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On the Nonlinear and Nonnormal Filter Using

Rejection Sampling
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Abstract— In this paper, a nonlinear and/or nonnormal filter

is proposed using rejection sampling. Generating random draws

of the state-vector directly from the filtering density, the filter-

ing estimate is simply obtained as the arithmetic average of the

random draws. In the proposed filter, the random draws are re-

cursively generated at each time. The Monte-Carlo experiments

indicate that the proposed nonlinear and nonnormal filter shows

a good performance.
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I. Introduction

Nonlinear filters have been investigated for a long time (e.g.,
Alspach and Sorenson [1], Sorenson and Alspach [18] and Wish-
ner, Tabaczynski and Athans [23]) and we still have numerous
density-based nonlinear filtering algorithms. Kitagawa [13] and
Kramer and Sorenson [16] proposed the numerical integration
procedure. Tanizaki [20] and Tanizaki and Mariano [22] utilized
the Monte-Carlo integration with importance sampling for non-
linear and nonnormal state-space models. Moreover, Carlin,
Polson and Stoffer [3] and Carter and Kohn [4], [5] proposed a
solution to state-space modeling in a Bayesian framework using
Gibbs sampling (see also Chib and Greenberg [6]). In addition,
Gordon, Salmond and Smith [9], Kitagawa [14] and Kitagawa
and Gersch [15] proposed the Monte-Carlo filter and smoother
with the bootstrap method.

An alternative procedure which we propose in this paper also
utilizes the Monte-Carlo technique. Given random draws of the
state-variable at previous time, those at present time are di-
rectly generated without evaluating any density function, where
the random draws from the filtering densities are recursively
obtained. For random number generation, rejection sampling is
adopted, which is a method of the random number generation
from any distribution function.1

II. Overview of Nonlinear and Nonnormal Filter

We consider the following general nonlinear and nonnormal
state-space model:

(Measurement Equation) yt = ht(αt, εt), (1)

(Transition Equation) αt = ft(αt−1, ηt), (2)

for t = 1, 2, · · · , T , where T denotes the sample size. Let yt be
the observed data and αt be the state-vector. ht(·) and ft(·)
are vector functions. The error terms εt and ηt are mutually
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1For rejection sampling, note as follows. When we generate a random draw

from p(x), called the target density, we take another distribution function p∗(x),

called the proposal density, which is appropriately chosen by a researcher. De-

fine the acceptance probability as ω(x) = p(x)/ap∗(x), where the assumption

a ≡ supx p(x)/p∗(x) < ∞ is required. Rejection sampling is implemented as:

(i) generate a random draw from p∗(x) and (ii) accept it with probability ω(x).

The accepted random draw is taken as a random draw from p(x). In the case

where both p(x) and p∗(x) are normally distributed as N(µ, σ2) and N(µ∗, σ2
∗),

it is easily shown that we need σ2
∗ > σ2 for the condition a < ∞, which implies

that p∗(x) has to be distributed with larger variance than p(x). Using rejection

sampling, we can generate a random draw from any distribution function under

the condition that a < ∞ is satisfied. However, the disadvantages of rejection

sampling are: (i) we need to compute a, which sometimes does not exist and

(ii) it takes a long time when ω(·) is close to zero. See, for example, Boswell,

Gore, Patil and Taillie [2], O’Hagan [17] and Geweke [8] for rejection sampling.

independently distributed. Define information set up to time s
as Ys = {ys, ys−1, · · · , y1}. Let py(yt|αt) and pα(αt|αt−1) be the
density functions obtained from equations (1) and (2). Under
the above setup, the density-based filtering algorithm is known
as (see, for example, Kitagawa [13] and Harvey [11]):

(Prediction Equation)

p(αt|Yt−1) =

∫
pα(αt|αt−1)p(αt−1|Yt−1)dαt−1, (3)

(Updating Equation)

p(αt|Yt) =
py(yt|αt)p(αt|Yt−1)∫

py(yt|αt)p(αt|Yt−1)dαt

, (4)

for t = 1, 2, · · · , T . The initial condition is given by p(α0|Y0) =
p(α0) if α0 is stochastic and p(α1|Y0) = pα(α1|α0) otherwise,
where p(α0) denotes the initial density of the state-variable.
Based on pα(αt|αt−1) and py(yt|αt), prediction equation (3)
yields p(αt|Yt−1) given p(αt−1|Yt−1) and updating equation (4)
gives us p(αt|Yt) from p(αt|Yt−1). Thus, p(αt|Yt) can be recur-
sively obtained for t = 1, 2, · · · , T .

When the unknown parameters are in equations (1) and
(2), the likelihood function to be maximized is: p(YT ) =∏T

t=1

∫
py(yt|αt)p(αt|Yt−1)dαt, which is obtained from the de-

nominator of equation (4).

Kitagawa [13] and Kramer and Sorenson [16] proposed a non-
linear and nonnormal filter using numerical integration to eval-
uate each integration in equations (3) and (4). Tanizaki [20]
and Tanizaki and Mariano [22] evaluated the integration using
Monte-Carlo integration with importance sampling, where a re-
cursive algorithm of the density functions is converted to that of
the weight functions, defined as ω(αt|Ys) = p(αt|Ys)/p∗(αt) for
s = t − 1, t. The density p∗(αt), called the importance density,
has to be appropriately specified by a researcher. The random
draws αi,t, i = 1, 2, · · · , n, are generated from p∗(αt). A recur-
sive filtering algorithm of ω(αi,t|Yt) is derived for t = 1, 2, · · · , T .

Carlin, Polson and Stoffer [3], Carter and Kohn [4], [5] and
Chib and Greenberg [6] introduced the nonlinear and nonnormal
state-space models with Gibbs sampling, where we do not have
to evaluate each integration in equations (3) and (4). They
investigated the nonlinear state-space models in the Bayesian
framework, where the nuisance parameters in the state-space
model are assumed to be stochastic. The state-space models
that they used are quite restricted, because they studied the spe-
cial state-space models such that it is easy to generate random
draws from the underlying assumptions. Their attempt is to
generate random draws from the joint density of α1, α2, · · · , αT

given YT , which does not yield a recursive algorithm.

In this paper, we consider generating random draws from
the filtering density p(αt|Yt) without evaluating any integra-
tion, where the random draws of αt given Yt are recursively
obtained given those of αt−1 given Yt−1.

III. Rejection Sampling Filter

Let αi,t|s be the i-th random draw from p(αt|Ys). When the
random draws αi,t−1|t−1, i = 1, 2, · · · , n, are available, we con-
sider generating αi,t|t, i = 1, 2, · · · , n. By substituting equation
(3) into equation (4), p(αt|Yt) is approximated as:

p(αt|Yt) =
1

ct

∫
py(yt|αt)pα(αt|αt−1)p(αt−1|Yt−1)dαt−1

≈

n∑

i=1

ci,t

ct

1

n

(
py(yt|αt)pα(αt|αi,t−1|t−1)

ci,t

)
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≈

n∑

i=1

ĉi,t

ĉt

1

n

(
py(yt|αt)pα(αt|αi,t−1|t−1)

ci,t

)

≡

n∑

i=1

qi,t

(
py(yt|αt)pα(αt|αi,t−1|t−1)

ci,t

)
. (5)

qi,t is defined as qi,t ≡ ĉi,t/nĉt. And ct and ĉt are given by:

ct ≡

∫ ∫
py(yt|αt)pα(αt|αt−1)p(αt−1|Yt−1)dαt−1dαt

≈
1

n2

n∑

j=1

n∑

i=1

py(yt|αji,t|t−1) ≡ ĉt,

where αji,t|t−1 is obtained from αji,t|t−1 = ft(αi,t−1|t−1, ηj,t).
Moreover, ci,t and ĉi,t are represented as:

ci,t ≡

∫
py(yt|αt)pα(αt|αi,t−1|t−1)dαt

≈
1

n

n∑

j=1

py(yt|αji,t|t−1) ≡ ĉi,t.

Thus, from equation (5), p(αt|Yt) is approximated as a mixture
of n distributions with probability qi,t, i = 1, 2, · · · , n. Let p∗(z)
be the proposal density. The acceptance probability ω(z) is
defined as:

ω(z) =
py(yt|z)pα(z|αi,t−1|t−1)/p∗(z)

supz py(yt|z)pα(z|αi,t−1|t−1)/p∗(z)
.

The estimation procedure is as follows: (i) pick up αi,t−1|t−1

for i with probability qi,t, (ii) generate a random draw z from
p∗(·) and a uniform random draw u from the interval between
zero and one, (iii) take z as αj,t|t if u ≤ ω(z) and go back to
(ii) otherwise, (iv) repeat (i) – (iii) n times for j = 1, 2, · · · , n,
and (v) repeat (i) – (iv) T times for t = 1, 2, · · · , T . Note that
rejection sampling is utilized in procedures (ii) and (iii). For
a function g(·), the expectation E(g(αt)|Ys) is approximated as
(1/n)

∑n

i=1
g(αi,t|s).

2 The proposed nonlinear and nonnormal
filter gives us a general solution to any nonlinear and nonnormal
state-space model.

For choice of the proposal density, 3 two candidates are taken,
i.e., (A) one is p∗(αt) = pα(αt|αi,t−1|t−1) and (B) another is
p∗(αt) = N(α∗

t|t, γΣ∗
t|t), where γ is a constant and α∗

t|t and
Σ∗

t|t denote the first- and second-moments obtained from the

extended Kalman filter.4 For the proposal density (B), γ =

2Consider an example of g(αt) = αt. Let the estimate of αt|t ≡ E(αt|Yt) be

α̂t|t, which is the filtering estimate computed by α̂t|t = (1/n)
∑

n

i=1
αi,t|t.

Recall that αi,t|t is a random draw generated from the filtering density

p(αt|Yt). Let us assume that variance of αi,t|t is given by Σt|t. Then, by

the central limit theorem,
√

n(α̂t|t − αt|t) is asymptotically normal distribu-

tion with mean zero and variance Σt|t. Moreover, denote the estimate of Σt|t

by Σ̂t|t, which is defined as Σ̂t|t = (1/n)
∑

n

i=1
(αi,t|t − α̂t|t)

′(αi,t|t − α̂t|t).

It is known that Σ̂t|t is a consistent estimate of Σt|t. Accordingly, α̂t|t is nor-

mally distributed with mean αt|t and variance (1/n)Σ̂t|t for sufficiently large

n. Thus, the confidence bound of the filtering estimate α̂t|t can be easily ob-

tained. There is a great amount of literature on the confidence bounds (see, for

example, Spall [19]).
3As in Footnote 1, the proposal density has to be more broadly distributed

than the target density, but the former is not too different from the latter.
4The extended Kalman filter is one of the traditional nonlinear filters, where

the nonlinear measurement and transition equations are linearized by the first-

order Taylor series expansion and the linearized system is directly applied to the

standard linear recursive Kalman filter algorithm. See, for example, Tanizaki

[20]

4, 9, 16 is taken in Section IV. Note that γ should be greater than
one, because the proposal density should have larger variance
than the target density.

When the unknown parameter is included in equations (1)
and (2), we maximize the likelihood function represented by:

p(YT ) =
∏T

t=1
ct ≈

∏T

t=1
ĉt, which comes from the definition of

ct.

IV. Numerical Examples: Monte-Carlo Experiments

We compare the extended Kalman filter (KF)5 and the pro-
posed nonlinear filter, which is called the rejection sampling fil-
ter (RF) in this paper. The simulation procedure is as follows:
(i) generating random numbers of εt and ηt for t = 1, 2, · · · , T ,
we obtain a set of data yt and αt, t = 1, 2, · · · , T , from equa-
tions (1) and (2), where T = 20, 40 is taken, (ii) given YT ,
perform KF and RF, where n = 200, 500, 1000 is taken for RF,
(iii) repeat (i) and (ii) G times and compare the root mean
square error (RMSE) for each estimator, which is defined as:

RMSE = (1/T )
∑T

t=1
MSE

1/2

t|t , where the mean square error

(MSE) is defined as MSEt|t ≡ (1/G)
∑G

g=1
(α̂

(g)

t|t − α
(g)
t )2 and

α̂t|t takes the state-variable estimated by KF or RF while αt

denotes the artificially simulated state-variable.6 Note that the
superscript (g) denotes the g-th simulation run, where G = 1000
is taken.

In Tables I, III and IV, assuming that δ is known (δ denotes
the parameter of the model used in Simulations I – III), we
compare the state estimates of KF and RF. In Table II, a com-
parison between the true parameter and the estimate of δ is
shown for each procedure. Note that δ indicates the true value.
AVE and RMSE represent the arithmetic average and the root
mean square error. 25%, 50% and 75% give us the 0.25th, 0.50th
and 0.75th quantiles of the G estimates of δ. The maximization
of the likelihood function is performed by a simple grid search,
in which the function is maximized by changing the parameter
value of δ by 0.01. The univariate cases are examined in Simu-
lations I – III (Table I and II) and the multivariate cases are in
Simulation IV (Tables III and IV).

A. Simulation I (Linear and Normal Model):

Consider the scalar system: yt = αt + εt and αt = δαt−1 +
ηt, where δ = 0.5, 0.9, 1.0 is taken. The initial value α0 and
the error terms εt and ηt, t = 1, 2, · · · , T , are assumed to be
distributed as follows: α0 ∼ N(0, 1) and (εt, ηt)

′ ∼ N(0, I2),
where I2 denotes a 2 × 2 identity matrix. The exactly same
initial conditions are utilized in Simulations II and III.

B. Simulation II (Stochastic Volatility Model):

Suppose that the system is represented as: yt = exp
(

1
2
αt

)
εt

and αt = δαt−1 + ηt, which is called the stochastic volatility
model (see Harvey and Streibel [12]). We take δ = 0.5, 0.9.

C. Simulation III (ARCH Model):

The system is given by: yt = αt + εt and αt = (1 − δ +
δα2

t−1)
1/2ηt for 0 ≤ δ < 1, where δ = 0.5, 0.9 is taken.7 Note

that “–” in Table I implies that the denominator of ω(z) does
not exist.

5In the case where the system is linear and normal, the extended Kalman

filter reduces to the conventional Kalman filter. Accordingly, in Simulation I,

KF implies the standard Kalman filter.
6Note that MSEt|t goes to Σt|t in Footnote 2, as number of random draws

(i.e., n) is large.
7The transition equation follows the ARCH(1) model (see Engle [7], Harvey

[11] and Harvey and Streibel [12]). In this Monte-Carlo simulation study the

unconditional variance of αt is assumed to be one.
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TABLE I

Simulations I – III (δ known)

T = 20 T = 40
δ n KF RF (A) RF (B) KF RF (A) RF (B)

γ = 4 γ = 9 γ = 16 γ = 4 γ = 9 γ = 16

Simulation I (Linear and Normal Model)

200 0.7292 0.7317 0.7322 0.7328 0.7323 0.7334 0.7362 0.7365 0.7366 0.7366
0.5 500 0.7309 0.7308 0.7306 0.7315 0.7351 0.7350 0.7352 0.7352

1000 0.7307 0.7308 0.7308 0.7305 0.7347 0.7349 0.7349 0.7349

200 0.7760 0.7837 0.7850 0.7835 0.7840 0.7793 0.7880 0.7873 0.7874 0.7872
0.9 500 0.7827 0.7836 0.7831 0.7834 0.7861 0.7862 0.7865 0.7866

1000 0.7826 0.7825 0.7828 0.7828 0.7862 0.7859 0.7861 0.7861

200 0.7897 0.7989 0.7989 0.7995 0.7995 0.7928 0.8028 0.8029 0.8028 0.8029
1.0 500 0.7986 0.7973 0.7983 0.7976 0.8011 0.8012 0.8012 0.8013

1000 0.7977 0.7978 0.7976 0.7975 0.8012 0.8010 0.8008 0.8008

Simulation II (Stochastic Volatility Model)

200 1.1487 0.9273 0.9270 0.9271 0.9262 1.1577 0.9391 0.9396 0.9389 0.9392
0.5 500 0.9257 0.9245 0.9246 0.9258 0.9378 0.9378 0.9370 0.9377

1000 0.9247 0.9249 0.9245 0.9250 0.9368 0.9368 0.9371 0.9369

200 2.0909 1.2209 1.2219 1.2224 1.2184 2.2135 1.2532 1.2548 1.2552 1.2581
0.9 500 1.2162 1.2160 1.2190 1.2181 1.2499 1.2499 1.2506 1.2502

1000 1.2152 1.2164 1.2164 1.2161 1.2490 1.2495 1.2493 1.2498

Simulation III (ARCH(1) Model)

200 0.7016 0.6909 0.6921 0.6931 0.6926 0.7039 0.6940 0.6963 0.6956 0.6958
0.5 500 0.6903 0.6912 0.6911 0.6915 0.6941 0.6950 0.6950 0.6951

1000 0.6902 0.6910 0.6911 0.6909 0.6938 0.6946 0.6948 0.6948

200 0.6748 0.5666 — — 0.5883 0.6503 0.5585 — — 0.5830
0.9 500 0.5679 — — 0.5892 0.5589 — — 0.5818

1000 0.5697 — — 0.5889 0.5601 — — 0.5806

D. Simulation IV (Markov Switching Model):

Consider the higher dimensional state-variable, i.e., αt =
(α1t, α2t, · · · , αkt)

′, where we assume that one of the k ele-
ments of αt is one and the others are zero. The model is
specified as: yt = xtαt + εt and αt = Pαt−1 + ηt, where
xt = (x1t, x2t, · · · , xkt) denotes a vector of exogenous variables
and P = (P ′

1, P
′
2, · · · , P

′
k)′ represents the transition probability

matrix, where Pi = (pi1, pi2, · · · , pik). Note that
∑k

i=1
pij = 1

should be satisfied for all j. εt is assumed be a standard nor-
mal distribution while ηt is distributed as a k-dimensional dis-
crete random variable. The conditional density of αt given αt−1

is represented by pα(αt|αt−1) =
∏k

i=1
(Piαt−1)

αit , which im-
plies that the probability with which event i occurs at time
t is Piαt−1. The initial density is assumed to be: p(α0) =∏k

i=1
(1/k)αit . This model is called the Markov switching model

(see Hamilton [10]). xit = i for i = 1, 2, · · · , k is assumed in this
simulation study.

We consider the two cases, i.e., k = 2, 3. The proposal density
(A) is examined in both cases. For k = 2, p11 and p22 are the
parameters, where p11, p22 = 0.2, 0.5, 0.8 are taken (see Table
III).8 For k = 3, to reduce number of parameters, we assume
that P is symmetric, i.e., p11 = 1 − p21 − p31, p12 = p21, p22 =

8In the case of k = 2, note that E(α1t|Yt) = 1−E(α2t|Yt) and Var(α1t|Yt) =

Var(α2t|Yt) because of
∑

k

i=1
αit = 1. Therefore, RMSE of α1t is equal to that

of α2t. In Table III, RMSE’s of α1t are reported.

1−p21−p32, p13 = p31, p23 = p32 and p33 = 1−p31−p32, where
p21, p31 and p32 are the parameters (see Table IV).9

E. Results:

In Simulation I, it is expected that KF is better than any
other estimator, because RF is the simulation-based estimator,
which includes the simulation errors.10 In Table I, for all the
simulation studies, n = 200, 500, 1000 is very close to each other.
We sometimes have the case where RF (B) is not feasible (see
the case δ = 0.9 in Simulation III). In such a case, RF (A) is
recommended.

We compare KF and RF (A) in Tables II – IV. In Table II,
except for the case δ = 0.5, RMSE’s of RF are smaller than
those of KF. For almost all the cases, AVE goes to the true
parameter value as n is large. Similarly, in Tables III and IV,
RMSE is small as n is large. In any case, we can conclude that
(i) RF performs better than KF in nonlinear cases (RF is very
close to KF even in the linear case) and (ii) n = 500 is not too
different from n = 1000.11

9In this case, note that the conditions 0 ≤ p21 + p31 ≤ 1, 0 ≤ p21 + p32 ≤ 1

and 0 ≤ p31 + p32 ≤ 1 have to be satisfied.
10In Table I, KF does not depend on n.
11The result (ii) implies that n = 500, 1000 is enough large when we want to

have the point estimate of αt. However, note that n = 500, 1000 might be too

small in the case where we want to obtain a functional form of p(αt|Yt) by the

random numbers. Since RMSE is taken as a measure of precision of the state

estimates, we can conclude in this paper that n = 500, 1000 is large enough.
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TABLE II

Simulation Studies I and II (δ unknown)

T = 20 T = 40
δ n AVE RMSE 25% 50% 75% AVE RMSE 25% 50% 75%

Simulation I (Linear and Normal Model)

KF 0.359 0.323 0.17 0.42 0.61 0.428 0.228 0.30 0.47 0.61
0.5 RF (A) 200 0.366 0.326 0.18 0.43 0.62 0.437 0.229 0.31 0.48 0.62

RF (A) 500 0.367 0.327 0.18 0.44 0.62 0.441 0.229 0.31 0.48 0.62
RF (A) 1000 0.369 0.330 0.20 0.44 0.63 0.445 0.229 0.33 0.49 0.62

KF 0.767 0.236 0.67 0.84 0.93 0.845 0.121 0.80 0.88 0.93
0.9 RF (A) 200 0.773 0.236 0.68 0.84 0.94 0.852 0.120 0.81 0.89 0.93

RF (A) 500 0.775 0.235 0.68 0.85 0.94 0.852 0.120 0.81 0.89 0.93
RF (A) 1000 0.777 0.234 0.69 0.85 0.94 0.854 0.119 0.81 0.89 0.93

KF 0.885 0.201 0.83 0.95 1.01 0.951 0.092 0.93 0.98 1.01
1.0 RF (A) 200 0.890 0.201 0.83 0.96 1.02 0.956 0.092 0.93 0.98 1.01

RF (A) 500 0.892 0.199 0.84 0.96 1.02 0.956 0.091 0.93 0.98 1.01
RF (A) 1000 0.892 0.198 0.84 0.96 1.02 0.957 0.090 0.93 0.98 1.01

Simulation II (Stochastic Volatility Model)

KF 0.509 0.432 0.00 0.63 0.96 0.538 0.434 0.00 0.68 0.98
0.5 RF (A) 200 0.516 0.425 0.02 0.63 0.96 0.543 0.427 0.02 0.68 0.97

RF (A) 500 0.516 0.425 0.02 0.63 0.95 0.543 0.426 0.02 0.68 0.97
RF (A) 1000 0.516 0.425 0.02 0.63 0.96 0.543 0.427 0.02 0.68 0.97

KF 0.785 0.354 0.77 0.99 0.99 0.860 0.293 0.94 0.99 0.99
0.9 RF (A) 200 0.785 0.346 0.79 0.97 0.98 0.857 0.285 0.94 0.98 0.99

RF (A) 500 0.785 0.346 0.78 0.97 0.98 0.857 0.286 0.94 0.98 0.99
RF (A) 1000 0.785 0.346 0.79 0.97 0.99 0.857 0.286 0.94 0.98 0.99

TABLE III

Simulation IV: Markov Switching Model (k = 2)

T = 20 T = 40

p11
\ p22 0.2 0.5 0.8 0.2 0.5 0.8

n
KF 0.4383 0.4354 0.3710 0.4372 0.4359 0.3733

0.2 RF (A) 200 0.4326 0.4351 0.3683 0.4316 0.4352 0.3706
RF (A) 500 0.4318 0.4337 0.3673 0.4306 0.4344 0.3700
RF (A) 1000 0.4312 0.4337 0.3672 0.4301 0.4341 0.3700

KF 0.4349 0.4474 0.4080 0.4343 0.4471 0.4103
0.5 RF (A) 200 0.4341 0.4473 0.4055 0.4338 0.4473 0.4078

RF (A) 500 0.4330 0.4466 0.4051 0.4327 0.4464 0.4071
RF (A) 1000 0.4328 0.4465 0.4047 0.4325 0.4462 0.4071

KF 0.3713 0.4098 0.4323 0.3734 0.4128 0.4365
0.8 RF (A) 200 0.3688 0.4079 0.4276 0.3708 0.4113 0.4298

RF (A) 500 0.3683 0.4073 0.4259 0.3705 0.4107 0.4297
RF (A) 1000 0.3680 0.4072 0.4255 0.3702 0.4103 0.4291
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TABLE IV

Simulation IV: Markov Switching Model (k = 3)

T = 20 T = 40
p21 p31 p32 n α1t α2t α3t α1t α2t α3t

KF 0.3845 0.4659 0.3925 0.3850 0.4652 0.3953
0.1 0.2 0.4 RF (A) 200 0.3707 0.4499 0.3864 0.3687 0.4490 0.3897

RF (A) 500 0.3699 0.4491 0.3860 0.3679 0.4481 0.3892
RF (A) 1000 0.3697 0.4488 0.3858 0.3677 0.4478 0.3890

KF 0.3860 0.4523 0.3905 0.3882 0.4524 0.3902
0.1 0.3 0.6 RF (A) 200 0.3777 0.4407 0.3822 0.3787 0.4403 0.3814

RF (A) 500 0.3769 0.4402 0.3814 0.3786 0.4399 0.3811
RF (A) 1000 0.3769 0.4395 0.3811 0.3781 0.4394 0.3807

KF 0.3893 0.4596 0.3917 0.3918 0.4592 0.3906
0.2 0.3 0.6 RF (A) 200 0.3830 0.4464 0.3828 0.3853 0.4470 0.3819

RF (A) 500 0.3820 0.4458 0.3820 0.3845 0.4459 0.3812
RF (A) 1000 0.3818 0.4456 0.3819 0.3846 0.4461 0.3811

KF 0.3934 0.4682 0.3902 0.3961 0.4675 0.3887
0.3 0.4 0.5 RF (A) 200 0.3875 0.4559 0.3834 0.3906 0.4562 0.3816

RF (A) 500 0.3870 0.4550 0.3830 0.3904 0.4560 0.3814
RF (A) 1000 0.3865 0.4549 0.3829 0.3901 0.4554 0.3809

V. Summary

A nonlinear and nonnormal filtering algorithm is proposed
in this paper. Given random draws of the state-vector which
are directly generated from p(αt|Yt), the filtering estimate is
recursively obtained. In the proposed filter, we do not evalu-
ate any integration. The proposed filter can be applied to any
nonlinear and non-Gaussian state-space model. To implement
rejection sampling, the proposal density is utilized to generate
random draws from the target density. Two types of the can-
didates are examined for the proposal density, where we obtain
the result that RF (A) is recommended in practice, rather than
RF (B).

Thus, in this paper, a Monte-Carlo procedure of filtering al-
gorithm using the simulation technique is proposed, where we
utilize the random draws only. The procedure improves over
the other nonlinear filters developed in the past from simplicity
of computer programming.

Finally, note as follows. In the proposed nonlinear and non-
normal filter, when the acceptance probability ω(z) is very
small, we need a huge number of sampling and accordingly it
takes a long time computationally. For example, when we have
outliers or structural changes in the system (i.e., when p(αt|Yt)
is away from p(αt−1|Yt−1)), computational burden increases in
the rejection sampling procedure.
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