9.2

The maximum likelihood estimates are:

Bz _ Z?:I(xi - )i —Yy)

. . 1 v .
Bi=y-B% &= 0i-Bi-Bx)
i=1

Y —x)?2 n 4

The MLE of ¢ is divided by n, not n — 2.

MLE: The Case of Multiple Regression Model I

. Multivariate Normal Distribution: X:nxland X ~ N, X)

The density function of X is:

1
F@) = QoI exp(—2 (- /£ (- ).

2. Regressionmodel: y=XB+u, u~ N(,0c?l,)
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Transformation of Variables from u to y:

ful) = ()" exp(~ ')

200
0
0= 1y = XB) |55
—-n 1 ’
= (210%) " exp(~5 (v = XB)' (v - XB))
= L(6;y, X),
) ou
where 6 = (8, 0°), because of — = 1I,,.
oy’

Therefore, the log-likelihood function is:
. _ n 2 1 ’
log L(8;y, X) = =5 log(2no) = —— (v = XB)' (v = XB),

Note that [E|7'/2 = |o2L,|"'/? = g "/2,
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3. max logL(8;y,X)

0
(FOC) 0log L(9: . X) -0
(SOC) > IO%I‘;{;Ziy’ X) is a negative definite matrix.
We obtain MLE of 8 and o
B-xx Xy, o= O XBO-XB)

n

where &7 is divided by n, not n — k.

4. Fisher’s information matrix is:

0% log L(6;y, X))

16) = ~E( 8006
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9.3

The inverse of the information matrix, 1(6)~!, provides a lower bound of the

variance - covariance matrix for unbiased estimators of 9 .

(O'Z(X'X)_l 0 )

10)" = 20

B B\ (XX 0
For large n, we approximately obtain: ( - ) ~N (( ) , ( 204 ))
O- —

o2 0

MLE: The Case of Multiple Regression Model II

. Regression model: y=XB+u, u~ N(,0%Q)

Transformation of Variables from u to y:

1 _
fulu) = Qro?)y Q12 exp(—rﬂu'Q u)

500 = v = X8)| ‘9;"

0
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= (2no?) |02 exp(—%@ - XByYQ ' (v - XB))
g

= L(6;y, X),

0
where 0 = (8, o), because of a_u, =1,
y

The log-likelihood function is:
n 2 1 1 ry-1
log L(6; y, X) = =5 log(2n0) — - log|Q| = s—(y - XBY Q™ (v - Xp),
2 2 207
where 0 = (8, 0?).

2. max logL(6;y,X)

0
Olog L(6;y,X
(FOCc) 222 RE) a(e » X _ g
0% log L(6;y,X) . ) . .
(SOC) O%&;@,y ) is a negative definite matrix.
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Then, we obtain MLE of 3 and o°:

o O=XPQ'»-XB)
o =

n

B=XxQ'x)y'xQly,

3. Fisher’s information matrix is defined as:

9% log L(6;y, X))

16) = ~E(—— o

The inverse of the information matrix, 1(6)~!, provides a lower bound of the
variance - covariance matrix for unbiased estimators of €, which is given by:

FXQIX)T 0
o
n

107" = (
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94 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AR(p) Model (p O OO0 O DOOO0O0O):

V=11 Vot Gpyip ity

AR(1) Model: ¢=2,3,---,n,
Vi =Gy, u~ N(O,07)
where |¢;| < 1 is assumed for now.

To obtain the joint density function of yy, vz, -+, Vi, fOVns Yu-1, -+, y1) 1s decomposed

as follows:
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f()’n,yn—l,' o ,)’1)
= f(ynb}n—la T ayl)f(yn—byn—Za tr ,)/1)

= fOnlyn-15 s YOS On=1lyn=2, -, YOS On=2> Yu-3 -+, Y1)

= fOulyn-1> s YO L On=tlyn=2, = s YO L On=2s Yn=3> =5 ¥1) =+ fly)fO1)
= fo0 | | f@dyers-.
=2

Note that Bayes theorem is applied and repeated.
That is, P(A N B) = P(A|B)P(B) for two events A and B.

We say that the joint distribution (or the likelihood function) is represented in the

innovation form.
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From y, = ¢y, + u,, we can obtain:

EWdy-1,---.y1) = d1y-1,  and  Vly—1, -+ -, y1) = o’

Therefore, the conditional distribution f(y;[y,_1, -+, y1) is:

1
FOulye—1, -+, 31) = 28 _F(yt - ¢1)’z—1)2)-
o

2n0?
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To obtain the unconditional distribution f(y,), y, is rewritten as follows:

Vi =1yt + Uy

2
= ¢1Yi—2 + U + druy

-1
= ¢71-yt—‘r +u + Gty + -+ ‘lﬁ U741

=u; + dru,q + qﬁut_z +---, when 7 goes to infinity under the condition |¢;| < 1.

156



