The unconditional expectation and variance of y, is:
2
o

1=

Therefore, the unconditional distribution of y, is given by:

E()=0, and V(@) =0>(1+¢]+f+-)

f(yt) = )yt

! exXp (——1 2)
27 /(1 - ¢2) 202/(1 =g )"
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Finally, the joint distribution of yy, y,,- - -, y, is given by:

FOm Yty = fo0 | | f0ilyiers o)
=2

~ 1 B 1 2)
2102/(1 - ¢?) exp( 20101 =)
o1 1 5
X || 5 exp (—27'2()’: = $1yi-1) )
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The log-likelihood function is:
10g L(1, 073 Yy Y157 +5 V1) = —llog(Zﬂvz/(l —¢2))—;y2
s sJns Jn—1» ’ 2 1 20_2/(1_(]5%) 1

n-—1

1 n
2 2
log(2no?) — 757 ;(yz — $1y-1)”
Maximize log L with respect to ¢, and 0.

Maximization Procedure:
e Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the range —1 < ¢; < 1, chang-

ing the value of ¢; by 0.01)
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Another representation of the joint distribution: Mean and variance of y = (y1, y,, - -

Remember that for |7] < 1 we have the following:

2 -1
Vi =@V H U+ Prugy + LU + - P Ui

2
=u + drug + ¢1ut—2 + o

Mean:
E(y;) = E(u; + ruy + fﬁuz—z + )
= E(u) + ¢1E(ur-1) + $1Eu2) + -+
=0
Variance:

V) =V, + iy + ¢l o+ )

= V() + $TV(u) + ¢ V() + -+
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=o' (L+ ] +41+ )

0_2

1— ¢

Covariance:

¥(1) = Cov(yr, yi-r)
= EQie) = B((@yre + 1+ Gry + Gl o + - $7 et )yie)
= ¢E(yr,) + BUyi—o) + $1EW—1Yi-0) + $1BU2yi—e) + -+ ¢ 'E(hy—rr11—)
= $1E(GL,)
= ¢77(0)

Note that E(x,y;) = 0 for t > s, because y, is a linear function of uy, u,_, --- and
E(uu,) = 0 for t > s.

Moreover, note that V(y,) = y(0).
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Thus,

Vi 0
E(y) =E y.2 = (.)
Vn 0
Y1
V() = EGy) = E[ 2 (yl,yz,---,y,a]
Yn
YO (D) 1)
Yy ) e ym=2)
- ¥ 0
: : y(1)
Y1) yn-2) - 1) ¥0)
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= y(0)

¥(0) $1y(0)
¢1y(0) y(0)

¢17(0)

¢ 1y(0) ¢ 2y(0)

|
¢ L ¢
¢ 1
¢111—1 ¢111—2

¢1~'7(0)

p1y(0) - ¢"2y(0)
¥(0) :
#1y(0)
$1y(0)  y(0)
¢!
¢
of
ol 1
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0_2

1-¢3

Thus, the joint distribution of y = (y1, 2, -+, y,) 1S:

1 o
b1 1
¢

ot @

b1

&1

n—1

n—2
g

¢

1
f) = n)™AQ 2 exp(—iy’ﬂ”w,

which is the same as the innovation form.
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

.o 2
Vi = X5+ uy, u, = pu,_1 + €, € ~ 1id N(0, o7).

The joint distribution of u,, u,_y,- - -, u; is:
fu(una Up—1,°", ul;p’ O-g) = fu(ul;p’ O-g) l—[fu(utlut—17 Y ul;pa O-i)
=2
1
= (27r0'g/(1 —pz))_”2 exp (—— )

u2
202/(1 = p?) "

2
202 —

1 n
x(2ro?)" "D exp (—— Z(ut - put_l)z] .
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By transformation of variables from u,, u,_1,-- -, u; t0 y,, Vu_1,- -+, y1, the joint dis-

tribution of y,, y,_1, -,y 1s:

L Qs Yt =+ > V1505 T2, B)

0
= fu(yn - xnﬁ, Yn-1— xn—lﬁ» V1 — xlﬁ?P, Of) au,
y
= Qnol/(1-p*)7? exp(—m(yl - xlﬁ)z)

n

1
><(27ro-§)‘(”_1)/2 exp [—F Z((y: —pyi1) — (X — sz—l)ﬁ)z]
€ =2

|
= 2rod) (1= p*)' 2 exp (—272 1—p2y; — 1 - plefo’)z)

1
><(27T0'§)_("_1)/2 exp [—F Z((Yt =Py — (X — th—l)ﬁ)z]
€ =2

1 1 <
= 2ra?) ™2 (1 - p»)'"Pexp (—27%@1‘ - xi‘ﬁ)z) X exp [_F D01 - x;"/o’)z]

€ =2
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1 zn:(y? -

=1

= 2m) "0 (1 - pH)'* exp [—

2
O

= L(p’ 0'3,,8;}%,)7”—1, tee ,)’1),

where y; and x; are given by:

i 1 —p?y,, fort=1,
Ve =
y

f_pyl—l’ fort:2’39”'9n’

t

{\/1 - p?x;, fort=1,

X, —px,_, fort=2,3,---,n,
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[0 For maximization, the first derivative of L(p, of, B Vns Yn-t1, -+ y1) With respect to

B should be zero.
= (Z xx) (Z x')
— (X*/X ) X*ly*

= This is equivalent to OLS from the regression model: y* = X*8 + € and € ~

N(0,021,), where o = o2 /(1 - p?).
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[0 For maximization, the first derivative of L(p, of, B Vns Yn-t1, -+ y1) With respect to

o2 should be zero.

1 v 1
5'2 - _ Z(y: _ x;kﬁ)Z — _(y* _ X*,B),(y* _ X*ﬁ),
3 h

where .
y>1< 1_/02)’1 XT \ll—ple
. Y3 Y2 — py1 . X5 X2 — PX1
y = = X s X = . = .
Y Yn = PYn-1 X! Xy — PXn_1
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[0 For maximization, the first derivative of L(p, of, B Vns Yn-t1, -+ y1) With respect to

p should be zero.

2
€

max L(p, o

d ,B:y) isequivalent to max L(p, 52, 5; ).
,B,O'e,p P

Note that both 6% and 3 depend only on p.

L(p, %, B;y) is called the concentrated log-likelihood function (00 00 000

0 ), which is a function of p.
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The log-likelihood function is written as:

3 1
log L(p, 2, B; ) = —= log(27) — = log(&2) + 5 log(1 —pA) - g

2 2
1
= —g log(2m) — g - glog(&ﬁ(p)) *+3 log(1 - p%)

For maximization of log L, use Newton-Raphson method, method of scoring or sim-

ple grid search

1 i o
Note that 572 = 62(0) = ~(' = X'B)'(v" = X'B) for B = (X"X)"'X"y".
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Remark: The regression model with AR(1) error is:

V(u) = o2

V= X0 + uy,
1 p P
p 1 p P
pPop 1 p
A

ol L 2

Je

Uy = pu;— + &,

n—1
n—2
P

pn—3

ol
1

& ~ iid N(0, o).

=02Q,

2:

where o

where Cov(u;, u;) = E(uu;) = o'/, i.e., the ith row and jth column of Q is p.
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The regression model with AR(1) error is: y=XB+u, u ~ N, c*Q).
There exists P which satisfies that Q = PP’, because Q is a positive definite matrix.
Multiply P~! on both sides from the left.

Ply=P'Xg+Plu = y* = X*B+u* and u* ~ N(O, o°1,)
= Apply OLS.
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Vi 1 - p?y, Vi
—p I 0 0
| » Y2 = Py v 1
y = = . = 0 - 1 =Py
| : O
Yu Yn = PYn-1 \:
x; V1 —p*x;
x2 Xy — PXq

X =| "= _ =pP'x —  Check P7'QPV =al,,
. : where a is constant.
X Xp — PXpi
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, the re-

gression model is written as follows:
_ . 2 2 _ 2
vi = xiB + u;, u; ~ id N0, o7;), o; = (za).
The joint distribution of u,, u,_y, - - -, u;, denoted by f,(:;-), is given by:

log fu(ttn, ty—1,- -, us; 0'1, , O ) = Zlogfu(u,,(r)
. log(2m) — 1 ZH: log(c?) — 1 an (&)2
2 2 4 2 o
= ——log(27r) - —Zlog(z, ) - —Z( )

By the transformation of variables from u,, u,_1,---,u; t0 y,, V-1, -+, 1, the log-
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likelihood function is:

L(a’ﬁ;yn»yn—b' o ,)’1) = logf;/(yn’yn—b te ',)’1;0’,ﬁ)

= lngu(yn - xnﬁ’yn—l — xn—lﬁa R

= —— 10g(27r) -5 Z log(zia)” - 2 Z (yl % CYUB)

— Maximize the above log-likelihood function with respect to 5 and «.

176



10 Asymptotic Theory

1. Definition: Convergence in Distribution (I [J [J [J)

A series of random variables X, X5, - - -, X,, - - - have distribution functions F,
F,, - - -, respectively.
If

lim F, = F,

P
then we say that a series of random variables X;, X;, --- converges to F in
distribution.

2. Consistency (O 00 [0 ):

(a) Definition: Convergence in Probability ([ [ [ [J)

Let{Z,: n=1,2,---} be a series of random variables.
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