5.3 MA Model

MA (Moving Average[] [1 [J [J [ ) Model:

1. MA( ¢)

Vi=&+0ig 1 +tbhe s+ -

which is rewritten as:

ye = 6(L)e,

where

O(L)=1+6,L+6L*+ ---
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+6,L7.



2. Invertibility (D OO 0O 0):

The g solutions of x from 6(x) = 1 + 61x + x* + -+ + 0,21 = 00 q are

outside the unit circle.

— MA(g) model is rewritten as AR( o) model.

Example: MA(1) Model: vy, =¢ + 6,6,
1. Mean of MA(1) Process:
E(y,) = E(¢ + 01€,1) = E(¢;) + 01E(¢,-1) =0
2. Autocovariance Function of MA(1) Process:

Y(0) = EG2) = E(e + 616-1)* = E(€ + 201661 + 6el )

= E(€’) + 26,E(g6-1) + BE(€ ) = (1 + 6D)o?
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y(1) = E0yio1) = B((& + 616-1) (&1 + 616.2)) = 6,07

Y(2) = E(yiyi-2) = E((& + 016-1)(6—2 + 016-3)) =0

3. Autocorrelation Function of MA(1) Process:

0,
(T) _ ’)’(T) _ —1 +9%, forr =1,
YO o, fort=2,3, -
Let x be p(1).
0
— =y, ie., x67 -6+ x=0.
1+6;
6, should be a real number.
1-4x>>0 ie L (1)<l
, .., > <p(l) < X
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4. Invertibility Condition of MA(1) Process:

€& =—0i6_1 +y
= (_91)2€t—2 + ¥+ (=01)yi-1

= (=063 +y, + (=0)yi1 + (=012

= (=00 €5 + yi + (=0)Y-1 + (=00 V2 + -+ +(=0) "y
When (-6;)°¢,.;, — 0, the MA(1) model is written as the AR(co) model, i.e.,

Vo= =00y = (=002 = - = (=0)" Ny = -+ &

That is, |6;| < 1 represents the invertibility condition.
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5. Partial Autocorrelation Function of MA(1) Process:

2
11 =p(1) = # 0
M 1+62
( 1 P(l))(¢2,1)_(¢(1))
p() 1 /\g2n) 92
|1 p<1>| ‘1 p(l)\
_lp) p@)l _lpy 0 | —p( -6
= ¢2’2‘|1 p<1>|“1 P(l)‘_l—p(1)2_1+0%+9‘1‘¢0
p(y 11 lpmy 1
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|

L p(1) p@2)\( 3.
p(l)y 1 P(l)][¢3,2]

p(2) p(l)
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¢(1)
—[¢(2)]
1 /¢33 ¢(3)
L p(l) p(1) L p) p(l)
p(y 1 pQ?2) p(l) 1 0
_1p@2) p) pB3I_T 0 pm) 01 _ pd)y
L pl) p2) 1L pl) 0 1 —2p(1)
p)y 1 pM| |p1) 1  p(1)
p2) p(1) 1 0 o 1
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L p() p2) p3))(Paa ¢(1)
p() 1 p(1) p@2) || paz $(2)

p2) p() 1 p() || a3 $(3)
p3) p2) p(1) 1 J\¢ss P(4)

L p) p2) p() Lp 0 p)
py 1 pM) p@) |p(1) 1 pd) 0O
p2) p) 1 p@3) 0 p1) 1 0
= = TR ] T[T R0
p()y 1 p) p@)| (p) 1 pd) 0
p2) p) 1 pl) 0 p) 1 p)
p3) p2) p1) 1 0 0 o 1

As aresult, ¢y #0forallk=1,2,---
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6. Likelihood Function of MA(1) Process:

The autocovariance functions are: y(0) = (1+6%)02, y(1) = 6,02, and y(1) = 0

fort=2,3,---.

The joint distribution of yy, y,, -« -, yr is:

oLy, yr) = (2711)T/2|V|_]/2 exp (—%Y’V“Y)
where
1+67 6 0 0
g o, 1+6 6,
v=\", v=e| 0 & - 0
1+6: 6
o 0 - 0 6 1+6
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Mean of MA(1) Process:
ye = p+ 0L,

where 8(L) = 1 + 6,L.

Taking the expectation,

E(y) = u+ 0(L)E(€) = p.
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Example: MA(2) Model: y, =¢ + 6,61 + 616
1. Autocovariance Function of MA(2) Process:

(1+6+6)02, fort=0,

(01 + 9192)0%, fort =1,
¥(7) = )

€

0,0 fort =2,

0, otherwise.

2. let —1/B; and —1/B; be two solutions of x from 6(x) = 0.

For invertibility condition, both 8; and 3, should be less than one in absolute

value.

Then, the MA(2) model is represented as:

Vi= &+ 0161 +bhe,
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=(1+6,L+6,LYe

=+ 01 + L)

AR( o) representation of the MA(2) model is given by:

1
T (A +AL( +pL)

_ (ﬁl/(ﬁl —B2) P/ —,32))
"\ 1+BL 1+ 5L !

€
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3. Likelihood Function:

1
cyr) = V|12 —-=y'vly
SOy, yr) (27r)T/2| | exp( )
where
1 +9%+9§ 0, + 6,6, 6, 0
Y1 5
0, + 6,6, 1+91+92 0, + 6,6,
Y2 ) . .
R V:O'6 6, 6, + 6,6, ‘. ‘. 6,
1+9%+9§ 0, + 6,6,
y
! 0 6, 0, + 6,6, 1 +9%+9%
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4. MAQ2) +drift: y,=pu+e¢ + 061+ 66>

Mean:

i =p+0(L)e,
where O(L) = 1 + 6,L + 6,1

Therefore,

E(y) = u+60(L)E(€) = u
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Example: MA(qg) Model: y, =€ +6i6_1 +660+ -+ +0,64
1. Mean of MA(g) Process:

E(yt) = E(Et + 0162‘—1 + 92€t—2 + - + gqét_q) = 0
2. Autocovariance Function of MA(g) Process:

q-T
THO + OOt + -+ + 0,00 = 07 > O, T=1,2,00.q,
Y(@) = i=0

0, T=qg+1,q+2,---

where 6, = 1.
3. MA( g) process is stationary.

4. MA(q) +drift: y, =pu+e+016_1 +brg o+ -+ +0,6,
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Mean:

e =u+ 0L,
where O(L) = 1+ 6L + 6,L> + --- +6,L7.

Therefore, we have:

E(y:) = u+ 0(L)E(€) = p.

223



