -2.25 -195 -161 091 1.31 1.66  2.08
100 | -2.60 -224 -195 -1.61 090 129 164 2.03
250 | =258 -2.23 -195 -1.62 089 129 163 201
500 | =258 =223 -195 -1.62 089 128 1.62 2.00
o | =258 =223 -195 -1.62 089 128 1.62 2.00
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(b) Hy : yr = yi1 + &
Hi:y =ay+dy. 1 +eford, <lor-1<¢

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| =375 =333 -3.00 -2.63 -037 000 034 0.72
50| -3.58 -3.22 -293 -260 -040 -0.03 0.29 0.66
100 | -3.51 -3.17 -2.89 -2.58 -042 -0.05 026 0.63
250 | -3.46 -3.14 -2.88 -2.57 -042 -0.06 024 0.62
500 | =344 -3.13 -2.87 -2.57 -043 -0.07 024 0.61
o | =343 -3.12 -286 -2.57 -044 -0.07 023 0.60
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DHy: yy=ap+y1+ &
Hy: y,=ay+ ait + p1y,-1 + ¢ for ¢, < 1lor -1 < ¢,

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -438 -395 -3.60 -324 -1.14 -0.80 -0.50 -0.15
50| -4.15 -3.80 -3.50 -3.18 -1.19 -0.87 -0.58 -0.24
100 | -4.04 -3.73 -3.45 -3.15 -1.22 -090 -0.62 -0.28
250 | =399 -3.69 -343 -3.13 -123 -092 -0.64 -0.31
500 | =398 -3.68 -342 -3.13 -124 -093 -0.65 -0.32
o | =396 -3.66 -341 -3.12 -125 -094 -0.66 -0.33

6.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.
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6.2.1 Augmented Dickey-Fuller (ADF) Test
Consider the following AR(p) model:
V=t Pyiot -+ Py + 6, € ~ 11d(0, O'z),

which is rewritten as:

d(L)y, = &.

When the above model has a unit root, we have ¢(1) =0, i.e., ¢ + ¢, +---

The above AR(p) model is written as:
Ve = Y1 + 014yt + B2Ay 0 + - + 40,1 AYi—pr1 + €,

wherep =g +dr+---+d,and 8; = —(djs1 + Pjur + - - + P)).

The null and alternative hypotheses are:
Hy : p =1 (Unit root),

278

+ ¢,



H, : p < 1 (Stationary).

Use the ¢ test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.

Choose p by AIC or SBIC.

Use N(O, 1) totest Hy : 6; = 0 against H, : 6; # 0for j=1,2,---,p—1.
Reference

Kurozumi (2008) “Economic Time Series Analysis and Unit Root Tests: Develop-
ment and Perspective,” Japan Statistical Society, Vol.38, Series J, No.1, pp.39 — 57.

Download the above paper from:

http://ci.nii.ac.jp/vol_issue/nels/AA11989749/1SS0000426576_ja.html
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