8.6 Testing Cointegration
8.6.1 Engle-Granger Test

ye~I(1)
Yy =@ +Yyr +u
e u; ~ I(0) = Cointegration

e u, ~ I(1) = Spurious Regression
Estimate y;, = @ + y'y2, + u, by OLS, and obtain #,.
Estimate I’/\lt = pﬁt—l + (SlAﬁl_] + 52Aﬁl_2 + -+ 61,_1Aﬁl_p+1 + é; by OLS.

ADF Test:
e Hy : p =1 (Sprious Regression)

e H; : p < 1 (Cointegration)
— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Hansen (1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors, (a) Regressors have no drift (b) Some regressors have drift
excluding constant 1% 2.5% 5% 10% 1% 2.5% 5% 10%
1 -396 -3.64 -337 -307 | -396 -3.67 -341 -3.13

2 -431 -4.02 -3.77 -345| -436 -4.07 -3.80 -3.52
3 -4.73 437 -411 -383 | -4.65 -439 -416 -3.84
4 -5.07 -471 -445 -4.16| -5.04 477 -449 -4.20
5 =528 498 -471 -443 | =536 -5.02 -4.74 -4.46

J.D. Hamilton (1994), Time Series Analysis, p.766.

206



8.6.2 Error Correction Representation

VAR(p) model:
Vi=a+ ¢yt doyiat o+ Py p t+ €,
where y;, @ and ¢ indicate g X 1 vectors fort =1,2,---,T, and ¢, is a g X g matrix for s = 1,2,---
Rewrite:
Vi =@+ py 1+ 01Ay 1 + 020y 5+ + +0,m 1Ay pi1 + &,
where

pP=d1+dr+ -+,

Os = —(Pss1 + 052 + -+ p), fors=1,2,---,p—1.
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Again, rewrite:

Ayl =a+ 60yl—l + (S]Ayt_] + 62Ayl_2 + e+ +6p—1Ayl—p+l + €&,

where
So=p—1Iy = —¢(1),

for (L) = I, — ;L — L> —--- = §,LP.
If y, has & cointegrating relations, we have the following error correction representation:
Ay;=a—=BAy,_1 + 61AY 1 + G2Ay 0 + - + 40 1AV pi1 + &,

where A’y,_ is a stationary A X 1 vector (i.e., & I(0) processes), and B and A are g X h matrices.
Note that  ¢(1) = BA” for ¢(L)=1,— 6L —6L* —--+ = 5,L".
Each row of A’ denotes the cointegrating vector, i.e., A’ consists of / cointegrating vectors.
Suppose that € ~ N(0, X). The log-likelihood function is:

log l(a, 61, +,8,-1, BIA)
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T T
= 28000 - 3 log[x|

2
1 &
—5 D Ay =+ BA'y = S1Ay 1 == 0y 1Ay p )T
2 =1
X(Ay; —a+ BA"y, 1 = 61Ay 1 =+ = 8p 1AV pi1)
Given A and &, maximize log [ with respect to a, 61, -+, p_1, B.

Then, given h, how do we estimate A? = Johansen (1988, 1991)
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(*) Canonical Correlatoion (0 00 0 0)

X' =(x1,x, -, xy)and y’ = (y1,¥2, -+, Ym), Where n < m.
u=dax=ayx;+ayx; +---+a,x,,
v=>"y=biy1 +bayr + -+ + byym,

where V(u) = V(v) = 1 and E(x) = E(y) = 0 for simplicity.

Define:
V(x) = Z,, E(xy,) = ny: V(y) = Zyy’ E(yx/) = Zy)c = Z;y

The correlation coefficient between u and v, denoted by p, is:

o= Cov(u,v) 5
WV
where V() = a’Zca = 1 and V(v) = b'X,,b = 1.

Maximize p = a’X,,b subject to a’X,ca = 1 and b'Z),b = 1.

The Lagrangian is:

1 1
L=dZ%,b- E/l(a’Zxxa -1- E,u(b'Zyyb - 1.
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Take a derivative with respect to a and b.

oL oL
=3yb - A8a =0,

Oa ob
Using a’Xy.a = 1 and b'Z,b = 1, we obtain:
A=p=ad%,b.
From the first equation, we obtain:
1
a= Z2;,}zxyb,

which is substituted into the second equation as follows:

%Z;yz;; b —AZyb =0,
ie.,

(S ¥y El Sy = 221,)b = 0,
ie.,

2,05, 20y - 2] = 0.

The solution of A2 is given by the maximum eigen value of = ,
g y g 'yy “xy“=xx

vector.
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Back to the Cointegration:

Estimate the following two regressions:

Ay, = b1o + b11Ay-1 + b12AY2 + -+ D1 p1 AYi—par + ur,

Vo1 = bog + bo 1Ay + Do Ay o + - + by | Ay piy + Uy

Obtain it;, fori =1,2and r = 1,2,---, T, and compute as follow:

From 25215221521‘11212, compute / biggest eigenvalues, denoted by A;, A, - -+, A, and the corresponding eigen

vectors, denoted by @y, &y, - -+, 4y, where A; > A > -+ > Ay,
The estimate of A, 4, is given by A= (ai,az,---,ap).
How do we obtain /?
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8.7 Testing the Number of Cointegrating Vectors

Trace Test (C O OO OO):

Hy: 211 =0

and H;: 4, >0.

8
2ogl ~logly) = =T ) log(1~1) — t(Q).

i=h+1

where 1 , 1 4 1
0= (fo W(r)dW(r)’) (fo W(r)W(r)’dr) (fo W(r)dW(r)') .
Trace Test for # of Cointegrating Relations
# of Random | (a) Regressors have no drift (b) Some regressors have drift
Walks (g — h) 1% 2.5% 5% 10% 1% 2.5% 5% 10%
1 11.576  9.658 8.083 6.691 | 6936 5332 3962 2816
2 21.962 19.611 17.844 15583 | 19.310 17.299 15.197 13.338
3 37.291 34.062 31.256 28.436 | 35397 32313 29.509 26.791
4 55.551 51.801 48.419 45248 | 53.792 50.424 47.181 43.964
5 77911 73.031 69.977 65956 | 76.955 72.140 68.905 65.063

J.D. Hamilton (1994), Time Series Analysis, p.767.
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Largest Eigenvalue Test (U OO0 OO0 0O):

H()Z /lh+l =0 and H,: Ah > 0.

2(logly —logly) = —T log(1 — ;111+1) — maxmum eigen value of Q,

Maximum Eigenvalue Test for # of Cointegrating Relations

# of Random | (a) Regressors have no drift (b) Some regressors have drift
Walks (g — h) 1% 2.5% 5% 10% 1% 2.5% 5% 10%
1 11.576  9.658  8.083  6.691 | 6936 5332 3962 2816
2 18.782 16403 14595 12.783 | 17.936 15.810 14.036 12.099
3 26.154 23.362 21.279 18959 | 25521 23.002 20.778 18.697
4 32.616 29.599 27.341 24917 | 31.943 29335 27.169 24.712
5 38.858 35.700 33.262 30.818 | 38.341 35546 33.178 30.774

J.D. Hamilton (1994), Time Series Analysis, p.768.

214



9 oo

00O 000 O Frequency Domain[]

. oboboooo@oooboooono)ooon

o

F) =@m™ ) y(r)cos(Ar)

T=—00

oo

= 20" ) y(@) exp(—idr)

T=—00

2. 0000000000 exp(if) = cos(d) + i sin(6)
=

cos(0) = %(exp(ie) + exp(—i@)), sin(f) = zl(exp(iQ) - exp(—ie))

i
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ooooo exp(i(é?l + 92)) = exp(if) exp(if>)

—
exp(i(91 + 92)) = cos(B) + 0,) + i sin(@) + 6)
exp(if) ) exp(ify) = (cos(@l) + isin(@l))(cos(ez) + isin(92))
= cos(6)) cos(f) — sin(6y) sin(6) + i(cos(ﬂl) sin(6) + sin(91)cos(92))
0Doog
cos(8) + 62) = cos(6)) cos(6:) — sin(6y) sin(6:)
Sin(6) + 6) = cos(6) sin(6) + sin(@)) cos(62)
afalalsfsls

3.500000000000000 fQ) =) 'o?

4. 0000O00OO0O0O0O0OO0OO0O00OO
7T
y(1) = f J(A) cos(Ar)da
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gooobooobooboobobooboobooboooboooboo

S Xwi<eoD0D0O00

s
Ve = Z WXi—j

j=r

DO x, 00000000000 WWOOODOOooooooo

W) = " wie

=

00000 ydbOOo0oooDOooooooooon
S Q) = WP f(2)
[(WI? 00000 (transfer function) 0 0 0 0O

WP = WOWQ)
= Z wje_mj Z wjew

j=r j=r

W) O w)Oooooooooo
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6. MA(gp)ODOOQOQOoog

yt Et+91€[—1 + -+ ngt—q

={1+6L+ - +6,L¢

= 0(L)e
=0l 000000000000000 f()0O0 00000000000 £W0O0
ooo

1) = 8e”™Hoe™) £.(2)
. . 0'2
= (9(e-“)9(e”)2—;r

- ogooan

7. AR(p)0o0oogdod:
d(Ly: = &

yi=¢L) e
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oLy, =¢0000000000000O0DO0 f(OOyy 00000000000 AO0
goo

[ = Je()

1
Ple” e
1 o?

deNp(eit) 2m

8. ARMA(p,q)00000O0O:
$(L)y: = (L)€
yi = ¢(L) ' 0L)e
#(L)y, =0(L) 00 0000000000000 f(1)O0y» 00000000000 £Q)
ooooo

B Ha(e)
y A= — € A
D= eV

_ Ble™Mb(e™) o
T pleNg(eit) 21
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10 Generalized Method of Moments (GMM, U [ 00 0 [
1)

10.1 Method of Moments (MM, [] [1 1)

—_ 1<
As n — oo, we have the result: X = — Z X; — EX) = .
n
i=1
— Law of Large Number (0 OO0 0O)

X1, X5, - -+, X,, are n realizations of X.

[Review] Chebyshev’s inequality (0 0 00 OO0 D0 0O O) is given by:
2 2
PIX-ul>e<Z or PIX-pl<e=1-2,
€ €

where u = E(X), 0> = V(X) and any € > 0.
Note that P(IX —u| > e)+ P(X —ul <€) =1.

_ _ 2
Replace X, E(X) and V(X) by X, E(X) =y and V(X) = <,
n

Asn — oo,
2

PX-pl<o>1-" — 1.
ne
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Thatis,)_( — pasn — oo,

[End of Review]

X is an approximation of E(X) = u.
—_ 1<
Therefore, X = — Z X; is taken as an estimator of u.
n

i=1

= X is MM estimator of E(X) = u.
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MM is applied to the regression model as follows:
Regression model: y; = x;8 + u;, where x; and u; are assumed to be stochastic.

Familiar Assumption: E(x'u) = 0, called the orthogonality condition (0 00 [0 0 ),

where x is a 1 X k vector and u is a scalar.

We consider that (x, x2, - - -, x,) and (uy, up, - - -, u,) are realizations generated from random variables x and

u, respectively.
From the law of large number, we have the following:

1 < 1 <
= 3 Huy == 3 Xy - xB) — Eu) =0.
ni:lxlu . x;(yi — x;8) (x"u)

i=1

Thus, the MM estimator of 8, denoted by By, satisfies:

l n
- 4 i — Xj =0.
. ;:1 x;(vi — xiBum)
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Therefore, By is given by:
n n

Bum = (% Z xﬁxi)_l(% Z x,fy[) =X'X)"'X'y,

i=1 i=1

which is equivalent to OLS and MLE.

Note that X and y are:
X1 Y1
X2 Y2
X = y=1 .
Xn Yn
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