5 Time Series Analysis (B5Z59347)
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1. Stationarity (E&E %) :

Let y;, y2,- -+, yr be time series data.
(a) Weak Stationarity (537 &%) :
E(yl) = /-13
E(v — )i — ) = y(1), 7=0,1,2,---

The first and second moments do not depend on time.

The second moment depends on time difference, not time itself.
(b) Strong Stationarity GEE F1%) :
Let f(vy, Y1, - -+, ) be the joint distribution of y,,, y,,, - - -, y1,.
JOus Yoo 3 9,) = fOuars Yorrs o+ Vit

All the moments are same for all 7.
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2. Ergodicity (T)Ld— F1%) :
As time difference between two randopm variables is large, the correlation
between the two random variables becomes zero.
Y1,¥2, -, yr 1s said to be ergodic in mean when y converges in probability to

E(y).

3. Auto-covariance Function (B 253 8(BIZ0) : In the case of stationary pro-

cess,
E((y; = )i — 1)) = y(1), 7=0,1,2,---
y() = ¥(-1)

4. Auto-correlation Function (B 2AEBEREE) : In the case of stationary process,

_ B =0 —p) _ v(®

PO = Nartro Va7
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Note that Var(y,) = Var(y,_;) = y(0).

Graph between 7 and p(7) (or p(r)) — Correlogram (AL O 5 L)

. Sample Mean (12419 :
1 T
a== Yt
T2,
. Sample Auto-covariance {Z&H 25780 :

1 T
HOEE=IDICRY S

t=71+1

. Sample Auto-correlation ({Z7~H S +8RIRA%Y) :

A\ Y()
p(r) = 50)
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8. Lag Operator (77 {FEX) :

Ly, =y, T=12,---

9. Likelihood Function (JCERE#{) — Innovation Form :

The joint distribution of yy, y,, - - -, yr is written as:

SOLy2, 5 yr) = fOrlyr-1, - yDfOr-1, -+, 1)
= fOorlyr-t - yOfOr=tlyr=2, -, yD)fOr=2, -+, 1)

= fOrlyr=1, - yO)SfOr=ilyr—2, -+, y1) <=+ fOrly)fO1)
T

= fo0 | [Fobr .
=2
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5.2

Therefore, the log-likelihood function is given by:

T
log f(y1,y2,+++,yr) = log f(y1) + D log fGilyi-1,+++, ).
=2

Under the normality assumption, f(y[y;-1, - -+, y1) is given by the normal distri-
bution with conditional mean E(y,|y,_, - - -, y1) and conditional variance Var(y,|y,_;,
)

Autoregressive Model (HZ2E/EET )L or AR 7 )/L)

. AR(p) Model :

Vi=Q1tPoyiot s+ Py, + &,

which is rewritten as:

L)y, = &,
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where

(L) =1 L—¢L* = - = ¢,L".

. Stationarity (E&E ) :

Suppose that all the p solutions of x from ¢(x) = 0 are real numbers

When the p solutions are greater than one, y, is stationary.

Suppose that the p solutions include imaginary numbers.

When the p solutions are outside unit circle, y, is stationary.

Example: AR(1) Model: y, = ¢y, + ¢

(a) The stationarity condition is: the solution of ¢(x) = 1 — ¢;x = 0, i.e.,

x = 1/¢, is greater than one in absolute value, or equivalently, |¢;| < 1.
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(b) Rewriting the AR(1) model,

Vi=P1yi1 + &
2
= ¢t &+ dr6

3 2
=Pzt €&+ P61+ PlE

-1
= ¢th—x +6+di6+ -+ ¢i €—s5+1-

As s is large, ¢) approaches zero. — Stationarity condition

(c) For stationarity, y, = ¢1y,-1 + € 1s rewritten as:
2
Vi=&+di6 1 +Pie o+ -

MA representation of AR model.

184



(d) (*) MA (Moving Average, #Z&F39) Model: MA(q)
yl‘ = El‘ + 916},1 + 0261‘,2 + ce + qut,q,

which is rewritten as:

yr = 0(L)e,

where

O(L)=1+6,L+6,L*+ - +6,L.
(e) Mean of AR(1) process, u

u=E@y)=E(g+ & + e+ )

=E(e) + ¢1E(e_1) + ¢%E(Ez—2) + .o =0
(f) Variance of AR(1) process, y(0)

¥(0) = V() = V(g + 161 + drea+ )
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= V(&) + V($16-1) + V($ie2) + -

= V(&) + ¢? V(e 1) + ¢} V(ga) + -+

0_2

1-¢?

(g) Autocovariance and autocorrelation functions of the AR(1) process:

= (l+¢i+¢}+ )=

Rewriting the AR(1) process, we have:
Vi=P Vit &t P&+ o+ ¢‘{_1€t—‘r+l-
Therefore, the autocovariance function of AR(1) process is:
¥(1) = B(Or = ) yi—r — ) = EQyi—)
=E((@]yc+ &+ G161 + o + ] b))

= ¢71-E()’t—TYt—T) + E(fz)’z—r) + ¢1E(€t—l)’t—r) + -t ¢71-_1E(€t—7+1yt—‘r)

O
= ¢1¥(0) = 1_({)%-
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The autocorrelation function of AR(1) process is:

Y@
p(r) = 70) = ¢}.

(h) Another Derivation of y(7):

Multiply y,_. on both sides of the AR(1) process and take the expectation:

E(yyi—r) = 1 EQi-1y-2) + E(&yi—1)

d1y(t — 1), fort # 0,
y(1) =
¢ry(t—1)+ 0?2, for t = 0.

Using y(7) = y(-7), y(7) for T = 0 is given by:
7(0) = ¢1y(1) + 07 = ¢1¥(0) + 0
Note that y(1) = ¢,v(0).
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Autocovariance function y(7) is:

YO =¢yT—1) =giy(t=2) = -+ = ¢¥(0).

Therefore, y(0) is given by:

(i) Estimation of AR(1) model:
1. Likelihood function
T
log f(yr, -+ y1) = log f(1) + Y 1og fGilye-1,+++,y1)
1=2
o? 1 5
1-¢2) 202/(1-¢)"

T-1 T-1 IS
5 log2m) - — log(cr%—F;(yt—m_l)Z

1 1
=5 log(2m) — 3 log(
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T T 1 1
= —Elog(Zn) - Elog((f )— Elog(1 — ¢%)

1
202/(1-¢?)

1 T
2 2
i~ ) ;(Yt — $1yi-1)

Note as follows:

1
fon) = exp (——yz)
202 /(1 — ¢%) 202 /(1 - ‘ﬁ) !
1
SOdye-1, - -y1) = €xXp (__2()’1 - ¢1)’z—1)2)
o2 200
dlog for,--,y1) T 1 1 S )
= —-—— - — = O
do? 20 T2y T 20 ;(yf Prye-1)
dlog fOyr,---.31) _ ¢, 1< _
o, = _1 _ (b% + ;)ﬁ + p ;(}G —$1yi-1)y-1 =0
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The MLE of ¢, and o satisfies the above two equation.

1 3 d 8
7 = T [(1 — Dyt + ;@t - ¢1Yt—1)2)

ZT:z)’t)’t—l ~ o ¢1
=S5 t|evi- /Z Vit
thzy,_l

§.1

ii. Ordinary Least Squares (OLS) Method

T
S@) = D 00— dryi)’
t=2

is minimized with respect to ¢;.

& _ Zthz)’t—l)’z = ¢ + Z;T:Zyt—let _ (1/T) Zz 2 Vi-1€
1= 5  ~ht— S =h+t
ISl T2 Vi (1/T) Ziza vy
E(y.-1€)
+
— ¢ EGZ ) = ¢

OLSE of ¢, is a consistent estimator.
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The following equations are utilized.

E(Yt—l €)=0

E(y;.) = Var(y.1) = ¥(0)
(j) Asymptotic distribution of OLSE ¢
VT($1 = ¢1) — NO,1-¢})

Proof:
4
where

y;-1€ is distributed with mean zero and variance oy(0) = I~ ,
- %
o? =V(e).

Note as follows:
EQri€) =0,  Vi1&) = o*y(0)
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& is independent of y,_| = €1 + P62 + PlE3 + -
V&) = E(€y; ) = E(§)EQ; ) = o?¥(0), using Cov(¢7, y7,) =
E(ely; ) — E(€)E(y; ) = 0.

Furthermore, y,_¢; is independent of y,_; €, for ¢ # s.

Cov(y,-1€, ys-1€) = E(&€:y-1y5-1) because of E(y,_1€) = 0.

From y.i = 52, ¢

€EYi-1Ys-1 = &2 ’i_lfr—i)(Zﬁil ¢{_1€s—j) =2 Z;il ¢i1+j_2€t6s6t—i€s—j-

Thus, Cov(y,-1€&, ys-1€6;) = 0 from E(ge€,6_€,-;) = 0 except ¢t = s and

i=jfori,j=1,2,---

From the central limit theorem,
(T T, ym1&

Vo2 y(0)/T
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Rewriting,

T
Z yii& — N(0, oy(0)).

Next,
o2
—Zytl — B0 =20) = - i
yields:
. (/NT) T, yior& o? )
VT (3 - ¢1) = (l/T)Z; > — N(O (O)) N(0,1-¢7)
t=1 y[_l
(k) Some formulas:
1. Central Limit Theorem
Random variables x;, x;, ---, xy are mutually independently dis-

tributed with mean y and variance o™.

Define X = (1/T) Y1, x,.
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il.

ii.

Then,
x-EXx x-upu

\/ﬁ = T — N, 1)
Central Limit Theorem II
Random variables x;, x,, ---, xr are distributed with mean u and
variance 0.
Definex = (1/T) Y., x,.
Then,
x — E(x) L NO.D)

VV(&x)

Let x and y be random variables.
y converges in distribution to a distribution, and x converges in prob-
ability to a fixed value.

Then, xy converges in distribution.

194



For example, consider:
y — Nu,o?), x —

Then, we obtain:

xy — N(cu, 620'2)
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5.3 Unit Root (8{i[4R) Test (Dickey-Fuller (DF) Test)

1. The Case of |¢;]| < 1:

Vi = G1yi-1 t+ &, € ~ 1.i.d. N(O, 0-2)’ yo =0, t=1,---,T
Then, OLSE of ¢, is:
T
Z V-1t
b=
Z y12—1
t=1
We have the following asymptotic distribution:
1 T
_T Z Vi-1€ )
VT($y - ¢y) = —= N[0, ——|=N(0,1-¢?
(61— 1) 0 (0.1-¢%)



0.2
1-¢

. In the case of ¢ = 1, as expected, we have:

Note that y(0) =

VT($ - 1) — 0.

That is, ¢; has the distribution which converges in probability to ¢; = 1 (i.e.,

degenerated distribution).

Is this true?

The Case of ¢, = 1: — Random Walk Process

V; = V-1 + € with yo = 0 is written as:

yt:EI+€[—l+€[—2+ ttt +€].
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Therefore, we can obtain:

Vi
o\t

The variance of y, depends on time t. = y, is nonstationary.

yi ~ N(0,0%0), -

~ N, 1).

Zyt—lft
5
-1

4. Remember that ¢; = ¢; +

(a) First, consider the numerator )y, ;€.
We have y; = (yi—1 + &)* = y7 | + 2y-16 + €.
Therefore, we obtain:

1
Vi-1€ = E(Yzz - ytz—1 - 612)

Taking into account y, = 0, we have:



