7 Unit Root (Again)

Consider estimating the AR(1) model:

Vi =11 + €, € ~ii.d. N(0,c?), yo =0, t=1,---

Y, 108 rewritten as:

Vi= 1y + &

=112+ € 1)+ 6= Vio+ &+ diE

2 -1
=iyt e+ +dient - +P €
Yo — Oasn— oo,

2
Vi = &+ 161 +¢]€t—2 + -
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E(y,) =E(& + ¢16 + o6 r+ =) =0

V() = V(& + 161 + Pl o+ )
= V() + ¢%V(E,_1) + ¢‘1‘V(€l—2) + -

=021+ @ +gt+ )= 1_E¢2 = 7(0)

where y(1) = Cov(y;, y.—r) = E(y;y.~:) — Autocovariance function
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@ The Case of |¢y] < 1:
Then, OLSE of ¢, is:

A Zthlyt—lyt
= Zlez .
=111
In the case of |¢| < 1,
A %Zthlyt—let E(y,-16)
¢1—¢1+12T—2 — f1 + EG2 )
T 2at=1Yi_1 -1

Note as follows:

1 T
T ZYt—lft — E(y-16) = 0.
t=1

By the central limit theorem,

where

1.



E(ye) =

T 1 T
V(ye) = Z _16) = Z)’t—lft)z)

T
=1

’*] |

M'\]

V1Y 166€) = T— ny €)= —G *¥(0).

1l
—_

l s

Therefore,

— 1 1 T
= - > & — NO,D),

VoY O)T  aey0) VT 5

which is rewritten as:

T
TZ 16 — NO,02y(0)).
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1 T
Using T Z y2, — E(O7)) = ¥(0), we have the following asymptotic distribution:
t=1

VT($ - ¢1) =

2

o
Note that y(0) = ——.
1 -¢7

In the case of ¢; = 1, as expected, we have:

VT($, - 1) — 0.

That is, ¢, has the distribution which converges in probability to ¢, = 1 (i.e., degen-
erated distribution).

Is this true?
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@ The Case of ¢; = 1: = Random Walk Process

V: = yi-1 + € with yo = 0 is written as:
Vi=€+€1+60+ 0 €.
Therefore, we can obtain:
e~ N, 070).
The variance of y, depends on time r. = 'y, is nonstationary.

ZYt—lft
-
yz—l

Remember that ¢; = ¢, +
1. First, consider the numerator )’ y,_i€,.
We have y; = (-1 + &)* = y7 | +2y16 + €.
Therefore, we obtain:

1
V1€ = 5()’:2 - yz2—1 - 61,‘2)'
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Taking into account y, = 0, we have:

1 « 1 yr V' 11«
— _ T _ _ 2
o?T Zyt_let_ 2(0-E \/T) ZO'ETZE"
From y, ~ N(0O, oft), we obtain the following result:

2
yr 2
) -~ .
(O’EVT) X

Moreover, the second term is derived from:
T
1 2 2
7 Z € — O P
=1
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Therefore,

E

. L[ yr g
T:1 ’“:5(0\/7)‘272?2 — (x(l)—l).

Next, consider ) y? ,.

(ny 1J_ZE()’z 1)—20‘0 #

Thus, we obtain the following result:

1 T
ﬁE (Z ytz_l] — a fixed value.
t=1

Therefore,

Zy, , — adistribution.

t=1
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Summarizing the results up to now, 7(¢; — ¢1), not VT(¢; — ¢1), has limiting distri-

bution in the case of ¢, = 1.

A/T) X yi1&
(1/TH X7,

— a distribution.

T(¢) —¢1) =

Vi = 1y + €.
Test Hy : ¢ = 1 against H, : ¢, < 1.

Equivalently,

Ay, = py,-1 + €.

Test Hy: p=0against H; : p <O.
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t Distribution

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -249 =206 -1.71 -132 132 171 2.06 249
50| -240 -2.01 -1.68 -130 130 1.68 201 240
100 | =236 -198 -1.66 -1.29 129 1.66 198 236
250 | =234 -197 -1.65 -1.28 128 165 197 234
500 | =233 -196 -1.65 -1.28 128 165 196 233
o | =233 -196 -1.64 -128 128 164 196 2.33
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@Hy: yr=yi1+¢€
Hy: yi=¢yim1 +eforg; <1

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
25| -2.66 -226 -195 -160 092 133 1.70 2.16
50| -2.62 -225 -195 -161 091 1.31 1.66  2.08
100 | -2.60 -224 -195 -1.61 090 129 164 2.03
250 | =2.58 -2.23 -195 -1.62 089 129 163 201
500 | =258 =223 -195 -1.62 089 128 1.62 2.00
o | =258 =223 -195 -1.62 089 128 1.62 2.00

To test Hy : p = 0 against H; : p < 0, estimate Ay, = py,_; + € and compare the

t-value of p with the above table.
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Basic Concepts of Random Walk Process (More Formally):

1. Model:  y, =y, +¢€, vo =0, &~ N(@,1).
Then,
Vi=€+€ 1+ - +e€.
Therefore,
yr ~ N(O,1).

— Nonstationary Process (i.e., variance depends on time t.)

Let T be the sample size.

Vi !
T T
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t
Let us define r = —.
T
t
Keeping r = T asT — oo,

Vi

T

The limit when T — oo is a continuous time GEHFFH]) process known as

~ N(O, %) s NO.F) = W)

standard Brownian motion or Wiener process.

W(r) is a normal random variable with mean zero and variance r and it is a

continuous function in r.

. Examples:
W) =0
W(l) =N, 1)

W(1)? = x*(1)
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oW(r) ~ N0, o?r)

W(r? = ViW ()2 ~ rx x2(1)
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3. Suppose thaty, =y, +¢&, yo=0, & ~ N(,0?).

y; ~ N(O, o%p),ie.,

r. .
U N(O, 0'2—), 1.e.,

\NT T

Yt ! _
~ N, =) — N(@O,r) = W(r).
oyt T
T 1 1
oy o= W(r) dr
= ToNT 0
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(*) Continuous Mapping Theorem GEHIGIREIR):
if x; — x (convergence in distribution) and g(-) is a continuous function, then

g(xr) — g(x) (convergence in distribution).

Threfore, we have the follwoing result:

T T
PR = fol WG dr.

=1 t=1
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Asymptotic Distribution of AR(1) Model:
. Hy: y=yra+€&and Hy : y, = ¢1y,1 + € for || < 1

OLSE of ¢,, denoted by ¢, is given by:

_ Z;T:Q’t—l% - ZZT:Q’z—le

O Y =il
Zszl ytz_l ZtT:I }’,2_1

Using ¢ = 1 and some formulas shown above, we obtain:

a2

1 2
T 3L yim6 ;W=D

T($—-1)= —
T_2 ZtT:l y?_] fl W(r)zdr
0

Remember that ,

1
T ;y,_le, — W= 1)
and



where (W(1))* = ¥2(1).
We say that ¢, is super-consistent (8—E{1%) or T-consistent.

Remember that when |¢,| < 1 we have \/T(gfﬁl - ¢1) — N, 1 - qﬁf), and in

this case we say that ¢, is VT-consistent.
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