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11.1 Introduction

Two Events: A and B

Conditional Probability:

P(A|B) =
P(A ∩ B)

P(B)
=

P(B|A)P(A)
P(B)

Posterior Distribution (事後分布): fθ|y(θ|y):

fθ|y(θ|y) =
fy|θ(y|θ) fθ(θ)

fy(y)
=

fy|θ(y|θ) fθ(θ)∫
fy|θ(y|θ) fθ(θ)dθ

∝ fy|θ(y|θ) fθ(θ),

where fθ(θ) is called the prior distribution (事前分布).

Example 1: Let x be the number of successes in a series of n trials with probability θ of success in each.

That is, x has the binomial probability function, given θ,

fx|θ(x|θ) =
( n

x

)
θx(1 − θ)n−x, x = 0, 1, · · · , n.

θ is assumed to be the beta distribution:

fθ(θ) =
1

B(p, q)
θp−1(1 − θ)q−1,
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for ≤ θ ≤ 1, which corresponds to a prior distribution.

Before applying Bayes’ theorem, fx(x) is given by:

fx(x) =
∫

fx|θ(x|θ) fθ(θ)dθ

=

( n

r

)
1

B(p, q)

∫ 1

0
θp+x−1(1 − θ)q+n−x−1dθ

=

( n

r

)
B(p + x, q + n − x)

B(p, q)
.

The posterior distribution of θ is:

fθ|x(θ|x) =
1

B(p + x, q + n − x)
θp+x−1(1 − θ)q+n−x−1,

which is also a beta distribution with prameters p + x and q + n − x.

The posterior mean and variance are:

E(θ|x) =
p + x

p + q + n
, V(θ|x) =

(p + x)(q + n − x)
(p + q + n)2(p + q + n + 1)

.

Example 2: x|θ ∼ N(θ, v), where v is known.
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θ ∼ N(m,w), where m and w are known. =⇒ prior dist.

Then, the posterior distribution of θ is:

θ|x ∼ N
(wx + vm

w + v
,

vw
w + v

)
.

Example 3: x1, x2, · · ·, xn are mutually independently and identically distributed as N(µ, σ2), where µ

and σ2 are unknown.

fx|θ(x|θ) =
n∏

i=1

(2πσ2)−1/2 exp
(
− 1

2σ2 (xi − µ)2
)

= (2πσ2)−n/2 exp
(
− 1

2σ2

(
s2 + n(x − µ)2

))
,

where x = (1/n)
∑n

i=1 xi and s2 =
∑n

i=1(xi − x)2.

The prior density is:

fθ(θ) = k(a, b,w)σb+3 exp
(
− 1

2σ2

(
a +

(µ − m)2

w

))
,

where k(a, b,w) =
ab/22−(b+1)/2(πw)−1/2

Γ( 1
2 b)

is a constant.
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The posterior density is:

fθ|x(θ|x) = k(a1, b1,w1)σ−(b1+3) exp
(
− 1

2σ2

(
a1 +

(µ − m1)2

w1

))
,

where w1 =
w

1 + nw
, m1 =

m + nwx
1 + nw

, b1 = b + n, a1 = a + s2 +
n(x − m)2

1 + nw
.

Inference on µ: The posterior density of µ is:

f (µ|x) =
∫ ∞

0
f (θ|x)dσ2 = kµ(t1, b1)

(
1 +

(µ − m1)2

b1t1

)−(b1+1)/2

,

where t1 =
w1a1

b1
and kµ(t1, b1) =

1
√

t1k1B( 1
2 ,

1
2 b1)

.

Thus,
µ − m1√

t1
has a t distribution with b1 degrees of freedom.

Inference of σ2: The posterior density of σ2 is:

f (σ2|x) =
∫ ∞

−∞
f (θ|x)dµ = kσ2 (a1, b1)σ−(b1+2) exp

(
− a1

2σ2

)
,

where kσ2 (a1, b1) =
( 1

2 a1)b1/2

Γ( 1
2 b1)

.
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Thus,
a1

σ2 is chi-squared with b1 degrees of freedom.

11.2 Inference

Posterior Distribution (事後分布): fθ|y(θ|y)

11.2.1 Point Estimate

Posterior Mean (事後平均):

θ =

∫ ∞

−∞
θ fθ|y(θ|y)dθ.

Posterior Mode (事後モード):

θ̂ = argmaxθ fθ|x(θ|y).

Posterior Median (事後メディアン):

θ̃ such that
∫ θ̃

−∞
fθ|y(θ|y)dθ = 0.5.
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11.2.2 Interval Estimate ∫
R

fθ|y(θ|y)dθ = 1 − α,

where R is called confidence interval.

Bayesian confidence interval (ベイズ信頼区間) or credible interval (信用区間):

P(θL < θ < θU) = 1 − α.

θL and θU lead to lower and upper bounds.

(θL, θU) is called Bayesian confidence interval or credible interval.

Highest posterior density interval (最高事後密度区間):

fθ|y(θ0|y) ≥ fθ|y(θ1|y), for θ0 ∈ R and θ1 < R.

11.2.3 Marginal Likelihood (周辺尤度)

Marginal Likelihood =⇒ Fitness of the Model:

fy(y) =
∫

fy|θ(y|θ) fθ(θ)dθ,
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which corresponds to the denominator in the posterior distribution.

11.3 Example: Linear Regression

Regression Model:

y = Xβ + u, u ∼ N(0, σ2In),

where y and u are n × 1 vectors, X is an n × k matrix and β is a k × 1 vector.

Likelihood Function: θ = (β, σ2)

fy|θ(y|θ) = (2πσ2)−n/2 exp
(
− 1

2σ2 (y − Xβ)′(y − Xβ)
)

Prior Distributions:

fθ(β, σ2) = fβ|σ2 (β|σ2) fσ2 (σ2),

where

fβ|σ2 (β|σ2) = N(β0, σ
2A−1) = (2πσ2)−k/2|A|1/2 exp

(
− 1

2σ2 (β − β0)′A(β − β0)
)
,

fσ2 (σ2) = IG
(
ν0
2
,
λ0

2

)
=

(λ0/2)ν0/2

Γ(ν0/2)
(σ2)−ν0/2−1 exp

(
− λ0

2σ2

)
.
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β0, A, ν0 and λ0 are called the hyper-parameters.

Note that Y ∼ IG(a, b) for X ∼ G(a, b) and Y =
1
X

.

The posterior distribution of β and σ2 is:

fθ|y(β, σ2|y) ∝ fy|θ(y|β, σ2) fβ|σ2 (β|σ2) fσ2 (σ2)

= (2πσ2)−n/2 exp
(
− 1

2σ2 (y − Xβ)′(y − Xβ)
)

×(2πσ2)−k/2|A|1/2 exp
(
− 1

2σ2 (β − β0)′A(β − β0)
)

× (λ0/2)ν0/2

Γ(ν0/2)
(σ2)−ν0/2−1 exp

(
− λ0

2σ2

)
∝ (σ2)−(n+k+ν0)/2−1 exp

(
− (y − Xβ)′(y − Xβ) + (β − β0)′A(β − β0) + λ0

2σ2

)
∝ |σ2Â|−1/2 exp

(
− (β − β̂)′Â−1(β − β̂)

2σ2

)
× (σ2)−ν̂/2−1 exp

(
− λ̂

2σ2

)
∝ fβ|σ2,y(β|σ2, y) × fσ2 |y(σ2|y) = N(β̂, σ2Â) × IG(

ν̂

2
,
λ̂

2
)

where

β̂ = (X′X + A)−1(X′Xβ̂OLS + Aβ0), β̂OLS = (X′X)−1X′y,
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Â = (X′X + A)−1, ν̂ = ν0 + n,

λ̂ = λ0 + (y − Xβ̂)′(y − Xβ̂) + (β0 − β̂OLS )′((X′X)−1 + A−1)−1(β0 − β̂OLS ).

The marginal posterior distribution of β is:

fβ|y(β|y) =
∫

fθ|y(β, σ2|y)dσ2 =

∫
fβ|σ2,y(β|σ2, y) fσ2 |y(σ2|y)dσ2

∝
(
1 +

1
ν̂

(β − β̂)′
(
λ̂

ν̂
Â
)−1

(β − β̂)
)−(ν̂+k)/2

,

which is a k-dimensional t distribution with parameters β̂,
λ̂

ν̂
Â and ν̂.

Note that the k-dimensional t distribution with parameters µ, Σ and ν is given by:

f (x) =
Γ( ν+k

2 )
Γ( ν2 )(νπ)k/2 |Σ|

−1/2
(
1 +

1
ν

(x − µ)′Σ−1(x − µ)
)−(ν+k)/2

.

The marginal likelihood is:

fy(y) =
fy|θ(y|θ) fθ(θ)

fθ|y(θ|y)
=
|Â|1/2|A|1/2(λ0/2)ν0/2Γ(ν̂/2)
πn/2Γ(ν0/2)(λ̂/2)ν̂/2

,

which is utilized for model selection.
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In general, how do we evaluate fθ|y(θ|y), E(θ|y), fy(y) and so on?

11.4 On Prior Distribution
11.4.1 Non-informative Prior

fθ(θ) = const.

In this case, the posterior distribution is:

fθ|y(θ|y) ∝ fy|θ(y|θ),

which is proportional to the likelihood function.

However, we have the case where the integration of prior diverges, i.e.,∫
fθ(θ)dθ = ∞.

In this case, fθ(θ) is called an improper prior.
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11.4.2 Jeffreys’ Prior

fθ(θ) ∝ |J(θ)|1/2,

where

J(θ) = −
∫
∂2 log fy|θ(y|θ)
∂θ∂θ′

fy|θ(y|θ)dy = −E
(∂2 log fy|θ(y|θ)

∂θ∂θ′

)
,

which is Fisher’s information matrix.
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11.5 Evaluation of Expectation

Posterior distribution fθ|y(θ|y)

E(θ|y) =
∫
θ fθ|y(θ|y)dθ =

∫
θ fy|θ(y|θ) fθ(θ)dθ∫
fy|θ(y|θ) fθ(θ)dθ

.

In the case where it is not easy to evaluate E(θ|y), how do we do?

Bayesian Method = Evaluation of Integration (Too much to say?)

• Numerical Integration

• Monte Carlo Integration

• Random Number Generation from fθ|y(θ|y)
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11.5.1 Evaluation of Expectation: Numerical Integration

Univariate Case: Consider integration of a function f (x).

Suppose that x is a scalar.

Let x0, x1, x2, · · ·, xn be n nodes, which are sorted by order of size but not necessarily equal intervals between

xi−1 and xi for i = 1, 2, · · · , n.

Rectangular Approximation:∫
f (x)dx ≈

n∑
i=1

f (xi)(xi − xi−1) or
n∑

i=1

f (xi−1)(xi − xi−1).

Trapezoid Approximation: ∫
f (x)dx ≈

n∑
i=1

1
2

( f (xi) + f (xi−1))(xi − xi−1).
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Bivariate Case: Consider integration of a function f (x, y).

Suppose that both x and y are scalars.

Let x0, x1, x2, · · ·, xn be n nodes, which are sorted by order of size not necessarily equal intervals between

xi−1 and xi for i = 1, 2, · · · , n.

Let y0, y1, y2, · · ·, ym be m nodes.

Rectangular Approximation:∫ ∫
f (x, y)dxdy ≈

n∑
i=1

m∑
j=1

f (xi, y j)(xi − xi−1)(y j − y j−1).

Trapezoid Approximation:∫ ∫
f (x.y)dxdy

≈
n∑

i=1

m∑
j=1

1
4

( f (xi, y j) + f (xi, y j−1) + f (xi−1, y j) + f (xi−1, y j−1))(xi − xi−1)(y j − y j−1).
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Applying to Bayes Method (Rectangular Approximation):

E(θ|y) =

∫
θ fy|θ(y|θ) fθ(θ)dθ∫
fy|θ(y|θ) fθ(θ)dθ

=

∑n
i=1 θi fy|θ(y|θi) fθ(θi)(θi − θi−1)∑n
i=1 fy|θ(y|θi) fθ(θi)(θi − θi−1)

=

∑n
i=1 θi fy|θ(y|θi) fθ(θi)∑n
i=1 fy|θ(y|θi) fθ(θi)

=

n∑
i=1

θiωi, for constant θi − θi−1,

where

ωi =
fy|θ(y|θi) fθ(θi)∑n

i=1 fy|θ(y|θi) fθ(θi)
.
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Problem of Numerical Integration:

1. Choice of initial and terminal values =⇒ Truncation errors

2. Accumulation of computational errors by computer

3. Increase of computational burden for large dimension.

=⇒ k dimension, and n nodes for each dimension =⇒ nk
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11.5.2 Evaluation of Expectation: Monte Carlo Integration

Univariate Case: Consider integration of a function f (x).

Suppose that x is a scalar.

Let x1, x2, · · ·, xn be n random draws generated from g(x).

∫
f (x)dx =

∫
f (x)
g(x)

g(x)dx = E
( f (x)

g(x)

)
≈ 1

n

n∑
i=1

f (xi)
g(xi)

.

=⇒ Importance Sampling (重点的サンプリング)
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Multivariate Case: Consider integration of a function f (x).

Suppose that x is a vector.

Let x1, x2, · · ·, xn be n random draws generated from g(x).

∫
f (x)dx =

∫
f (x)
g(x)

g(x)dx = E
( f (x)

g(x)

)
≈ 1

n

n∑
i=1

f (xi)
g(xi)

,

which is exacly the same as the univariate case.

Computational burden: =⇒ Univariate case: n, Multivariate case: n

Precision of integration ???

Especially, when g(x) is not close to f (x), approximation is prror.

Applying to Bayes Method:

E(θ|y) =

∫
θ fy|θ(y|θ) fθ(θ)dθ∫
fy|θ(y|θ) fθ(θ)dθ

=

∫
θ

fy|θ(y|θ) fθ(θ)
g(θ)

g(θ)dθ∫
fy|θ(y|θ) fθ(θ)

g(θ)
g(θ)dθ

=
(1/n)

∑n
i=1 θiω(θi)

(1/n)
∑n

i=1 ω(θi)
,
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where

ω(θi) =
fy|θ(y|θi) fθ(θi)

g(θi)
.

Choice of g(θ) — One Solution: Define l(θ) ≡ fy|θ(y|θ) fθ(θ).

log l(θ) ≈ log l(θ̃) +
1

l(θ̃)
∂l(θ̃)
∂θ

(θ − θ̃)

+
1
2

(θ − θ̃)′
(
− 1

l(θ̃)2

∂l(θ̃)
∂θ

∂l(θ̃)
∂θ′
+

1
l(θ̃)
∂2l(θ̃)
∂θ∂θ′

)
(θ − θ̃)

= −1
2

(θ − θ̃)′
(
− 1

l(θ̃)
∂2l(θ̃)
∂θ∂θ′

)
(θ − θ̃), when θ̃ is a mode of l(θ).

Thus, N
(
θ̃,

(
− 1

l(θ̃)
∂2l(θ̃)
∂θ∂θ′

)−1)
might be taken as the importance density g(θ).
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11.5.3 Evaluation of Expectation: Random Number Generation

Generate random draws of θ from the posterior distribution fθ|y(θ|y).

Then, (1/n)
∑n

i=1 θi is taken as a consistent estimator of E(θ|y), where θi indicates the ith random draw gener-

ated from fθ|y(θ|y).

Note that (1/n)
∑n

i=1 θi −→ E(θ|y) under the condition (1/n)
∑n

i=1 θi < ∞.

Bayesian confidence interval, median, quntiles and so on are obtained by sorting θ1, θ2, · · ·, θn in order of

size.

=⇒ Sampling methods
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