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Theorem . Gamma distribution

f(x) =
xα−1e−x/β

βαΓ(α)
, x > 0

= 0, x ≤ 0

(1)

Lemma . Gamma function

Γ(α) =

∫ ∞
0

xα−1e−xdx

*property: Γ(α+ 1) = αΓ(α)

Theorem . χ2 distribution when β = 2, α = ν/2

f(x) =
x
ν
2−1e−x/2

2ν/2Γ(ν/2)
, x > 0

= 0, x ≤ 0

(2)

Theorem . Moment-generating function of χ2 distribution

Mx(θ) = (1 − 2θ)−ν/2

Proof. The moment-generating function is

Mx(θ) = E[eθx] =
1

2ν/2Γ(ν/2)

∫ ∞
0

x
ν
2−1e−

x(1−2θ)
2 dx ,

let z = x(1−2θ)
2 , then

Mx(θ) =
2ν/2(1 − 2θ)−ν/2

2ν/2Γ(ν/2)

∫ ∞
0

z
ν
2−1e−zdz.

Γ(ν/2) =

∫ ∞
0

z
ν
2−1e−zdz

Mx(θ) = (1 − 2θ)−ν/2

Lemma . Properties of moment
µr = E(Xr)

M
′

x(0) = µ1, M
′′

x (0) = µ2, ...

The mean and variance of x ∼ χ2 are ν and 2ν.
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