The elements of u* are correlated with each other, beacuse each element of u* is a
function of u;, uy, - - -, u,.
The variance of u* is:

V") = V(Z'u) = c?Z' QZ.

Go back to GMM:

(- XBYZ(Z'QZ)"'Z' (y - XB)
=y Z(Z'QZ)'Zy - BX Z(ZQZ) ' Z'y -y Z(Z'QZ) ' Z’XB + B X' Z(Z'QZ)' 7' XB

=y ZIWZ'y -2y Z(Z'QZ)'Z'XB + B X' Z(Z'QZ)"' 7' XB.

Note that 8'X’'Z(Z'QZ)"'Z'y = v Z(Z'QZ)~' Z' X8 because both sides are scalars.

0A ox'A
Remember that oax _ A’ and Ax
X

= (A + A)x.
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Then, we obtain the following derivation:

Ay = XBYZ(Z'QZ)'Z'(y - XP)

p
= 2 Z(Z'QZ)'ZXY + (X' Z(Z'QZ2)'Z'X + (X' Z(Z'Q2)"' 7' X))

= 2X'Z(Z'QZ) ' Z'y + 2X'Z(Z'QZ) ' Z'XB = 0
The solution of § is denoted by B, Which is:
Boum = X'Z(Z'Q2)' 7’ X)' X' 2(2' Q7)) Z'y.
The mean of By, is asymptotically obtained.

Boum = X' Z(Z'QZ2) ' 2’ X) ' X' 2(Z'QZ)" 7/ (XB + u)
=B+ (X'Z2(ZQ2)'2X)' X' 2(ZQZ2)"' Z'u

=p+ ((lX’Z)(lZ’QZ)‘l(lZ’X))_l(lX’Z)(lZ’QZ)‘l(lZ’u)
n n n n n n
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We assume that

1. 1,

—X7Z — M,, and -Z'QQZ — My,

n n
which are k X r and r X r matrices.

: l_, .
From the assumption of —Z'u — 0, we have the following result:
n
ﬁGMM B— ﬁ + (szMz_g;ZM

’
pod

) M M, X0 =p.

Thus, Beu 18 a consistent estimator of 3 (i.e., asymptotically unbiased estimator).
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The variance of B¢ 1s asymptotically obtained as follows:

V(Bamm) = B((Basm — EBorn) Borm — EBaym)) ) ~ B((Bosm — B)Barm — BY)
= B((X'Z(Z'Qz)"' 2 X)"' X' 2(Z' QZ) 2 u(X' Z(Z'QZ) "' 2 X)" X' 2(Z'QZ) " Z'u)')
= E((X’Z(Z’QZ)“Z’X)“X’Z(Z’QZ)“Z’uu’Z(Z’QZ)“Z’X(X’Z(Z’QZ)“Z’X)“)
~ (X'Z(ZQ2)'Z’X)' X' Z2(Z’QZ) ' ZEuw)Z(Z'QZ2)' 7’ X(X' Z(Z'QZ) ' 7' X) !
= (X' Z2(Z'Q2)' 7’ X)".

Note that Bgyyy — B implies E(Bgyy) — P in the 1st line.

~ in the 4th line indicates that Z and X are treated as exogenous variables although

they are stochastic.

We assume that E(uu’) = 0>Q from the 4th line to the 5th line.
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e We derive the asymptotic distribution of Bgau.

From the central limit theorem,

1
%Z’u — N, 0" M.q.).

Accordingly, Beuum 1s asymptotically distributed as:
1 ’ 1 ’ -1 1 ’ -1 1 ’ 1 ’ -1 1 ’
ViBowm —B) = (X' 2)(-2'Q2) 7 (~Z'X)) (=X'Z)(~Z'0Z)" (—Z'u)
n n n n n \Vn
— N, o*(M M M,)™.
Practically, we use: Bouw ~ N(B. SXX'Z(Z'QZ)"'Z'X)™),

1 )
where s* = n—_k(y — XBoum) Q' (v — XBoum)-

We may use n instead of n — k.
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Identically and Independently Distributed Errors:
o If uy, up, - - -, u, are mutually independent and u; is distributed with mean zero and

variance 0%, the mean and variance of u* are given by:
Ew)=0 and V@')=EWwu")=0ZZ
Using GLS, GMM is obtained as:
Beum = X7 (Z'2)7' X' X7 (Z2'Z) "y = (X’Z(Z’Z)‘IZ’X)_lX’Z(Z’Z)‘IZ’y.
e We derive the asymptotic distribution of Bgap.
From the central limit theorem,

1
%Z'u —s N(0,0*M.,).
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Accordingly, Beuu is distributed as:

1 1 1 -1 1 1 1
NiBow —B) = (X222 (-2X))  (-X'2)(-2'Z) (—=Z'u)
n n n n n \Vn

— N(0, (M M'M)™).
Practically, for large n we use the following distribution:
Boww ~ N(B. S(X'Z(Z'2)"' 2’ X)),

1 p
where s> = n——k(y — XBomm)' (v — XBomm)-
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e The above GMM is equivalent to 2SLS.

X:nXk, Z:nxr, r>k.

Assume:

1 1 <
-X'u=- Z xu; — E(x'u)#0,
n n i=1

1 1
~-Z'u=- Z zu; — E(Z'u) = 0.
n n &

Regress X on Z, i.e., X = ZI' + V by OLS, where I' is a r X k unknown parameter

matrix and V is an error term,

Denote the predicted value of X by X = Z[" = Z(Z’2)"' 2’ X, where I = (2Z2)"'Z'X.
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Review — IV estimator: Consider the regression model is:
y=XB+u,

Assumption: E(X'u) # 0 and E(Z'u) = 0.
The n X k matrix Z is called the instrumental variable (IV).

The IV estimator is given by:

B =(Z'X)"'Zy,
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e Note that 2SLS is equivalent to IV in the case of Z = X, where this Z is different
from the previous Z.

This Z is a n X k matrix, while the previous Z is a n X r matrix.

Z in the IV estimator is replaced by X.

Then,

A A -1
Pasis = XXXy = (XZZ'2)7'Z'X) X'ZUZ'Z)'Z'y = Bomw.

GMM is interpreted as the GLS applied to MM.
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