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ABSTRACT

The Kalman filter formula, given by the linear recursive algorithm, is usually
used for estimation of the time-varying parameter model. The filtering formula,
introduced by Kalman (1960) and Kalman and Bucy (1961), requires the initial
state variable. The obtained state estimates are influenced by the initial value
when the initial variance is not too large. To avoid the choice of the initial
state variable, in this paper we utilize the diffuse prior for the initial density.
Moreover, using the Gibbs sampler, random draws of the state variables given
all the data are generated, which implies that random draws are generated from
the fixed-interval smoothing densities. Using the EM algorithm, the unknown
parameters included in the system are estimated. As an example, we estimate
a traditional consumption function for both the U.S. and Japan.

1 INTRODUCTION

In the case where we deal with time series data, we can write the conventional
regression model as follows:

yt = xtβ + ut,

for t = 1, 2, · · · , T , where T represents the sample size, yt is a dependent
variable, xt denotes a 1× k vector of the explanatory variables, a k × 1 vector
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of unknown parameters to be estimated is given by β, and ut is the error term
distributed with mean zero and variance σ2. There are several methods of
estimating the equation above, for example, ordinary least squares, generalized
least squares, instrumental variable estimation and so on. In any case, the
estimated parameters are constant over time. This model is known as the
fixed-parameter model. However, structural changes (for example, the first and
the second oil crises), specification errors, nonlinearities, proxy variables and
aggregation are all sources of parameter variation; see Sarris (1973), Belsley
(1973), Belsley and Kuh (1973) and Cooley and Prescott (1976). Therefore,
we need to consider the model in which the parameter is a function of time,
called the time-varying parameter model.

Using the state-space representation, the time-varying parameter model is
represented as the following two equations:

yt = xtβt + ut, (1)

βt = Φβt−1 + vt, (2)
(

ut

vt

)
∼ N

(
σ2 0
0 R

)
,

where the movement of the unknown parameter is practically assumed to follow
the first-order autoregressive process. The error term vt is mutually indepen-
dently distributed with mean zero and variance R and it is also independent
of ut. Here, equations (1) and (2) are referred to as the measurement equation
and the transition equation, respectively, where the measurement equation (1)
allows the parameters to be time-dependent while the transition equation (2)
determines the movement of the parameters.

It might be possible to consider that βt follows an AR(p) model for the
transition equation. Also we may have the lagged dependent variables yt−1,
yt−2, · · · in the right hand sides of both equations (1) and (2).

The time-varying parameter βt is an unobservable random variable, which
has to be estimated using the observed data yt and xt. For estimation of
the state variable, there are three kinds of estimates, i.e. prediction, filtering
and smoothing estimates. Let Ys be the information set up to time s, i.e.
Ys = {y1, y2, · · · , ys}. Evaluation of βt|s ≡ E(βt|Ys) is called prediction if t > s,
filtering if t = s and smoothing if t < s. Moreover, there are three kinds
of smoothing estimators, i.e. the fixed-point smoothing βL|t, the fixed-lag
smoothing βt|t+L and the fixed-interval smoothing βt|T for fixed L and fixed T .
In this paper, we focus only on the fixed-interval smoothing βt|T . Hereafter,
fixed-interval smoothing is simply called smoothing.

Thus, we consider estimating the time-varying parameter model given all
the data YT . There are numerous other papers which deal with the time-
varying parameter model, for example, Cooley (1977), Cooper (1973), Cooley,
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Rosenberg and Wall (1977), Johnston (1984), Nicholls and Pagan (1985), Pa-
gan (1980), Rosenberg (1977), Tanizaki (1989, 1993) and Watanabe (1985).

For estimation of the time-varying parameters, the Kalman filter or the
Kalman smoothed estimator is used for the simplicity of the algorithm (see
Appendix 1 for the Kalman filter and smoother). The Kalman filter algo-
rithm requires the initial mean and variance explicitly, and the smoothing
algorithm depends on the filtering algorithm. Accordingly, both the filtering
and smoothing algorithms need the initial values (i.e. the initial mean and the
initial variance). Thus, the problem of the Kalman filter and smoother is that
we have to set the initial values. Given sufficiently large variance for the ini-
tial state, the initial mean β0|0 does not influence the smoothing estimates βt|T ,
t = 1, 2, · · · , T (see Appendix 2 for the initial values). However, “sufficiently
large variance” is quite ambiguous and, accordingly, the choice of the initial
mean and variance is still burdensome. To avoid this choice, we utilize the
diffuse prior for the initial density. Based on the diffuse initial prior, we con-
sider generating random draws of the state variables by the Gibbs sampler (see
Appendix 3 for the Gibbs sampler) and estimating the unknown parameters
σ2 and R by the EM algorithm.

2 USE OF THE GIBBS SAMPLER

Let us define Bt = {β0, β1, · · · , βt}. We consider generating random draws of
Bt from the conditional density p(BT |YT ), where the Gibbs sampler is utilized
for random number generation. To implement the Gibbs sampler, first, denote
the joint density of BT and YT by:

p(BT , YT ) = py(YT |BT )pβ(BT ),

where py(YT |BT ) and pβ(BT ) are given by:

py(YT |BT ) =
T∏

t=1

py(yt|βt),

pβ(BT ) = pβ(β0)
T∏

t=1

pβ(βt|βt−1),

In the two equations above, note that py(yt|βt) and pβ(βt|βt−1) can be derived
from measurement equation (1) and transition equation (2). That is, from the
underlying assumptions on the error terms ut and vt, the two densities py(yt|βt)
and pβ(βt|βt−1) can be obtained as the following normal densities:

py(yt|βt) = (2πσ2)−1/2 exp
(
−

1

2σ2
(yt − xtβt)

2
)

,

pβ(βt|βt−1) = (2π)−k/2|R|−1/2 exp
(
−

1

2
(βt − Φβt−1)

′R−1(βt − Φβt−1)
)

,
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The unconditional density of β0, i.e. pβ(β0), is assumed to be the diffuse prior,
which is represented as:

pβ(β0) ∝ const.

Now we define B∗
t = {βt, βt+1, · · · , βT}. Note that BT = B∗

0 = {Bt, B
∗
t+1} for

t = 0, 1, · · · , T , where B∗
T+1 = ∅ (an empty set). Under the assumption that

the initial state variable β0 follows the diffuse prior, the conditional density
p(βt|Bt−1, B

∗
t+1, YT ) is easily obtained as follows:

p(βt|Bt−1, B
∗
t+1, YT )

≡
p(BT , YT )

∫
p(BT , YT )dβt

∝





pβ(βt+1|βt), for t = 0 (i.e. starting point),

pβ(βt|βt+1)pβ(βt|βt−1)py(yt|βt), for t = 1, 2, · · · , T − 1,

pβ(βt|βt−1)py(yt|βt), for t = T (i.e. endpoint),

Since py(yt|βt) and pβ(βt|βt−1) are the normal distributions represented above,
it can easily be shown that the conditional density of βt given Bt−1, B∗

t+1 and
YT is given by:

βt|Bt−1, B
∗
t+1, YT ∼ N(Ω−1

t µt, Ω
−1
t ),

where µt and Ωt are represented by:

µt =





Φ′R−1βt+1, for t = 0,

R−1Φβt−1 +
x′

tyt

σ2
+ Φ′R−1βt+1, for t = 1, 2, · · · , T − 1,

R−1Φβt−1 +
x′

tyt

σ2
, for t = T ,

Ωt =





Φ′R−1Φ, for t = 0,

R−1 +
x′

txt

σ2
+ Φ′R−1Φ, for t = 1, 2, · · · , T − 1,

R−1 +
x′

txt

σ2
, for t = T ,

Under the condition that σ2, R and Φ are known, using the Gibbs sampler we
can generate random draws of BT as follows:

(i) Take appropriate values for β0,t for t = 1, 2, · · · , T .
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(ii) βi,t is generated from the normal distribution with mean Ω−1
t µi,t and

variance Ω−1
t , i.e. N(Ω−1

t µi,t, Ω
−1
t ), where

µi,t =





Φ′R−1βi−1,t+1, for t = 0,

R−1Φβi,t−1 +
x′

tyt

σ2
+ Φ′R−1βi−1,t+1, for t = 1, 2, · · · , T − 1,

R−1Φβi,t−1 +
x′

tyt

σ2
, for t = T .

(iii) Repeat (ii) for t = 0, 1, · · · , T .

(iv) Repeat (ii) and (iii) for i = 1, 2, · · · , n.

Thus, we can obtain the smoothing random draws βi,t for t = 0, 1, · · · , T and
i = 1, 2, · · · , n. From the properties of the Gibbs sampler, as n goes to infinity,
we have the following result:

1

n − m

n∑

i=m+1

g(βi,t) −→ E(g(βt)|YT ),

where g(·) is a function, e.g., g(βt) = βt for mean and g(βt) = (βt − βt|T )′(βt −
βt|T ) for variance. Note that the first m random draws are excluded from
evaluation of the expectation because they are not stable in general.

When unknown parameters are included in equations (1) and (2), we need
to estimate the parameters. The maximum likelihood estimation method is
conventionally utilized for estimation of the unknown parameters. The log-
likelihood function to be maximized with respect to the parameters is written
as:

log p(YT , BT )

= log
(
py(YT |BT )pβ(BT )

)

= −
T

2
log(2π) −

T

2
log σ2 −

1

2σ2

T∑

t=1

(yt − xtβt)
2

−
Tk

2
log(2π) −

T

2
log |R| −

1

2

T∑

t=1

(βt − Φβt−1)
′R−1(βt − Φβt−1).

The log-likelihood function above depends on the unobserved state variables.
In this case, the conditional expectation of the log-likelihood function given
the whole data YT is maximized for simplicity of computation (this maximiza-
tion method is called the EM algorithm). Therefore, for maximization of the
likelihood function, the EM algorithm is easily applied. As for the features of
the EM algorithm, it is known that the convergence speed is very slow but it
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quickly searches the neighborhood of the true parameter value. See Dempster,
Laird and Rubin (1977) for the EM algorithm.

For estimation of the parameters, thus, the EM algorithm solves the fol-
lowing maximization problem:

max
σ2,R

E
(
log p(YT , BT )|YT

)
.

Shumway and Stoffer (1982) applied the EM algorithm to the state-space
model in the linear and normal case. The solutions which maximize the ex-
pected log-likelihood function are represented as:

σ2 =
1

T

T∑

t=1

E
(
(yt − xtβt)

2|YT

)
,

R =
1

T

T∑

t=1

E
(
(βt − Φβt−1)(βt − Φβt−1)

′|YT

)
.

In practice, we often assume Φ = Ik (an identity matrix) for the time-varying
parameter model. However, it might be possible to maximize the expected
log-likelihood function with respect to Φ, which is obtained as follows:

Φ =

(
T∑

t=1

E(βtβ
′
t−1|YT )

) (
T∑

t=1

E(βt−1β
′
t−1|YT )

)−1

.

Now we have to evaluate each expectation above. Suppose that random draws
of BT given YT are available. Using the random draws from the smoothing
density (i.e. βi,t, t = 0, 1, · · · , T and i = 1, 2, · · · , n), the estimates of σ2 and
R based on the EM algorithm are given by:

σ2 ≈
1

T

T∑

t=1


 1

n − m

n∑

i=m+1

(yt − xtβi,t)
2


 , (3)

R ≈
1

T

T∑

t=1


 1

n − m

n∑

i=m+1

(βi,t − Φβi,t−1)(βi,t − Φβi,t−1)
′


 , (4)

Moreover, if Φ is assumed to be not known, it can be estimated as:

Φ ≈




T∑

t=1

n∑

i=m+1

βi,tβ
′
i,t−1







T∑

t=1

n∑

i=m+1

βi,t−1β
′
i,t−1




−1

, (5)

which should be substituted into equation (4).
The iterative procedure is utilized for estimation of the unknown parame-

ters σ2 and R, which is described as follows:
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1. Take appropriate values for σ2 and R.

2. Use (i) – (iv) to generate random draws βi,t for i = 1, 2, · · · , n and t =
0, 1, · · · , T .

3. Use equations (3) and (4) to obtain the estimates of σ2 and R. (If Φ is
also the unknown parameter to be estimated, use equation (5) to obtain
the estimate of Φ.)

4. Repeat 2 and 3 above until the estimates of σ2, R and βt|T are stable.

3 MONTE CARLO EXPERIMENTS

In this section, we perform Monte Carlo experiments to examine whether the
procedure discussed in Section 2 works well or not. In equations (1) and (2),
we adopt the following two state space models:

(a) Univariate Case (k = 1):

yt = βt + ut,

βt = βt−1 + vt,

(
ut

vt

)
∼ N

(
σ2 0
0 R

)
,

for t = 1, 2, · · · , T , where σ2 = 1, R = 1 and β0 ∼ N(0, 1).

(b) Bivariate Case (k = 2):

yt = β1,t + β2,txt + ut,(
β1,t

β2,t

)
=

(
β1,t−1

β2,t−1

)
+

(
v1,t

v2,t

)
,




ut

v1,t

v2,t


 ∼ N




σ2 0 0
0 R11 R12

0 R12 R22


 ,

for t = 1, 2, · · · , T , where σ2 = 1, R11 = R22 = 1, R12 = 0, β0 ∼ N(0, I2)
and x1t ∼ U(0, 1). I2 denotes a 2 × 2 identity matrix.

In this section, it is taken that n = 10000 and m = 2000. That is, 10000
random draws are generated and the last 8000 random draws are utilized to
compute σ2, R and βt|T . The convergence criterion is performed by σ2. That
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Table 1: Monte Carlo Experiments

T True Estimates
Values AVE SER 10% 25% 50% 75% 90%

(a) Univariate Case (k = 1):

20 σ2 1 0.9602 0.6195 0.1693 0.5204 0.9079 1.3275 1.8005
R 1 1.0511 0.7675 0.1305 0.4672 0.9360 1.4967 2.0954

40 σ2 1 0.9442 0.4578 0.3609 0.6324 0.9060 1.2317 1.5480
R 1 1.0710 0.5481 0.4088 0.7020 1.0164 1.3605 1.8435

60 σ2 1 0.9713 0.3611 0.5253 0.7217 0.9612 1.1871 1.4266
R 1 1.0402 0.4307 0.5235 0.7568 0.9991 1.2667 1.5748

(b) Bivariate Case (k = 2):

σ2 1 0.7681 0.6011 0.0913 0.2535 0.6679 1.1251 1.6200
20 R11 1 2.4618 2.0837 0.4177 0.9212 1.9959 3.4261 5.0934

R22 1 5.3838 5.4951 0.7685 1.5849 3.5548 7.4936 12.0905
R12 0 -2.5251 3.1764 -6.6173 -3.8384 -1.5194 -0.3839 0.2703
ρ12 0 -0.5459 0.4897 -0.9563 -0.8947 -0.7627 -0.3573 0.2926
σ2 1 0.8275 0.4719 0.2538 0.4746 0.7524 1.1121 1.5068

40 R11 1 1.3264 0.7414 0.4345 0.7714 1.2599 1.7779 2.2669
R22 1 2.6045 1.9174 0.6738 1.0771 2.0828 3.6591 5.1750
R12 0 -0.6978 1.0058 -2.0931 -1.2270 -0.4818 -0.0217 0.3544
ρ12 0 -0.2855 0.4241 -0.7598 -0.6130 -0.3804 -0.0307 0.3604
σ2 1 0.8539 0.4120 0.3607 0.5594 0.8052 1.0859 1.4262

60 R11 1 1.3886 0.6391 0.5576 0.9086 1.3798 1.8001 2.2014
R22 1 2.5724 1.7710 0.7827 1.1563 2.1315 3.4697 5.0599
R12 0 -0.7580 0.9217 -2.1116 -1.2581 -0.5365 -0.1135 0.1942
ρ12 0 -0.3150 0.3560 -0.7158 -0.5948 -0.3761 -0.0992 0.2088
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is, when the difference between the present estimate of σ2 and the previous
one is less than 0.1%, we judge that all the estimates are stable. Thus, under
the conditions that the true parameter values are given and that the initial
state variable is standard normal, yt, t = 1, 2, · · · , T , are generated. Given yt

for t = 1, 2, · · · , T , σ2 and R are estimated by the EM algorithm. We perform
1000 simulation runs, i.e. we obtain the 1000 estimates of σ2 and R. Thus,
for T = 20, 40, 60, we take both the univariate case and the bivariate case, i.e.
k = 1, 2.

The results are in Table 1, where AVE, SER, 10%, 25%, 50%, 75% and
90% denote the arithmetic average, the standard error, 10th, 25th, 50th, 75th
and 90th percentiles from the 1000 estimates.

For (a), the true parameter values are taken as σ2 = 1 and R = 1. AVE’s
of the estimates of both σ2 and R are close to the true parameter values. As
the sample size T increases, SER decreases for both σ2 and R. Accordingly,
in the univariate case, it might be concluded that estimation of σ2 and R by
the EM algorithm works well.

For (b), the true parameter values are taken as σ2 = 1 and R11 = R22 = 1
and R12 = 0. ρ12 denotes the correlation coefficient between v1,t and v2,t, which
is transformed from the estimates of R11, R22 and R12. The true value of ρ12

is given by zero. As T increases, AVE’s of the estimates of σ2 and R11,R22 and
R12 approach the corresponding true parameter values and SER’s also decrease.
However, the estimate of R22 is far from the true value and, moreover, R12 and
ρ12 are also different from zero. σ2 and R12 are under-estimated while R11 and
R22 are over-estimated. Thus, the bivariate cases show a poor performance,
compared with the univariate cases.

From the Monte Carlo experiments, for both (a) and (b), the estimates are
biased in the small sample but they approach the true parameter values as the
sample size increases.

4 EXAMPLE

In this section, the classical consumption function with time-varying parame-
ters is taken as an example, which is specified as follows:

Ct = αt + βtYt + ut,(
αt

βt

)
=

(
αt−1

βt−1

)
+ vt,

where αt and βt denote the time-varying parameters. Note that Φ = I2 (a
2 × 2 identity matrix) is assumed in this example. Therefore, we do not have
to consider the estimation of Φ. In the economic interpretation, βt is known
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as the marginal propensity to consume. Using U.S. and Japanese data, the
movement of βt|T is estimated. The following consumption and income data
are used for Ct and Yt.

• U.S. Data:

Ct = Personal Consumption Expenditures (Billions of 1992 Dollars)

Yt = Disposable Personal Income (Billions of 1992 Dollars)

• Japanese Data:

Ct = Domestic Final Consumption Expenditure of Households
(Billions of Yen at Market Prices in 1990)

Yt = National Disposable Income of Households
(Billions of Yen at Market Prices in 1990)

U.S. data are taken from the Economic Report of the President (United States
Government Printing Office, 1999), while Japanese data are from the Annual

Report on National Accounts (the Economic Planning Agency, Government of
Japan, 1998).

We take n = 10000 and m = 2000 in this section. When the difference
between the present estimate of σ2 and the last one is less than 0.1%, we judge
that all the estimates are stable. Under the setup, the estimation results of
both the U.S. and Japanese classical consumption functions are as follows:

• U.S. (Estimation Period: 1959 – 1997):

OLS: Ct = −127.205
(29.55)

+ .94812
(.0086)

Yt, σ̂2 = 3435.84,

TVP: σ̂2 = 72.8722, R̂ =
(

298.145 −.208469
−.208469 .000172402

)
,

• Japan (Estimation Period: 1955 – 1996):

OLS: Ct = −3502.05
(1948.23)

+ .86061
(.01006)

Yt, σ̂2 = 34492500,

TVP: σ̂2 = 4297.85, R̂ =
(

154049 −4.24026
−4.24026 .000168654

)
,

where OLS and TVP denote the ordinary least squares method and the time-
varying parameter model. The values in the parentheses represent the standard
errors of the coefficients. σ̂2 and R̂ are the estimates of σ2 and R, respectively.
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Table 2: Movements of βt|T for the U.S. and Japan

Year U.S. Japan

1954 — .792152 (.0493)
1955 — .792108 (.0474)
1956 — .791373 (.0427)
1957 — .800049 (.0391)
1958 .846607 (.0453) .806454 (.0361)
1959 .846676 (.0436) .796423 (.0321)
1960 .847673 (.0415) .795348 (.0277)
1961 .844320 (.0390) .784803 (.0240)
1962 .846434 (.0364) .794794 (.0222)
1963 .850015 (.0339) .808054 (.0202)
1964 .846800 (.0309) .807159 (.0179)
1965 .849834 (.0285) .805597 (.0169)
1966 .854015 (.0268) .819147 (.0153)
1967 .846736 (.0253) .833848 (.0138)
1968 .858577 (.0241) .802634 (.0121)
1969 .863982 (.0231) .802973 (.0108)
1970 .850770 (.0221) .799005 (.0099)
1971 .849073 (.0211) .798718 (.0094)
1972 .862359 (.0200) .797027 (.0085)
1973 .843784 (.0186) .774041 (.0076)
1974 .842523 (.0189) .743199 (.0074)
1975 .850174 (.0187) .748330 (.0072)
1976 .871122 (.0180) .744559 (.0070)
1977 .883948 (.0175) .761829 (.0070)
1978 .876688 (.0166) .773949 (.0068)
1979 .871185 (.0162) .804297 (.0066)
1980 .859056 (.0162) .807318 (.0067)
1981 .846916 (.0160) .802187 (.0066)
1982 .852510 (.0160) .822031 (.0065)
1983 .879432 (.0157) .828972 (.0064)
1984 .860114 (.0145) .831812 (.0063)
1985 .879922 (.0141) .834850 (.0062)
1986 .893487 (.0138) .835127 (.0061)
1987 .907061 (.0136) .855189 (.0060)
1988 .906352 (.0131) .864250 (.0058)
1989 .909993 (.0129) .865506 (.0056)
1990 .908857 (.0129) .874341 (.0055)
1991 .902978 (.0131) .863150 (.0054)
1992 .904457 (.0129) .863877 (.0053)
1993 .922881 (.0129) .861313 (.0053)
1994 .934885 (.0127) .861991 (.0053)
1995 .934273 (.0125) .857634 (.0052)
1996 .938966 (.0122) .856672 (.0051)
1997 .946021 (.0119) —
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Figure 1: Movements of βt|T for the U.S. and Japan
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For an interpretation of R̂, it is known that the movement of βt|T is volatile

as R̂ is large. For the time-varying parameter model, the movement of the
coefficient βt is given in Table 2 and is displayed in Figure 1. In Table 2, the
values in 1958 for the U.S. and in 1954 for Japan indicate the estimates of the
initial state variable given the diffuse prior. Moreover, in Table 2, the values in
the parentheses denote the standard errors of the corresponding coefficients.

From Table 2 and Figure 1, βt|T in Japan is smaller than that in the U.S.
through the estimation period. That is, the movement of the marginal propen-
sity to consume is 0.842 – 0.946 for the U.S. and 0.743 – 0.874 for Japan. Thus,
savings in Japan are larger than those in the U.S.

For the U.S., there are two troughs that occurred around 1974 and 1981.
The former (i.e. the trough in 1974) corresponds to the influence of the first oil
crisis while the latter (i.e. the trough in 1981) is related to that of the second
oil crisis. Moreover, we can observe an upward trend after 1984.

For Japan, the marginal propensity to consume fell in 1974 – 1976 under the
influence of the first oil crisis. However, it continued to increase until 1990,
the year which coincided with a drastic fall in Japanese stock prices. After
1990, the marginal propensity to consume decreased because of the serious
slowdown.
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Thus, it can be concluded from Table 2 and Figure 1 that the movement of
the marginal propensity to consume roughly corresponds to the business cycle
for each country.

5 SUMMARY

In this paper, we have shown the estimation method of the time-varying pa-
rameter model generating random draws for the state variables. For a random
number generation technique, the Gibbs sampler is utilized. Moreover, using
the EM algorithm, the unknown parameters such as σ2 and R are estimated
by the iterative procedure.

As long as we use the standard recursive algorithm, we have to set the
initial mean and variance. Although it is known that the initial mean does
not influence the smoothing estimates if the initial variance is large enough,
the choice of the initial mean and variance is still burdensome for a researcher.
Therefore, in this paper, assuming that the initial density is diffuse, we at-
tempt to obtain the smoothing estimates without treating the initial mean
and variance explicitly.

Moreover, the concluding remarks obtained from the Monte Carlo experi-
ments are that the estimates are biased in the small sample but they approach
the true parameter values as the sample size increases.

Finally, as an empirical application, we have shown the traditional con-
sumption functions for the U.S. and Japan. There, the results are summarized
as follows:

• The marginal propensity to consume of the U.S. is larger than that of
Japan for all the estimation periods. During the last decade, however,
βt|T has continued to increase in both countries.

• It is shown from Table 2 and Figure 1 that the movement of βt|T in Japan
is more volatile than that in the U.S.

• We can observe that the first oil crisis seriously struck the Japanese
economy because of the small smoothing estimates during the period
from 1974 to 1976.

• The movement of βt|T is roughly related to the business cycle for both
countries.
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APPENDICES

APPENDIX 1: KALMAN FILTER

Density-Based Algorithms: The density-based filtering and smoothing al-
gorithms are discussed in Kitagawa (1987), Harvey (1989), Kitagawa and Ger-
sch (1996) and Tanizaki (1996). Both are represented by recursive algorithms.
The density-based algorithm for filtering is given by the following two equa-
tions:

p(βt|Yt−1) =
∫

pβ(βt|βt−1)p(βt−1|Yt−1)dβt−1, (6)

p(βt|Yt) =
py(yt|βt)p(βt|Yt−1)∫

py(yt|βt)p(βt|Yt−1)dβt

, (7)

for t = 1, 2, · · · , T . The initial density is given by: p(β0|Y0) = pβ(β0), which
indicates the unconditional density of β0. Equation (6) represents the one-step
ahead prediction algorithm and equation (7) is called the update equation. The
filtering algorithm takes the following two steps:

(i) From equation (6), p(βt|Yt−1) is obtained given p(βt−1|Yt−1).

(ii) From equation (7), p(βt|Yt) is derived given p(βt|Yt−1).

Thus, prediction and updating are recursively repeated, where the filtering
algorithm is based on the one-step ahead prediction density.

The smoothing algorithm is based on the one-step ahead prediction density
p(βt+1|Yt) and the filtering density p(βt|Yt), which is represented by:

p(βt|YT ) = p(βt|Yt)
∫

p(βt+1|YT )pβ(βt+1|βt)

p(βt+1|Yt)
dβt+1, (8)

for t = T −1, T −2, · · · , 1. Given the filtering density p(βt|Yt) and the one-step
ahead prediction density p(βt+1|Yt), the smoothing algorithm represented by
equation (8) is a backward recursion from p(βt+1|YT ) to p(βt|YT ). Thus, the
smoothing density utilizes both the filtering density and the one-step ahead
prediction density.

The likelihood function is represented by:

p(YT ) =
T∏

t=1

p(yt|Yt−1) =
T∏

t=1

(∫
py(yt|βt)p(βt|Yt−1)dβt

)
,

where p(yt|Yt−1) corresponds to the denominator of equation (7). For another
representation of the likelihood function, note that p(YT ) can be obtained by
integrating p(YT , BT ) with respect to BT , i.e.

p(YT ) =
∫

p(YT , BT )dBT =
∫

py(YT |BT )pβ(BT )dBT .
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Maximization of log p(YT ) is more difficult than that of E(log p(YT , BT )|YT ).
From maximization of p(YT ), the explicit solutions are not obtained in many
cases.

Standard Linear Recursive Algorithms: Under the conditions that the
two densities pβ(βt|βt−1) and py(yt|βt) are normal, all the densities p(βt|Yt−1),
p(βt|Yt) and p(βt|YT ) are also normal. Therefore, by comparing the first- and
the second-moments for both sides of of equations (6), (7) and (8), the standard
linear recursive filtering and smoothing algorithms can be obtained. Define the
initial mean and variance by β0|0 = E(β0) and Σ0|0 = Var(β0), which are related
to the initial density pβ(β0). Given the initial values (i.e. β0|0 and Σ0|0) and
the variances (i.e. σ2 and R), the Kalman filter algorithm is written as follows:

βt|t−1 = Φβt−1|t−1,

Σt|t−1 = ΦΣt−1|t−1Φ
′ + R,

kt = Σt|t−1x
′
t(xtΣt|t−1x

′
t + σ2)−1,

βt|t = βt|t−1 + kt(yt − xtβt|t−1),

Σt|t = Σt|t−1 − Σt|t−1x
′
t(xtΣt|t−1x

′
t + σ2)−1xtΣt|t−1,

for t = 1, 2, · · · , T , where the conditional variance matrix Σt|s ≡ Var(βt|Ys)
is defined for s = t − 1, t. The above algorithm implies that βt|t and Σt|t are
computed from βt−1|t−1 and Σt−1|t−1.

For smoothing, given βs|t−1 and Σs|t−1 for s = t−1, t, we have the following
backward recursive algorithm:

Ct = Σt|tΦ
′Σ−1

t+1|t,

βt|T = βt|t + Ct(βt+1|T − βt+1|t),

Σt|T = Σt|t + Ct(Σt+1|T − Σt+1|t)C
′
t,

for t = T − 1, T − 2, · · · , 1. Thus, βt|T and Σt|T are recursively obtained from
βt+1|T and Σt+1|T .

The log-likelihood function is represented by:

log p(YT ) = −
T

2
log(2π) −

1

2

T∑

t=1

log(xtΣt|t−1x
′
t + σ2)

−
1

2

T∑

t=1

(yt − xtβt|t−1)
2

xtΣt|t−1x
′
t + σ2

,

which is maximized with respect to the unknown parameters if they are in-
cluded in the log-likelihood function. The two components for evaluation of the
likelihood function, i.e. yt − xtβt|t−1 and xtΣt|t−1x

′
t + σ2, are computed in the
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Kalman filter algorithm. Therefore, no extra computation is necessary for eval-
uation of the likelihood function. As for maximization of p(YT ) with respect
to σ2 and R, the explicit solutions of σ2 and R cannot be obtained because
βt|t−1 and Σt|t−1 in the log-likelihood function above depends on σ2 and R.
Thus, maximization of log p(YT ) is more complicated than that of E(log p(YT ,
BT )|YT ). In this paper, therefore, we consider maximizing E(log p(YT , BT )|YT )
with respect to σ2 and R.

APPENDIX 2: ON THE INITIAL VALUES

In this appendix, we consider how the initial value influences βt|T for t =
1, 2, · · · , T . As an example, we take the univariate state space model: yt =
βt + ut and βt = βt−1 + vt, where ut ∼ N(0, 1), vt ∼ N(0, 1) and β0 ∼ N(0, 1).
Let β∗

t|T be the smoothing estimate given β0|0 = 0 and Σ0|0 = 1 and βt|T be
the smoothing estimate given (β0|0, Σ0|0) = (0, 0), (1, 0), (3, 0), (5, 0), (5, 1),
(5, 2), (5, 5). That is, βt|T represents the smoothing estimate in the case where
the initial mean and variance are not correctly set. Moreover, define BIASt as
follows:

BIASt ≡
1

G

G∑

g=1

(β
(g)
t|T − β

∗(g)
t|T ),

where the superscript (g) denotes the g-th simulation run. T = 10 and G =
1000 are taken.

In Figure 2, the case Σ0|0 = 0 is displayed for β0|0 = 0, 1, 3, 5, where the ini-
tial value β0|0 is assumed to be nonstochastic and fixed. When the initial state
variable is fixed, we examine how the initial values influence the smoothing es-
timates. When the initial mean takes the true value, BIASt for t = 1, 2, · · · , T
are close to zero (see the case β0|0 = 0 in Figure 2). As β0|0 is away from
the true value, BIASt for t = 1, 2, · · · , T become large. Moreover, as β0|0 is
away from the true value, the period for which the bias disappears lengthens.
However, as T is large, the bias of the smoothing estimates disappears.

In Figure 3, the case β0|0 = 5 is shown for Σ0|0 = 0, 1, 2, 5. Since the initial
state is assumed to be β0 ∼ N(0, 1), we consider the case of the biased initial
mean (i.e. β0|0 = 5). Given the biased initial mean, we see how the initial
variance influences the smoothing estimates. As the initial variance Σ0|0 is
large, the bias of the smoothing estimates is small.

As a result, smoothing estimates with sufficiently large initial variance are
very close to those with true initial mean and variance. That is, we do not have
to pay attention to the initial mean, provided that a sufficiently large value is
chosen for the initial variance. However, “sufficiently large variance” is quite
ambiguous. Therefore, in this paper, we take the diffuse prior distribution for
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Figure 2: BIASt of βt|T (β0|0 = 0, 1, 3, 5 and Σ0|0 = 0)
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Figure 3: BIASt of βt|T (β0|0 = 5 and Σ0|0 = 0, 1, 2, 5)
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the initial state variable, which can be interpreted as infinite variance for the
initial state variable.

APPENDIX 3: GIBBS SAMPLER

Geman and Geman (1984), Tanner and Wong (1987), Gelfand, Hills, Racine-
Poon and Smith (1990), Gelfand and Smith (1990), Carlin and Polson (1991)
and Zeger and Karim (1991) developed the Gibbs sampling theory. Carlin, Pol-
son and Stoffer (1992), Carter and Kohn (1994, 1996) and Geweke and Tanizaki
(1999) applied the Gibbs sampler to the nonlinear and/or non-Gaussian state-
space models. The Gibbs sampling theory is described concisely as follows.

Consider two random variables x and y, in order to make things easier.
Two conditional density functions p(x|y) and p(y|x) are assumed to be known,
which denote the conditional distribution function of x given y and that of y

given x. Suppose that we can easily generate random draws of x from p(x|y)
and those of y from p(y|x), respectively. Denote x(i) and y(i) by the i-th random
draws of x and y. Pick up an arbitrary value for x, i.e. x(0), and adopt the
following procedure:

(i) Given x(i−1), generate the i-th random draw of y (i.e. denoted by y(i))
from p(y|x(i−1)).

(ii) Given y(i), generate the i-th random draw of x (i.e. x(i)) from p(x|y(i)).

(iii) Repeat (i) and (ii) for i = 1, 2, · · · , n.

From the convergence theory of the Gibbs sampler, as n goes to infinity, we
can regard x(n) and y(n) as random draws from p(x, y), which is a joint density
function of x and y. The basic result of the Gibbs sampler is as follows.

1

n − m

n∑

i=m+1

g(x(i), y(i)) −→
∫

g(x, y)p(x, y)dxdy, as n −→ ∞,

where g(·, ·) is a function. We may take m = 0 but usually 10 – 20 % of n is
taken for m. We have considered the bivariate case, but it is easily extended
to the multivariate cases.

Note that for the Gibbs sampler a random draw is positively correlated
with the next random draw in general. Accordingly, in order to evaluate the
integration, an extremely large number of random draws is necessary.

In addition, if x is highly correlated with y, it is known that convergence of
the Gibbs sampler is very slow. Let x, y and z be the random vectors. Take the
example of the case where x is highly correlated with y. If we generate random
draws from p(x|y, z), p(y|x, z) and p(z|x, y), convergence of the Gibbs sampler
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is slow. Therefore, in this case, without separating x and y, random number
generation from p(x, y|z) and p(z|x, y) yields better random draws from the
joint density p(x, y, z).

In the state space model, from the structure of the transition equation (2),
βt is highly correlated with βt−1, βt−2, · · ·. Accordingly, in the case of the state
space model, it is known that convergence of the Gibbs sampler is very slow.
However, blocking of the random vectors is very ad hoc in practical exercises,
and sometimes it is not feasible since we have the case where p(x, y|z) is not
available.
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