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Homework Solutions 
Royou Kiku 

January 24th, 2022 
1. 
(1) 
When 𝐸(𝑋!𝑢) ≠ 0, the OLSE can be written as: 

𝛽* = 𝛽 + (
1
𝑛𝑋′𝑋)

"# 1
𝑛𝑋

!𝑢																													𝛽 + 𝑀$$
"#𝑀$% ≠ 𝛽 

Where： 
1
𝑛𝑋

!𝑋																				𝑀$$ ,				
1
𝑛 𝑋

!𝑢																	𝑀$% ≠ 0 

Which imply that plim𝛽* ≠ 𝛽. In such case OLSE is inconsistent. 
 
(2) 

𝛽* = 𝛽 + (𝑋!𝑋)"#𝑋′𝑢 

√𝑛3𝛽* − 𝛽5 = 6
1
𝑛𝑋′𝑋7

"# 1
√𝑛

𝑋′𝑢 

We assume that 

1
𝑛8𝑥′&𝑥&

'

&(#

=
1
𝑛𝑋

!𝑋																				𝑀$$ 

Applying Central limit Theorem 
1
√𝑛

𝑋!𝑢																												𝑁(0, 𝜎)𝑀$$) 

Therefore: 

√𝑛3𝛽* − 𝛽5 = 6
1
𝑛𝑋′𝑋7

"# 1
√𝑛

𝑋!𝑢																															𝑁(0, 𝜎)𝑀$$
"#) 

 
(3) 
Multiplying 𝑍! on both sides of the regression model 𝑦 = 𝑋𝛽 + 𝑢, we obtain: 

𝑍!𝑦 = 𝑍!𝑋𝛽 + 𝑍′𝑢 

The matrix 𝑍 is not correlated with 𝑢, we can get #
'
𝑍!𝑢																						𝑀*% = 0. 

Then, take plim on both sides. 

𝑝𝑙𝑖𝑚 6
1
𝑛 𝑍

!𝑦7 = 𝑝𝑙𝑖𝑚 6
1
𝑛 𝑍

!𝑋7𝛽 + 𝑝𝑙𝑖𝑚 6
1
𝑛 𝑍′𝑢7 = 𝑝𝑙𝑖𝑚 6

1
𝑛 𝑍′𝑋7𝛽 

𝛽 = B𝑝𝑙𝑖𝑚 6
1
𝑛 𝑍′𝑋7C

"#

𝑝𝑙𝑖𝑚 6
1
𝑛 𝑍′𝑦7 

Therefore, 
𝛽D = (𝑍′𝑋)"#𝑍′𝑦 
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(4) 
𝛽D = (𝑍′𝑋)"#𝑍!𝑦 = (𝑍!𝑋)"#𝑍!(𝑋𝛽 + 𝑢) = 𝛽 + (𝑍!𝑋)"#𝑍′𝑢 

√𝑛3𝛽D − 𝛽5 = 6
1
𝑛 𝑍′𝑋7

"#

6
1
√𝑛

𝑍′𝑢7 

We assume that  

1
𝑛8𝑧′&𝑥&

'

&(#

=
1
𝑛𝑍

!𝑋																	𝑀*$				𝑎𝑛𝑑					
1
𝑛8𝑧′&𝑧&

'

&(#

=	
1
𝑛 𝑍

!𝑍																𝑀** 

Applying the Central limit Theorem 
1
√𝑛

𝑍!𝑢																						𝑁(0, 𝜎)𝑀**) 

Therefore: 

√𝑛3𝛽D − 𝛽5 = 6
1
𝑛 𝑍′𝑋7

"#

6
1
√𝑛

𝑍′𝑢7 																																					𝑁(0, 𝜎)𝑀*$
"#𝑀**𝑀′*$"#) 

 
(5) 

𝐻+: 𝑋	𝑎𝑛𝑑	𝑢	𝑎𝑟𝑒	𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡. 
𝐻#: 𝑋	𝑎𝑛𝑑	𝑢	𝑎𝑟𝑒		𝑛𝑜𝑡	𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡. 

𝛽*  is consistent and efficient under 𝐻+, but is not consistent under 𝐻#.So, under 𝐻+, we choose 𝛽* . 
𝛽D is consistent under 𝐻+ and 𝐻#, but is not efficient under 𝐻+. So, under 𝐻#, we choose 𝛽D. 
2. 
(6) 
For simplicity, we assume that 𝑣& + 𝑢&,~𝑁(0, Ω), 
The likelihood function is 

𝐿(𝛽, 𝜎%), 𝜎-)) = (2𝜋)"
'.
) |Ω|"

#
) × 𝑒𝑥𝑝 W−

1
2 (𝑦 − 𝑋𝛽)′Ω

"#(𝑦 − 𝑋𝛽)X 

The log-likelihood function is 

𝑙𝑜𝑔𝐿(𝛽, 𝜎%), 𝜎-)) =
−𝑛𝑇
2 log(2𝜋) −

1
2 log

|Ω| −
1
2 (𝑦 − 𝑋𝛽)′Ω

"#(𝑦 − 𝑋𝛽) 

The MLE of 𝛽, denoted by 𝛽D, is 
𝛽D = (𝑋′Ω"#𝑋)"#𝑋′Ω"#𝑦 

 
(7) 

We define that 𝑦̂& =
#
.
∑ 𝑦&,.
,(# , 𝑥̅& =

#
.
∑ 𝑥&,.
,(# , 𝑢̂& =

#
.
∑ 𝑢&,.
,(# , 𝑦a&, = 𝑦&, − 𝑦̂& , 𝑥a&, = 𝑥&, −

𝑥̅& , 𝑢a&, = 𝑢&, − 𝑢̂&. 
By (1)-(2), we can get (3). 

𝑦&, = 𝑋&,𝛽 + 𝑣& + 𝑢&,																															(1) 
𝑦̂& = 𝑥̅&𝛽 + 𝑣& + 𝑢̂& 																																				(2) 
𝑦&, − 𝑦̂& = (𝑥&, − 𝑥̅&)𝛽 + 𝑢&, − 𝑢̂& 																 
𝑦a&, = 𝑥a&,𝛽 + 𝑢a&,																																									(3) 

Finally, we get a consistent estimator of 𝛽, denoted by 𝛽* . 

𝛽* = c88𝑥a&,𝑥a′&,

.

,(#

/

&(#

d

"#

88𝑥a&,𝑦a&,

.

,(#

/

&(#
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(8) 
𝐻+: 𝑣& 	𝑖𝑠	𝑢𝑛𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑒𝑑	𝑤𝑖𝑡ℎ	𝑋&, . 
𝐻#:	𝑣& 	𝑖𝑠	𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑒𝑑	𝑤𝑖𝑡ℎ		𝑋&, . 

Under 𝐻+, 𝛽D is consistent and efficient. Thus, we should use 𝛽D. Note that 𝛽* is also consistent 
and not efficient. 
Under 𝐻#, only 𝛽*  is consistent. Thus, we should use 𝛽* . 
3. 
(9) 
We assume that 𝑢~	𝑁(0, 𝜎)𝐼), minimize			(𝑋 − 𝑍Γ)′ (𝑋 − 𝑍Γ), we can get  

Γk = (𝑍′𝑍)"#𝑍′𝑋 
𝑋k = 𝑍(𝑍!𝑍)"#𝑍′𝑋 

Utilizing 𝑋k, we obtain a consistent estimator 𝛽. 

𝛽* = 3𝑋k′𝑋5"#𝑋k′𝑦 = (𝑋′𝑍(𝑍!𝑍)"#𝑍′𝑋)"#𝑋′𝑍(𝑍!𝑍)"#𝑍′𝑦 

 
(10) 

𝛽* = 𝛽 + (𝑋′𝑍(𝑍!𝑍)"#𝑍′𝑋)"#𝑋′𝑍(𝑍!𝑍)"#𝑍′𝑢 
We assume that 

1
𝑛𝑋

!𝑍																𝑀$*							𝑎𝑛𝑑					
1
𝑛 𝑍

!𝑍																	𝑀** 

From the central limit theorem, 
1
√𝑛

𝑍!𝑢																						𝑁(0, 𝜎)𝑀**) 

Therefore: 

√𝑛3𝛽* − 𝛽5 = l6
1
𝑛𝑋′𝑍7 6

1
𝑛 𝑍′𝑍7

"#

6
1
𝑛 𝑍′𝑋7m

"#

× 6
1
𝑛𝑋′𝑍7 6

1
𝑛 𝑍′𝑍7

"#

6
1
√𝑛

𝑍′𝑢7 

                                            𝑁(0, 𝜎)(𝑀$*𝑀**
"#𝑀′$*)"#) 

 
 
 


