Example 3: x|, x;, ---, x, are mutually independently and identically distributed as

N(u, o), where  and 0% are unknown.
Z 1
_ 2n-1/2 3 Y
Fuo(x16) = LJ r0?) ™12 exp(~5—(xi — )
= Oy 1, - 2
= 210%) " exp(—5 (5" + n(@ - 1)),

where X = (1/n) Y1, x; and s* = Y1, (x; — X)°.

The prior density is:

1 2
Jo(0) = k(a, b, W)0'b+3 exp|— (a + (u —m) ) ’
20'2 w
b/2—(b+1)/2 -1/2
where k(a,b,w) = = I lb()nw) is a constant.
The posterior density is: 2
1 _ 2
faO1x) = k(ay, by w)o " exp|-—(a; + = my) )
20'2 wq
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= — 2
w m+ nwx n(x —m)
=— bi=b+n, a=a+s+—--—

where w; =

s mp; = .
1+ nw 1 +nw 1 +nw

Inference on y:  The posterior density of u is:

b

« 2\ (i+D)2
flulx) = f f(Olx)do? = kﬂ(;l,bl)(l + M)
0

bty
wia 1
where t = and k,(t;,b)) =
by . VtikiB(3, 1b1)
Thus, K ! has a ¢ distribution with b | degrees of freedom.

151

Inference of 0?:  The posterior density of o is:

f(O'zlx) = foo f(@lx)dﬂ = kg—Z(al,b])O'_(b1+2) eXp(— aj )’

202
Lo oi/2
where  k,2(a;, b)) = G :) .
I'(3b1)
Thus 5 is chi-squared with b, degrees of freedom.
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2.2 Inference

Posterior Distribution (F27010):  fy,(0ly)

2.2.1 Point Estimate

Posterior Mean (F&J19):
0= f 6 fa,(6ly)dé.
Posterior Mode (B2 E— F):

N

6 = argmax, fy.(6]y).

Posterior Median (BFEX T 1 7 V):

Z)
6 such that f far(Bly)dd = 0.5.
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2.2.2 Interval Estimate

j; Jop(Bly)do =1 - a,

where R is called confidence interval.

Bayesian confidence interval (/-1 X{E#8[X &) or credible interval ({SFXH):
PO, <0<6y) =1-a.

0, and 6y lead to lower and upper bounds.

(6., 0y) is called Bayesian confidence interval or credible interval.
Highest posterior density interval (RaEEEEXME):
Joy(6oly) = fo,(61]y),  for 6y € R and 0, ¢ R.
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2.2.3 Marginal Likelihood (EiZE)

Marginal Likelihood = Fitness of the Model:

HO) = f Fye(16) fo(6)d6,

which corresponds to the denominator in the posterior distribution.

2.3 Example: Linear Regression

Regression Model:

y=XB+u, u ~ N, oI,

where y and u are n X 1 vectors, X is an n X k matrix and S is a k X 1 vector.
Likelihood Function: 6 = (8, 0?)
1 ,
Fio010) = o) exp(~5—5 v = XBY (v - XB)
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Prior Distributions:
fo(B, ) = fyo2(Blo?) fir(0),
where
_ _ 1 ,
Joo(Blo) = N(Bo. ?A™") = 210y MPIAI"2 exp(~5— (B = BoY AB = o)

2 _ (Yo Aoy - o/ o _ Ao
fa(0?) = IG(2, > ) = Tou) (02) exp( 2(72).

Bo, A, vo and A, are called the hyper-parameters.

1
Note that Y ~ IG(a, b) for X ~ G(a,b) and Y = X
The posterior distribution of 8 and ¢ is:

JonB. 1Y) < fuoO1B, o) [ (Bl fir2(07)

-n 1 ’
= 210?) " exp(~5 (v = XB)' (v - XB))
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X(20) 1A exp(~ 55 (8 — B AGB — o)
20
(Ag/2)""2

2N—vg/2-1 _ﬂ
oy @ ep(o553)
« (0_2)—(n+k+y0)/2—1 exp(— (y - X,B) (y - X,B) +2(,f-2_ ,30) A(ﬂ _:80) + /10)
- B-BYA(B-p) o pl
o |0 A|7? exp(— 7572 ) X ()77l exp(—r‘_z)

A il
< fa2 s (Bl 3) X fy(@ly) = NB,0?A) x 1G(3, 5)

where

B=XX+A) (X XBors + ABo),

Bows = (X'X)' X'y,
A=X'X+A)",
A=

V=vy+n,

Qo+ (= XB) (v = XB) + Bo — Bows) (X' X)™ + A7) (Bo - Bors)-
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The marginal posterior distribution of g is:

fﬁly(ﬁb’) = fﬁ"ily(ﬁ’ 0'2|)’)d0'2 = fﬁ%la’z,y(ﬁw-z’ )’)f02|y(0'2|}’)d0'2

A 6-p

;l -(+k)/2
);) b

m@+iw—@(
4

. . . . . . . . ~ /l ~ A
which is a k-dimensional ¢ distribution with parameters 8, -A and V.
4

Note that the k-dimensional ¢ distribution with parameters u, X and v is given by:

[(*5) 1
= foomEE 1+ e -

)—(V+k)/2
F3)0m |

J)

The marginal likelihood is:
F(10)fo0) _ 1AI"2IAI2(20/2) T (9/2)
Ja(61y) 2T (vo/2)(2/2)?

which is utilized for model selection.

£O) =

In general, how do we evaluate fy,(6]y), E(fly), f,(y) and so on?
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2.4 On Prior Distribution

2.4.1 Non-informative Prior

f9(8) = const.

In this case, the posterior distribution is:

Ja(Oly) o< f16(10),

which is proportional to the likelihood function.

However, we have the case where the integration of prior diverges, i.e.,

f £,(6)d6 = c.

In this case, fy(0) is called an improper prior.
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2.4.2 Jeffreys’ Prior

fo(0) < IO,

where

_ 8 log f,6(y10) _ 8 log f6(¥10)
J(O) = —fwfyw(ﬂ@)dy = _E(W)’

which is Fisher’s information matrix.
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2.5 Evaluation of Expectation

Posterior distribution fg,(6]y)

_ J0hu01)fu(6)de
[ FieG10) fa@)de

In the case where it is not easy to evaluate E(6|y), how do we do?

E(ly) = f 0y (01)d0

Bayesian Method = Evaluation of Integration  (Too much to say?)
e Numerical Integration
e Monte Carlo Integration

e Random Number Generation from fy,(6]y)
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