810gf()’T,"',)’1) T 1 1 5 1 T )
T i+ OV = ¢1yi-1)’ =0
80'2 2 0-2 20_4/(1 _ ¢%) 1 20_4 ; t 1Vr-1

dlog f(yr,--,y1) &
e -] — 8 +—yf+ —Z(yz $1y-1)yi-1 =

The MLE of ¢, and o satisfies the above two equation.
1 T
7 = T [(1 - ¢Dyi + Z(yz - ¢1yz—1)2)

Zl‘T:Zylyl—l (~ 2 )
= — 4 1 _ _ y |
ZtT=2y;2_1 ¢ Z ”
- Zthz)’z)’z—l
ZtT=2y;2_1

AW

1

when T is large.
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(b) Ordinary Least Squares (OLS) Method

T
S@) =) i =y
t=2

is minimized with respect to ¢.

_ Zthz)’t—IYt _ ZIT:Zyl—lel _ + (1/T) Zthz)’t—lft

3o = VelVr o Zi=aYie1€
g Zthz y¢2_1 g Zthz yt2_1 ” (1/T) Zthz )’,2_1
E(y,-1€) _
— ¢ + EGZ,) ol

OLSE of ¢, is a consistent estimator.
OLSE of ¢, is equal to MLE when T is large.

The following equations are utilized.

E(y.-1&) =0, E(ytz_l) = Var(y,-;) = y(0)
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8. Asymptotic distribution of OLSE ¢;:

VT (¢ — ¢1) — N(O,1—¢?)

Proof:

Vio16,t =1,2,---, T, are distributed with mean zero and variance
1
From the central limit theorem,

(/TS vie1&

— N(0, 1)
o (1= g)/NT
Rewriting,
1 < ot
— ) Y& — NO,—=)
T ; t t 1 _¢%
Next,
1 ZT: 2
= /) Ve E(sz—l) =y(0) = -
T =1 - (ﬁ
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yields:
(/VNT) XL, yim16

VT —¢1) = TS, — N@©O,1-¢7)
9. Some formulas:
(a) Central Limit Theorem
Random variables x;, x;, -+, xy are mutually independently distributed with
mean u and variance 0.
Define x = (1/T) Y._, x,.
Then,
x—E() _ xX—u L NO.1)
W@ /T
(b) Central Limit Theorem II
Random variables x;, x,, - - -, xr are distributed with mean u and variance o2,
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Define x = (1/T) Y-, x,.

Then,
x—EX)

VV(x)

(c) Let x and y be random variables.

— N(,1)

y converges in distribution to a distribution, and x converges in probability to a

fixed value.
Then, xy converges in distribution.

For example, consider:
y — N(u,o?), x — c.

Then, we obtain:

xy — N(c,u,c20'2)
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Mean:

Using the lag operator,
¢(L)y; =p+ €
where ¢(L) = 1 — ¢, L.

Multiply ¢(L)~! on both sides. Then, when |¢;| < 1, we have:

yi=¢L) ' u+ (L) e

Taking the expectation on both sides,

E(y,) = ¢(L)"'u + ¢(L)"'E(€)
M

= 1_1 = —
61 "= 72
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Example: AR(2) Model: Consider y, = ¢1y,-1 + ¢2y,2 + €.

1. The stationarity condition is: two solutions of x from ¢(x) = 1 — ¢;x — ¢,x> = 0 are

outside the unit circle.
2. Rewriting the AR(2) model,
(1—¢1L— L)y, = €.
Let 1/, and 1/a; be the solutions of ¢(x) = 0.
Then, the AR(2) model is written as:

(I —a L)1 —ayL)y; = &,

which is rewritten as:

1
T - L1 -al)

Vi
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_ (01/(0/1 —) —a/(a) —ay) c

1- CZ]L 1- ClzL
3. Mean of AR(2) Model:

When y;, is stationary, i.e., @; and «; are inside the unit circle,
u=E(y) =E@L)e) =0
4. Autocovariance Function of AR(2) Model:

Y(v) = E((y; = ) Yi—r — ) = E(yiyi—-)
= E((‘Pl)’t—l + $ayi2 + 6:)}%—7)

= ¢1E(ytflyt77) + ¢2E()’172)’t71) + E(etytf‘r)

_ oy(t— 1) + dry(t = 2), fort #0,
ory(T = 1)+ poy(t = 2) + 0L, for 7 = 0.
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The initial condition is obtained by solving the following three equations:

¥(0) = 1y(1) + ¢y (2) + 02,
y(1) = ¢17(0) + gry(1),
Y(2) = ¢1y(1) + d2¥(0).

Therefore, the initial conditions are given by:

1 —¢» o’
0) = ,
v &+@LL¢%—%
o o1 1 -¢ o’
1) = 0) = .
v =150 h—mxqua—@v—#

Given y(0) and (1), we obtain y(7) as follows:

v(1) = d1y(t — 1) + poy(t — 2), fortr=2,3,---.
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