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A Non-Unitary Discount Rate Modél

Koichi Futagami and Takeo Hor#®

Abstract

The standard economic model of intertemporal decision making assumes that a single
discount rate applies equally to discount (dis)utility from aifelient sources. How-

ever, studies such as psychology and behavioral economics have provided evidence
that people might discount (dis)utility from féiérent sources at fierent rates. This
paper develops a simple model where the agent discounts utility from consumption at
a different rate from disutility of labor supply. We show that in our non-unitary dis-
count rate model, the preferences of the agent are time-inconsistent. The source of
the time inconsistency is theftirence between relative impatience with consumption
and labor supply. It is shown that the policffexts in our model are quite ftiérent

from those in the standard model. For example, when the agent discounts utility from
consumption at a higher rate than the disutility of labor supply, the Friedman rule (the
zero nominal interest rate) is no longer optimal. We also make comparisons between

our results and those obtained in a model with a time variable discount rate where the
preferences are time-inconsistent. It is also shown that the pdtegte in our model

are quite dfferent from those in a model with a time variable discount rate.
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1 Introduction

Until the early 20th century, economists had been greatly concerned with various kinds

of psychological and sociological motives that could determine intertemporal choices such

as consumption and saving decisions. Intertemporal choices had been interpreted as the

composite of many conflicting psychological and sociological motives, such as the bequest

motive and temptations to consume too much tdddlyhen in 1937 Samuelson proposed

the discounted utility (henceforth, DU) model which was currently accepted as a standard

model, however, many of the concerns about intertemporal choices that had been discussed

until then were summarized by and compressed into a parameter, the discoénit ratbe

DU model proposed by Samuelson (1937), the intertemporal utility of an agent dtinoe

lives to times(> t) without uncertainty is specified &% = fts u(cy)e*“Ydvwhereu(c,) is

the instantaneous utility from time€onsumptiorc, andp is the subjective discount rate.

We can extend the DU model to cases where an agent derives her utility from more than two

different sources, like consumption and leisure. In such cases, the DU model assumes that

a single discount rate is used commonly to discount (dis)utility from &kdint sources.
However, if each dferent source of (dis)utility is associated with a particular motive

of intertemporal choice and hence people discount (dis)utility froffeidint sources at

different rates, the notion of a unitary discount rate is nonsense. Frederick et al. (2002)

criticize the unitary discount rate assumption of the DU model, by arguing:

When one looks at the behavior of a single individual acrofsrmdint domains, there

is often a wide range of apparent attitudes toward the future. Someone may smoke
heavily, but carefully study the returns of various retirement packages. Another may
squirrel money away while, at the same time, giving little thought to electrigal e
ciency when purchasing an air conditioner. Someone else may devote two decades of

his life to establishing a career, and then jeopardize this long term investment for some

1The early views of economists about intertemporal choices are well documented by Frederick et al.
(2002).

2Frederick et al. (2002) provide an excellent review of the historical development of the DU model. The
DU model has been widely accepted until now despite Samuelson’s reservations about its validity.

3The other factors such as the curvature of the instantaneous utility functionfidsb iatertemporal
choices.



highly transient pleasure. (Frederick et al. (2002), p.393)

These behaviors of a single person cannot be explained if a single discount rate applies to
discount (dis)utility from all diferent sources. A person who smokes heavily may discount
the disutility of having poor health in the future at a higher rate. At the same time, her
careful studying the returns of various retirement packages implies that she may discount
utility from consumption after retirement at a much lower rate. In fact, there is evidence
that people might discount (dis)utility fromftierent sources at fierent rates. In Section

2, we present such evidence. Frederick et al. (2002) continue as follows:

Since the DU model assumes a unitary discount rate that applies to all acts of consump-
tion, such intra-individual heterogeneities pose a theoretical challenge. (Frederick et

al. (2002), p.394)

Motivated by the above arguments, we present a simple model where a person discounts
(dis)utility from different sources at fierent rates exponentially.

More precisely, we assume that the agent discounts utility from consumption at a dif-
ferent rate from the disutility of supplying labor. When the discount rate for utility from
consumption is equal to that for the disutility of labor supply, our model reduces to a stan-
dard DU model. Therefore, we can easily compare the results obtained mopumitary
discount rate modelvhere people use flierent discount rates to discount (dis)utility from
different sources, with the results obtained in the standard DU model where people use a
single discount rate to discount (dis)utility from alfi@drent sources.

We first show that in our non-unitary discount rate model, the marginal rate of substi-
tution between consumption and labor supply is no longer time-invariant, and hence there
emerges time inconsistency concerning the preferences of agents. When the agent discounts
utility from consumption at a higher (lower) rate than the disutility of labor supply, she at-
tempts to consume more (less) today and supply a larger (smaller) amount of labor today
than she planned in the past.

Studies in behavioral economics suggest that the assumption of time consistency in
the standard DU model is incorrectAuthors such as Strotz (1955) and Laibson (1996,

4As to recent advances in behavioral economics, see Rabin (1998, 2002), Frederick et al. (2002) and
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1997, 1998) show that the problem of time inconsistency emerges if individuals discount
future utility with a time variable discount function, especially with the “quasi-hyperbolic”
discount functior?. In a model of hyperbolic discounting, as pointed out by O’'Donoghue
and Rabin (1999), the agent attempts to experience pleasant things immediately and to
procrastinate regarding unpleasant things. This present-biased preference is the source of
time inconsistency in a model of hyperbolic discounting.

In our non-unitary discount rate model, théfdrence between the patience with con-
sumption and labor supply is the source of time inconsistency. Because our model assumes
positive discount rates for both consumption and labor supply, the agent is willing to con-
sume much today and to procrastinate regarding supplying labor today. If the discount rate
for consumption is higher than for labor supply, however, the agent tends to be more will-
ing to consume much today than to procrastinate regarding supplying labor today because
she is relatively more impatient with decreases in consumption today than with increases
in labor supply today. This flierence in the patience is the source of time inconsistency in
our model.

However, we do not claim that our model substitutes for models of hyperbolic discount-
ing. The hyperbolic discount function is given by = V/(1 + kt) wherev, is the present
(discounted) value of an undiscounted valiet represents the time distance a{d 0)

IS a constant parameter representing the degree of discounting. As we will see in Section
2, some studies suggest that people ufferdint hyperbolic discount functions (offféirent
values ofk) to discount (dis)utility from dterent sources. To isolate the roles dfeliences

of discount functions from the roles of the hyperbolic discount function, we use exponen-
tial discount functions in this paper. If we use the hyperbolic discount function, our model
corresponds to the case where people uerént values ok to discount (dis)utility from
different sources.

To solve our non-unitary discount rate model formally, we consider the agent as com-

posed of a sequence of autonomous decision makers as in many previous®stdieall

Pesendorfer (2006), for example.

5The “quasi-hyperbolic” discount function used in Laibson (1996, 1997, 1998) and other studies is intro-
duced by Phelps and Pollak (1968) in a model of imperfect intergenerational altruism.

6See Peleg and Yaari (1973), Goldman (1980), Harris and Laibson (2001) and Luttmer and Mariotti
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the decision maker at timeselft. Then we consider the choices of each decision maker
(self) to be the outcome of an intrapersonal game. We show that in our non-unitary discount
rate model, the consumption-saving behavior of the agerfastad by consumption taxes

that have no ffect on the consumption-saving behavior in the standard DU model.

To examine the welfareffects of taxes, we consider a simple general equilibrium where
labor is used as the only input in production. We evaluate welfare from the perspective of
all selves and derive policies that maximize the utility levels of all selves. In the standard
DU model, the zero consumption tax rate is optimal. In our non-unitary discount rate
model, however, it is shown that the utility levels of all selves can be improved by a strictly
positive consumption tax (a consumption subsidy) when the agent discounts the utility from
consumption at a higher (lower) rate than the disutility of labor supply. Furthermore, by
introducing money under the assumption that a fraction of consumption goods must be
financed by cash, we then show that when the agent discounts the utility from consumption
at a higher rate than the disutility of labor supply, the Friedman rule is no longer optimal
and development of the financial market (decreases in the fraction of consumption goods
that must be financed by cash) deteriorates the utility levels of all selves.

Laibson (1996, 1997) also provides welfare implications similar to our results in a
model with a time variable discount rate where the problem of time inconsistency exists.
For example, Laibson (1997) shows that development of the financial market may deterio-
rate welfare. However, his analysis is based on a partial equilibrium model. To emphasize
the importance of our results, we also conduct welfare analysis in a general equilibrium
model where the agent uses a time variable discount function that is applied equally to con-
sumption and labor supply. We show that in the general equilibrium model with a time
variable discount rate, the zero consumption tax rate is optimal although the problem of
time inconsistency exists. This result suggests that the strictly nonzero optimal consump-
tion tax is not a common feature of general equilibrium models where the problem of the
time inconsistency arises. Our results suggests that when the problem of time inconsis-

tency exists in the economy, the optimal policy might be influenced by the sources of time

(2003), for example.



inconsistency.

The rest of the paper is organized as follows. Section 2 provides evidence that peo-
ple might discount (dis)utility from dierent sources at fierent rates. In Section 3, we
present our non-unitary discount rate model and show how the problem of time inconsis-
tency emerges. Section 4 derives the solution of the intrapersonal game. By considering a
simple general equilibrium model, Section 5 examines ffects of taxes on consumption-
saving behavior and utility levels. Section 6 extends our model by introducing money.
Section 7 compares the results obtained in our non-unitary discount rate model with those
obtained in a model with a time variable discount rate. Concluding remarks are in Section
8.

2 Empirical and Experimental Evidence

As discussed in Introduction, the DU model assumes that a single discount rate applies
equally to all types of goods and all categories of intertemporal choices. The studies such as
psychology and behavioral economics report some empirical experimental observations that
appear to contradict this assumption. Of such observations, we mentisigthgfect the
magnitude fect and thedomain gfect (or domain independengeWhat is most relevant
to our model is thelomain gfect

Thesign gfectrefers to the finding that gains are discounted at a higher rate than losses.
Loewenstein (1987) asked 30 undergraduates to determine how much you would pay most
now to obtain (avoid losing) four dollars in the fivefidrent time delays. He found that
on average, obtaining four dollars was discounted at higher rates than losing four dollars.
Other authors, such as Thaler (1981), Benzion et al. (1989) and Abdellaoui et al. (2009)
also found the signféects.

Many studies have found that discount rates decrease with magnitudes of outcomes.
More concretely, receiving $1 million is discounted at lower rates than receiving $100.
This is often referred to as theagnitude gect Many studies have found the magnitude

effects’
’see Thaler (1981), Benzion et al. (1989), Raineri and Rachlin (1993), Green, Fristoe, and Myerson
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Many of previous studies were concerned with discount rates related to monetary out-
comes. However, recent research has started to study discount rate of non-monetary out-
comes. For example, Chapman and her co-authors have studied discount rates for money
and health in a series of articles. Chapman (1996) conducted three experiments and found
the low correlation between health and money discount rates, which suggested that a person
who exhibited a high discount rate for money did not necessarily exhibit a high discount
rate for health. She interpreted her result as showing that contrary to the DU model, people
used the dterent discount rates for the two domains, money and health. Chapman and
Elstein (1995) and Chapman et al. (1999) also reported the similar results. The finding that
the discount rates fier for different domains is referred to as tthemain gfect(or domain
independende By using a sample of law students, Lazoro et al. (2001) found that the stu-
dents did not apply the same discount rate for their choices about money and health. Baker
et al. (2003) showed that both the current and never-before smokers discounted monetary
loss at a higher rate than health losses.

The observations of the domaifffects are not confined to money and health. Fuchs
(1982) finds no correlations between a standard measure of time discounting (“Would you
choose $1,500 now or $4,000 in five years?”) and other behaviors that one might plausibly
expect to be fiected by time discounting (credit card debit, cigarette smoking, and the
frequency of exercise and dental checkups). By using a sample of psychology students who
had previous work experience and were seeking post-graduation jobs, Schoenfelder and
Hantula (2003) found that students in their study usétdint discount rates to discount
future salary outcomes and future access to attractive job duties. Loewenstein (1987) found
that disutility from receiving electric shocks might be negatively discounted while receiving
an amount of money was positively discounted.

Leclerc (1995) showed that money and tietkort were treated dierently in decision
making. The domainféect was observed for money and tifef€ort. Soman (1998) studied
a monetary rewardR) and a loss of timeffort (E). In his experiments, subjects had to

choose whether or not to enter a transaction where they would reR@ust after comple-

(1994), Myerson and Green (1995), Green, Myerson and McFadden (1997) and Kirby (1997), for example.
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tion of E. BothRandE would occur at the same time in the future. Subjects who chose to
enter this transaction might have evaluated the discounted vaRemich more than the
discounted value oE. Soman (1998) observed that many of subjects who chose to enter
the transaction did not actually redeem the requitéareE and could not gelR. This sug-
gested that after they had decided to enter the transaction, they might have changed their
evaluation and then evaluat@dess than the costs &.

If both RandE are discounted at the same rate (or by the same discount function), it is
difficult to explain the above observation. Consider a person who disc@(Bfsby using
a discount functiomg(t) > 0 (Dg(t) > 0).2 Both RandE will occur aftert periods of time.
If she evaluate®RDg(t) more thanEDg(t), which impliesRDg(t) > EDg(t), she chooses
to enter the transaction. Whébi(t) is equal toDg(t) for all t > O, her decision to enter
the transaction apparently impli&> E. This means that she actually redeefnand can
getR. If Dg(t) is not equal taDg(t), however, the inequalitiRDgr(t) > EDg(t) does not
necessarily imphR > E. Therefore, she might not rededfn Soman (1998) interpreted his
results as showing future tinegfort was discounted at flierent speeds from future money.
More specifically, th& parameter of the hyperbolic discount function fdioet was found
to be diferent from that for money.Soman (2004) and Zauberman and Lynch (2005) also
showed that people usedi@irent discount rates to discount future time and future money.

The final evidence we provide suggests that people might kerett discount rates
to discount money- and labor-related (dis)utility. Table 1 is based on micro data from
“Preference and Life Satisfaction Survey” (see Appendix A for details of this survey). Table
1 (a) shows that in the United States, of 6202 respondents in this survey who discount
money-related utility at positive rates, about 70% of them (4317 respondents) use negative
discount rates to discount the disutility of labor supply. Table 1 (b) provides similar results
for Japan.

The above evidence raises doubts over the assumption of the DU model that a single
discount rate applies equally to discount (dis)utility from affelient sources. In the next

section, we provide a model where agents uffeint discount rates to discount (dis)utility

8DR(t) (De(t)) is a decreasing function of
9Also, see Soman et al. (2005).



from different sources.

[Table 1]

3 The Model

We consider an infinitely-lived agent who is endowed with one unit of time that is allocated

to labor or leisure at each moment of time. The preferences of the agent are given by:

U = f " {u(cv)e—pc(v—t) _ V(|V)e—p|(v—t)} dv, (1)

wherec, > 0 is the consumption level at timeandl, € [0, 1] is the time allocated to labor
supply at timev. u(c,) andv(l,) represent the instantaneous utility derived from consump-
tion and the instantaneous disutility of labor at timeespectively. The functions(-) and
v(-), are twice diferentiable and satisfy’(-) > 0, u”(-) < 0, v'(-) > O andv’(-) > 0. The
parameterg. andp, are the subjective discount rates for consumption and labor supply,
respectively. We assumg > 0 andp, > 0 so that we obtain bounded utility (1), although
some authors observe negative discount rates as discussed in Introduction. We allow the
case wherg, is not equal tg,, which means that the agent discounts utility froffiaetient
sources at dierent rates. Whep, is (not) equal tq,, we call a (non-)unitary discount
rate case. Whep, is larger (smaller) tham,, if the importance that the agent puts on
consumption at dierent times is compared with that of the disutility of labor dfetent
times, the agent puts relatively greater (lesser) importance on consumption today than on
future consumption, while the disutility from future labor supply is relatively more (less)
important for her than the disutility from labor supply today. In other words, the agent is
relatively more (less) impatient with decreases in consumption today than with increases in
labor supply today.

As discussed in Sections 1 and 2, some studies suggest that peopl&ersmiyper-
bolic discount functions (or tlierentk parameters) to discount (dis)utility fromfiérent

sources. However, it should be noted that we use exponential discount functions in (1) to



isolate the &ects of diferences of discount functions from those of the hyperbolic discount
function.

The budget constraint of the agent is given by:

wherea, denotes the asset holdings at tisnandr, (W,) is the interest rate (the wage rate).

7", 7, andrC are the interest income tax rate, the labor income tax rate, and the consumption
tax rate, respectively’, ¥ and® are all assumed to be constant over time. The lump-sum
transfer from the government is denotedyy The budget of the government is balanced

at any moment'r,a, + T™"'wl, + 7°c, = T,.

3.1 Non-Unitary Discount Rate and Time Inconsistency

This subsection demonstrates that the problem of time inconsistency arises under prefer-
ences with non-unitary discount rates, by focusing on the case wher¥, ¢ andT, are

all equal to zero. Before providing a formal solution in the next section, we consider the
case where at timg the agent chooses the sequefgel,, a, )2, without considering the
possibility that she reconsiders her choices at some future time. In other words, when she
chooses the sequenf®, |,, a2, at timet, she believes that at timg> t), she will obey

the decision made at tinte

We maximize (1) subject to (2) by setting the present value Hamiltonian as follows:
Hy = u(c,)e”t Y —v(1,)e? Y 4+ A (rva, + Wy — ¢),

where 1, is the costate variable associated with the asset holdingsy antarger thart.

From the first-order conditions, we obtain:

V) or-perv-y -
7(c) e Wy. (3)

Attimet, the agent plans to consume goods and supply labor according to (3) aftirte
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If she maximizes her utility once again at timg- t), however, we obtain:

v(ily) _

we) =" “

In the unitary discount rate case. = p), (3) is identical to (4). The decision made at time

v is consistent with that made at tirt(e v). In the non-unitary discount rate cage ¢ o)),
however, (3) is dierent from (4). The decisions atfffirent dates are inconsistent. Note
that as shown in the left-hand side of (3), in the non-unitary discount rate case, the marginal
rate of substitution between consumption and labor supply is no longer time-invariant. The

preferences of the agent are time-inconsistent.
[Figure 1]

Figure 1 shows graphically the time inconsistency of the non-unitary discount rate case.
Figure 1 ignores asset holdings for expositional simplicity. In the next section, we present
a formal solution of our model by considering asset holdings. The straight line represents
the budget constraint, = wl,.}° The curved lines are the intirence curves. Panel
(a) shows the case wherg is larger thano,. When the agent maximizes her utility at
timet, the slope of the indlierence curve for the time> t) instantaneous utility is given
by v'(I,)e" @)Y /i1 (c,). At point A, (3) holds. At timet, the agent plans to consume
goods and supply labor at poidtin a future timev(> t). When the agent maximizes
her utility again at timev, however, the slope of the intierence curve of the time-in-
stantaneous utility is given by(l,)/u’(c,). At point A, v'(I,)/U'(c,) becomes smaller than
V' (l,)e @0 /iy (c,) because, is larger tharp,. At time v(> t), the agent wants to con-
sume goods and supply labor at paBwvhere (4) holds, rather than to obey the plan made
at timet (point A). The agent likes to consume more and supply more labor atwitinan
she planned in a past tinté< v). The intuition is as follows: The inequalipy. > p; Sug-
gests that the agent is relatively more impatient with decreases in consumption today than

increases in labor supply today. Therefore, the agent attempts to consume much today and

1%please note that we ignore asset holdings for expositional simplicity. Therefore, the budged constraint is
given byc, = wyly.
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cares less about the disutility of labor today. At each point of time, therefore, the agent

attempts to consume more today and supply more labor today than she planned in the past.
Panel (b) in Figure 1 presents the case whgrées smaller tharp,. In this case, the

agent is relatively more patient with decreases in consumption today than increases in labor

supply today. The agent cares relatively less about decreases in consumption today and

attempts to procrastinate about labor supply today. At each point of time, therefore, the

agent attempts to consume less today and supply less labor todaypthan she planned

in the past (poinC).

3.2 Comparison with a Time Variable Discount Rate Model

This subsection observes that the source of the time inconsistency in our non-unitary dis-
count rate model is quite fierent from that of a model with a time variable discount rate.

Consider the following utility function:

Ui = f {u(cy) = v(lv)} e_(Q'(V_t)+¢(V_t))dv, (5)
t

whereo is a positive constant anglt) is a function oft. Following Barro (1999), we assume

#(0) = 0,¢'(t) > 0,¢”(t) < 0 and lim_,., ¢'(t) = 0. In (5), the instantaneous discount rate,

o + ¢'(t), varies with time, and the same instantaneous discount rate applies equally to
consumption and labor supply. ¥l,) is equal to zero for all, € [0, 1], (5) is equivalent

to the utility function analyzed by Barro (1999). It is well known that when the discount
rate is time variable as in (5), the preferences become time inconsistent. As pointed out by
O’Donoghue and Rabin (1999), when the discount rate ¢’ (t), decreases with time, the
preferences represented by (5) captures the tendency of the agent to attempt to experience
pleasant things immediately and to procrastinate about unpleasant things. More precisely,
at each moment of time, the agent endowed with (5) attempts to consume more today and
enjoy more leisure today by procrastinating about labor supply than she planned in the past.
This present-biased preference is the source of the time inconsistency in a model with a

time variable discount rate.

12



In our non-unitary discount rate model, théfdrence between patience with consump-
tion and labor supply is the source of time inconsistency. Remember thatifesddmdyv(l)
are positively discountegh, > 0 andp, > 0. Therefore, the agent is willing to consume
much today and to procrastinate about labor supply today. \henp, holds, however,
the agent tends to be more willing to consume much today than to procrastinate about la-
bor supply today because she is more impatient with decreases in consumption today than
with increases in labor supply today. Thigfdrence in the patience is the source of time
inconsistency. Our non-unitary discount rate model may be appropriate for describing the
situation where there are (more than) two distinct choice variables that the agent attempts to
experience immediately (or procrastinate about), however, she is more willing to experience

immediately (or procrastinate about) one of them than the other(s).

4 Generalized Euler Equation

This section provides a formal solution of our model by considering asset holdings. Fol-
lowing Peleg and Yaari (1973) and others, we consider the agent as composed of a sequence
of autonomous decision makers who are indexed by tinWge call the decision maker at

time t selft. As in Pollak (1968) and others, we consider the choices of each self to be
the outcome of an intrapersonal game. Following Barro (1999), we solve the intrapersonal
game.

In the following analysis, we specify the instantaneous utility functions as:

Cvl—o- 9(1 _ |v)1—y
and V() = —————
1 _ 0_7 V( V) 1 _ y ’

u(c) =

where neither- > 0 nory > 0 are equal to on&. Wheno (y) is equal to one, we assume
the logarithmic utility functioru(c) = logc (v(I) = —6log(1-1)). A larged(> 0) means that
agents put relatively large weight on the disutility of labor supply. For analytical simplicity

and to focus on thefiects of the non-unitary discount rates, we consider the case where

1The disutility of labor is often specified af,) = 61,**” /(1 + y) wherey > 0. If we use this specification
in our model, however, it becomediiult to obtain an analytical solution.
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is equal tao. In Appendix C, we examine the general case wheigedifferent fromo-.*?
Given future selves’ behaviors and the sequenci0ofw,};2;, selft chooses; andl;
that can be considered as constant flows over the infinitesimally short intetval\]. The

objective of selt is then given by:

00

U = fHA Z(v, t)dv + fw z(v, t)dv ~ [u(c,) — v(I,)] A +f Z(v, t)dv, (6)
t t+A

+A

wherez(v, t) = u(c,)e”V ) —y(l,)e” Y, The approximation comes from settigg<
ande” Y equal to one in the infinitesimal short intervalt[+ A].

Through the choice of; andl;, selft can influence choices of selveé> t + A) by
affecting the asset holdings,,. To derive the optimal choices of sd|fwe first have to
know the dfects ofc; andl; on a. », and second have to conjecture the policy functions of
selvesv(> t + A) to know the éects ofa;, , on future selves’ choices.

The budget constraint (2) can be approximated as follows:
s ~ {1+ (A -1Y)rAlac+ {1 - ™")wely — (1 + 7°%)c + TA.

In this approximation, we ignore terms involvidg and consider; andw; to be constant

in the infinitesimally short time intervat,[t + A]. This equation implies that:

Pr - _(149n, and A

o o = (LA, )

More consumption (labor supply) today leads to smaller (larger) asset holdings in the future.
We turn to the policy functions of self(> t + A). We conjecture that self(> t + A)

chooseg, andl, so as to satisfy:
1-1y = (04)7 Gy (8)

where we conjecture thg§ does not depend on the level of asset holdings. This conjecture

2As Appendix C shows, whep is not equal tar, our non-unitary discount rate model cannot be solved
without extreme assumptions.
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turns out to be true. As in Barro (1999), we conjecture that the choices of afict
the levels of future consumption but not the shape of the path of future consumption. We

conjecture that the path of future consumption is:
6 1
6= 5 = (- -w). (©)

This specification allowsy; to vary over time. We conjecture that does not depend on
the level of initial assets. We will see that this conjecture also turns out to be true.

By integrating (2) front + A to +o0 and using (8) and (9), we obtaipu(s + vi:4)Ctia =
acn + Wiy, WhereW, = f (L= "), + Ty)e § @rsdsgy, 4y = ftm(1+rc)eftv‘gg‘(l‘Tr)rs}dsdv
andy, = ftm(l — )Wy (6¢,) 7 ek {E-@-rskdsgy. Note thatay, , has no ect onuy, , andvi,a

because we conjecture that bgttandw, do not depend oa,,. We then have:

aCHA — 1
08un  fiea + Viea

(10)

By using the policy functions of future selves, (8) and (9), we rewrite the objective

function of selft, (6), as:

c N oL -l A+ Crra ™ ePAD,, 5 + 0C a7
1-0 1-0 1-0 -0

N
U = e Wia,

where®, = [~ ek {@-oi-reldugy and [ 60)% 2 ek {@-0d-nldugy, Selft chooses

andl; so as to maximize this objective function. Note that, has no &ects ond,, and

Y., 2 because we conjecture that bg{tandw, do not depend og,». Then, the first-order

conditions are given by:

9% and L= 1)7 = (L= P"WXeun 2

¢ =(1+71)X ,
( ) tJrAaaHA aa{+A

whereXi; A = ct‘+f’Ae‘PcACI)t+A + 901 R AA, .. In deriving the first-order conditions, we use
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(7). AsA approaches zero, the first-order conditions become:

o 0 Y oG
G = (1+ TC)xtﬁ, and 6L 1) = (1= )W (11)
whereX; = ¢;7®; + 6¢;7 V..
From the two conditions of (11), together with (8), we obtain:
(1+7°
= ‘7 12
& (1 - )W, (12)

Apparently,{; does not depend on the level of asset holdings. Our conjecture turns out to
be true.

The first condition of (11) and (10) implies:
Mt + v = (1 + TC) ((Dt + H\Pt) . (13)

This equation holds for all > 0. We diferentiate both sides with respectticand after

some manipulation we obtain:

pc@¢ + P10,

14
O; + Y ’ ( )

Wt =

where®d, = J{ ef {(1-o)g5-pc dudv ¥, = f (gfv) ef (1-o)gt Pl}dudv o = (1-TYru—wyl/o
and/, is given by (12). As we conjectured; does not depend on the level of asset holdings.

The behavior of the agent is summarized by:

¢ 1 pc O + 00V
= 11-"Yr, - ="\ =0° 15
o U{( ) (M\Pt} . (15)
1
O(L+7° \°
1-li={———— . 16
t {(1_TW)Wt} ¢ (16)

Also in the unitary discount rate case. (= o = p), the same equation as (16) is derived.

We call (15) the generalized Euler equation. In the unitary discount rate case, (15) reduces

¥In Appendix B, we present a derivation of (14).
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to the standard Euler equationy/¢; = {(1 — 7")ry — p}/o.

In contrast, in the non-unitary discount rate caggs~ o), the generalized Euler equa-
tion takes a rather tferent form. In the log-utility cases(= 1), however, the generalized
Euler equation takes a simple form. Whenis equal to one, we haw = 1/p. and

Y = 1/p, by definition. The generalized Euler equation reduces to:
G ~
o (L-7)re—p,

wherep = (1+60)pco1/ (o1 + 6pc). We can derive the same Euler equation by maximizing the

following unitary discount rate utility function subject to (2):

U= f (U@ - v(l)e T Vdv,

With logarithmic utility functions, the non-unitary discount rate model is observationally
equivalent to a unitary discount rate model in which the discount rate is equaf tBur-

thermore, we obtain the following proposition.

Proposition 1

Suppose that the instantaneous utility functions have logarithmic forms. Consider two
agents, one of which has discount rajes,andp;;. The other hag, andpy. If pci011/ (011 +

Opc1) = pe2pi2/ (012 + Bpc2) holds, the generalized Euler equations become the same for the

two agents.

When the utility functions are not logarithmic, the generalized Euler equation takes a
more complex forms. Because the generalized Euler equation inclygesandr” (v > t)
throughd, and¥,, the consumption-saving behavior at titmg influenced byw,, 7¢ andr".
Remember that in our non-unitary discount rate model, the problem of time inconsistency
arises. Given policy functions of the future selves, self today attempt$ect ahe future

selves’ behaviors in a preferable manner for self today by controlling the asset holdings left

14Using logarithmic utility, Pollak (1968), Barro (1999) and many others obtain similar observational
equivalence in models with a time variable discount rate. Karp (2007) considers a more general utility func-
tion.
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to the future selves. Therefore, the saving decision of self todatfastad by behaviors

of the future selves. Behaviors of the future selves are influenced,yf andz" (v > t).
Consequently, the consumption-saving behavior of self today is influenceg, by and

7. In the unitary discount rate case, the problem of time inconsistency does not arise.
Therefore,w,, 7¢ and ™ have no influence on the consumption-saving behavior of self

today.

5 A Simple General Equilibrium Model

To examine the féects of preference parameters and taxes, we consider a simple general
equilibrium model. Consider a competitive economy where there are identical firms. The
number of firms is normalized to one. The representative firm produces a final good by
using a constant-returns-to-scale technology= Al;, whereY; is the output levell; is

labor input andA is a positive constant. Through profit maximization, the wage wnate
becomes equal tA.

The population size is normalized to one. We first consider an economy populated by
homogeneous agents. Subsection 4.3 examines a case of heterogeneous agents. We assume
that the initial asset holdings of the representative agent are agre, 0. Because the
agents are identical and there is no cap#als constant at zero over time. By using (16)

and the goods market equilibrium conditiap= Al;, we obtain:

A 1
Ceg = PIPREY and lg = e E a7)
1+ A{A(l—rW)} 1+ A{A(l—rW)}

Becauser is strictly positive, we have:

aCE (9|E 1(905
%E o, and ZE=2ZE g 18
g = O G T AGe < (18)

wherex = corw. Becauseg is constant, we haveg = 1/p. and¥e = {6(1 + 7¢)/[A(1 - TW)]}l_TU /o1
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From (15), we obtain the equilibrium interest rate:

1o

1 (146707 )pep
—T i+l F

rE—l

wherel = (1 + %) /{A(1 - ™)}

5.1 Consumption-Saving Behavior

By examining the ffects on the equilibrium interest rate, we know tlkeets of the pref-

erence parameters and taxes on the consumption-saving behavior. In Figure 2, we depict
a savings curve that represents the relationship between savings and the interest rate. The
equilibrium interest rate is given by:. Suppose that changes in a parameter strengthen

the saving incentives of each self. For any given interest rate, the savings of each self in-
creases, which results in rightward shifts of the savings curve. The equilibrium interest rate
must decrease from: to r¢.. If a(n) decrease (increase) in the equilibrium interest rate is
caused by changes in a parameter, therefore, we can conclude that changes in that parameter

positively (negatively) fiect the incentive to save.
[Figure 2]

The next proposition summarizes thiéeets of preference parameters on the equilib-

rium interest rate by assumin§ = 7" = 7" = 0.

Proposition 2

1o
1 1o - ) > O’
dpi (o1 + pcb=L 7 )?

1-o

ore _ pPA+07¢F) oy e _ p00lT(A+07¢
O (pr+pr TR )
e _ pep(00) 7 (o1 — po)
0 alp+pb Y

(i)

(iii)

< (=)(>)0 ifandonlyif p < (=)>)pc.

The first and second parts of Proposition 2 indicate that in an economy with relatively large

discount rates, saving incentive are relatively weak.
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The third part shows that in the unitary discount rate cassdrrelevant to the consumption-
saving behavior. In the non-unitary discount rate cases, howkeaects the consumption-
saving behavior. In the case whergis smaller tharp,, 6 is negatively related to the in-
centive to save. An increase ¢hindicates that the agent place a relatively large weight
on the disutility from labor supply. Becauggis smaller tham,, each self does not want
to supply much labor today while she cares relatively less about the disutility from future
labor supply. Whe# increases, self today attempts to increase labor supply of future selves
by reducing the asset holdings left to future selves. Consequently, savings decreases.

The next proposition examines thfexts of tax rates and the wage rate< A).

Proposition 3

() 55 >0
(||) 8 <(=)(>)0, ifandonlyif (1-o0)(o —pc) < (=)(>)0, wherex = corw.
(iii) ﬁ <(=)(>)0, ifandonlyif (1-0o)(o —pc) > (=)(<)0.

(Proof) If we diferentiaterg with respect tar', we obtaindrg/or" = rg/(1-7') > 0. We

next diferentiaterg with respect tax wherex = ¢, ™ or A:

e _ pepi(6627)7 (L= 0o — po)
X (=)ot pfF T OX

wheredl/ot¢ > 0,0¢/07" > 0 anddl /oA < 0. O

In both the unitary and the non-unitary discount rate casd®gs the same qualitativéfect
onrg. In contrast;r¢, ™ andw(= A) have diferent éfects onrg in the two cases. While
7°¢, ™ andw(= A) have no fect in the unitary discount rate case, these three variables do
influence the consumption-saving behavior in the non-unitary discount rate cases.

The intuition of the &ects ofz¢ is as follows. An increase im® has two opposing
effects. Wherp, is larger tharp,, each self attempts to consume much today, compared

with future consumption. Whett increases, therefore, self today does not want to decrease
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consumption today while she cares relatively less about decreases in the future consumption
levels. This negativelyféects the saving incentives. However, becauss larger tharp,,
each self cares relatively less about the disutility of labor supply today, compared with the
disutility of the future labor supply. Faced with an increase‘nself today attempts to
decrease future labor supply more than labor supply today by saving more. This positively
affects the saving incentives. Whenis larger (smaller) than one, the negative (positive)
effects dominate the positive (negativéleets. Consequently, the savings today decrease
(increase). Whep, is smaller tham,, the opposite holds. Whenis smaller (larger) than
one, therefore, the savings today decrease (increase).

An increase inw (a decrease in") increases the incentive of labor supply, and has a
positive dfect on consumption. Therefore, an increaswifa decrease imn") has dfects

similar to a decrease itf. Then, we can obtain the results in Proposition 3.

5.2 The Welfare Bfects of Taxes

We now examine theffects of taxes on welfare. Because the preferences of the agent are
time-inconsistent, the fferent selves of an agent need not agree on their welfare ranking
of the same consumption and labor supply sequences. In this paper, we evaluate welfare
from the perspective of all selves following authors such as Laibson (1996, ¥99).

equilibrium, all selves have the same utility level which is given by:

Ue = u(ce)/pc - V(Ie)/o1- (19)

The interest income taxX has no &ects on utility. By using (17), we ferentiateJg with

respect ta* wherex = c or w:

= < (>)0,

oUg _(,(1 11—TW)acE

oTX - p_c_;|1+TC oTX

15As pointed out by O’Donoghue and Rabin (1999) and others, welfare comparisons for agents with time-
inconsistent preferences are problematic because an agent’s preferenffesamttdimes disagree. However,
many studies, including Laibson (1996, 1997), Laibson et al. (1998)ranshorwjlu et al. (2003), often
make welfare comparisons from the perspective of all selves.
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if and only if (1 - t)/(1+ t°) < (>)pi/pc becauséce /o™ has a negative sign (see (18)).

We then obtain the next proposition.

Proposition 4
The utility levels of all selves are maximized by settihg p./p1 — 1 (¥ = 1—pi/pc) when

™ (7€) is equal to zero.

Consider the gects ofr®. In the unitary discount rate case, the consumption tax (or subsidy)
decreases the utility level. In contrast, in the non-unitary discount rate cases, the utility
levels of all selves are improved by a consumption tax (subsi@ly),0 (¢ < 0), whenp, is
larger (smaller) thap,. As discussed in Subsection 2.1, wheiis larger tham,, selfv(> t)
consumes more by supplying more labor than spiefers. Faced with a consumption tax,
selfv(> t) reduces her own consumption and labor supply. Consequently, the consumption
level and labor supply of seif(> t) become close to those favorable for geliThen, the
utility level of selft improves. Because all selves have the same utility level in equilibrium,
the consumption tax can improve the utility of all selves.

Note that Proposition 4 holds even if the utility functions take logarithmic forms: (
1). As shown in Proposition 1, whamn = 1 holds, the unitary discount rate economy
becomes observationally equivalent to an economy with the non-unitary discount rate. In
the economy with logarithmic utility, the government may misperceive the preferences of
the agent. If the government believes that the agent is endowed with a unitary discount rate
but the agent actually has the non-unitary discount rates, the government cannot implement
policy in an appropriate manner because tffeas of taxes on the welfare in these two

cases are quite ferent, as shown in Proposition 4.

5.3 Heterogeneous Agents

This subsection briefly considers the case of heterogeneous agents, assuming logarithmic
utility functions,c = 1. The initial asset holdings of all agents are equal to zero.pl et

andp| be the subjective discount rates of ageritve assume that (& 6)po} /(0! + 6p.) =

1+ Q)p(j;plj/(plj + Hpé)(z p) holds for alli and j(# i) and that all agents have the same value
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of 6. Because the behaviors of all agents are observationally equivalent (see Proposition
1) and because the initial asset holdings of all agents are equal to zero, it appears as if the
economy is populated by identical agents. The equilibrium consumption level and labor
supply of all agents are then given by (17). The equilibrium interest raie Thé utility

level of all selves of ageritis: UL = u(ce)/pl — V(Ig)/p|. Assumingr¥ = 0, we focus

on the dfects ofr®. Consider a small increase 1i. As is clear from Proposition 4, the

utility levels of all selves of agents Witb‘L/p: — 1 < (>)r° decrease (improve). The utility
levels of the agents with hig}jl"c/p}, who are relatively more impatient with decreases in

consumption today, is improved by an increase®in

6 An Extension: Monetary Economy

This section extends the basic model by introducing money. As in Section 4, the population
size is normalized to one and we assume that the agents are identical. Subsection 5.1
considers the case of heterogeneous agents.

Let us denote the price level @& We assume that a fraction of the purchase of con-
sumption goods must be financed by cash. More precisely, to purcftisenits of con-
sumption goods in a time interval of lengily np.cdt units of cash are needed in the same
time interval. The parameter € [0, 1] represents the fraction of consumption goods that
must be purchased by cash. Let us denote the nominal cash holdings of agentstat time
asM;. When an agent purchasesunits of consumption goods at timeM; must satisfy

M; > npiC, or equivalently:

m, > ncy, (20)

wherem, = M,/p,. A largern means that agents need more cash for purchasing con-
sumption goodsy represents the degree of financial market development. As the financial

market develops; decreases. The budget constraint is given by:

av =Tryay, — (rv+7Tv)rn\/+Wv|v_Cv+Tv’ (21)
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wherern, = p,/pv is the inflation rate, and, is equal taz, + m, wherez, represents the asset
holdings other than cash. We assume that at any moment of time, agents can allocate their
portfolio between cash and other assets without any costs.

As for the money-supply behavior of the government, we assume a helicopter drop of
money. The monetary authority issues nominal money at a positive and constant growth
rate,e = M;/M,. The newly created money is transferred to agents as lump-sum payments.
The budget constraint of the governmenpi$; = eM;.

As in Section 3, we solve the intrapersonal game. We begin withffeets ora,,,. The
budged constraint (21) can be approximated,as~ (1+rA)a+{Wli—C— (r¢+m)me+ T} A
because we can ignore terms involvingand consider,, w;, andr to be constant in the

infinitesimally short time intervalt[t + A]. This equation implies that:

0aga 0aga 0dyA
= —A = A d = — A 22
ac, ) al; Wi an om (re +m) (22)

If self t increases consumption or cash holdings (labor supply), the asset left torsklf
then decreases (increases).
We turn to the policy functions of self> t + A). As in Section 3, the choices of self

V(> t + A) and the path of future consumption are conjectured as follows:

1-1y = (62)7c (23)
~c '& B 1 -
Oy = C, = O_(rv U)v)- (24)

As in Section 3, we conjecture thatand«, do not depend on the level of asset holdings
and that/, and«j, vary over time. In addition, we conjecture that sef t + A) does
not hold more cash than needed for purchasing consumption goods, which means that (20)
holds with equality for all(> t + A). We will see that our conjectures turn out to be true.

From (20) with equality, (21), (23) and (24), we obtaiR,{ ™+ Vt:4)Cin = 8 + Wisa
whereiy, = [ (1 + (ry + m))eh ETddsdy andyy, = I * Wy(6Z,)7 e (E-rs)dsgy, Note that

a2 has no fects onui,, andv, 4 because we conjecture that béﬂand(ﬁv do not depend
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onay.,. We then have:

aCt+A — 1
d8un  flea + Vien

(25)

The objective function of seffis given by:

1- 1- 1- 1-
T 91 -1)C o - 0 o
G + ( ) A+ Gt ePAD A + Gtea

U= 1-0 1-0 1-0 1-0

e_plA\ilt+A,

whered, = [~ ek {a-")-peldugy and P, = I (6Z,) 5 ek {-)T-n}dugy, Given the sequence
of {ry, Wy, pv, m}ie;, Selft maximizes this objective function subject to (22) and> nc:.
We set the Lagrangian as followsf; = U; + A/(m — nc) where 4; is the Lagrangian
multiplier. Note that, , has no &ect on®,,, and¥,,, because we conjecture that qunh

andw, do not depend oa, 5. Then, the first-order conditions are given by:

- 0Cia
— G X aa{:A A =na, (26)
_ —o aCt+A
(1-1)"7 =c %X , 27
( t) CiaAt+a FEN W (27)
0Ci+
Ct_fAXtm = (rt +m)A = A, (28)

whereX, = e *2d, + g P2,

The condition (28) impliesl; > 0, which means that setfdoes not holds more cash
than needed for purchasing consumption goods, or equivalently (20) holds with equality for
selft. Because this applies to seff> t + A), our conjecture that (20) holds with equality

for all v(> t + A) turns out to be true. From (26) and (28), we have:

act+A

CI+A Xt+A aaﬁ_

1 + n(l’t + 7Tt) (29)

By using (23), (27), and (29), we obtain:

~ 1+ +m)
= ——m.
Wy
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As A approaches zero, we hane+ v = {1 + n(r + 7)) (@, + 6F,) from (25) and (29). As

in Section 3, by dterentiating both sides of this equation with respect to time, we obtain:

O = Pc&)t +P|9‘i’t + n(fe + )
&)t + G\Pt 1+ U(rt + ﬂt) .

As we conjectured; andc do not depend on the level of asset holdings.
For analytical simplicity, we proceed by assuming the logarithmic utility functions (

1). If o is not equal to 1, we can obtain the same qualitative results. Because we have

®; = 1/p. and¥; = 1/p wheno = 1 holds, the behavior of selfis summarized by:

Gt ~ n(fe + )

2ep-p-——1 Y 30

Ct t 1+ n(ry + m) (30)
1-1 = oL+ n(re + ﬂt)}Ct, (31)

Wi

wherep = (1 + 0)peoi/ (o1 + 6pc).

As in Section 4, we consider the simple general equilibrium. The production technology
iIsY; = Al;, whereY, is the output levell; is labor input and\ is a positive constant. Through
profit maximization, the wage rate becomes equal t8. Because there is no capital, we
havea; = m,. We focus on the steady state equilibrium where="r; = 7y = 0 holds.
Equation (30) implies; = p. Becausan, = nc; implies¢/c = € — m, m; IS equal toe.
Because the nominal interest rate € cannot be negative,must be equal to or larger than

—p. By using (31) anda; = Al;, we obtain:

. A e 1+ +e)}
C_1+0{1+77(,5+6)}’ and  1-| S 1+0{l+n@ +e)

(32)

Apparently, we havéc'/ox < 0 anddl*/dx < 0 wherex = € or . The utility levels of all
selves are given by* = (Inc*)/p. + {0In(1 = 1%)}/p).

To derivee that maximizedJ)* (henceforth¢*), we diferentiateJ * with respect ta by
using (32):

U on 1 1 (33)
de  1+0{1+n@+e)} \pfl+n+e)} pc)’
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By examining the sign adU*/de, we obtain the next proposition.

Proposition 5

~

. —p, |f pc S pl,
1

Hee-1) =56 -p), i pe>p,
Note that the real interest ratas equal tgo” Whene* is equal to-p, the nominal interest

rate becomes equal to zero. In the unitary discount rate case and in the non-unitary discount
rate case wherg. is smaller tharmp,, the Friedman rule is optimal. When is larger than

o1, € is larger than-p. The Friedman rule is not optimal. Whegp > p, holds, selfv(> t)
attempts to consume more by supplying more labor thar(self) prefers. Anincrease ia
reduces the future selves’ purchasing power, which causes decreaseBurnthermorel*

also falls because of decreases in final goods production. \Whemeases, consequently,
consumption level and labor supply of se(f t) become close to those favorable for gelf

Then, the utility level of all selves improves. When> p, holds, therefore, the monetary
authority can improve the utility levels of all selves by setting the nominal interest rate at a
strictly positive level.

Because we consider the case where the unitary discount rate economy becomes ob-
servationally equivalent to an economy with the non-unitary discount rate, the monetary
authority possibly misperceives the preferences of the agent. If the monetary authority be-
lieves that the agent is endowed with a unitary discount rate grddfactually larger than
o1, the monetary authority cannot implement policy in an appropriate manner.

We next examine the financial market development (decreasgdinkeepinge con-
stant at some level. Becausgdisappears frod* whene is equal to-p, we assume > —p.

Givene(> —p), we differentiateJ * with respect to; by using (32):

U 0 + €) { 1 _1} 34)
o 1+6{L+n@+e) \pll+n@+e)} pcf

Whenp, < p;, d0U*/dn has a negative sign. On the other hand, when p;, dU*/dn has a
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positive (negative) sign if and onlyif < (>)(oc — 01)/{oi1(0 + €)} = 1. Because decreases in

n represent financial market developments, we obtain the next proposition.

Proposition 6

As the financial market develops,
1. whenp. < p; holds, the utility levels of all selves increase;

2. whenp. > p; holds, the utility levels of all selves increase if the financial market is
less-developed;(> 77), while the utility levels of all selves decrease if the financial

market is well-developed < 7).

As n decreases, the constraint on consumption purchases (20) becomes loose. This has a
positive dfect onU*. Because there exists only this positiéeet whenp, < p; holds,
decreases il improve the utility levels of all selves. When > p, holds, however, a
negative fect is also at work. Whep. > p, holds, selfv(> t) attempts to consume more

by supplying more labor than selk v) prefers. As; decreases, the future selves increase
their consumption further, which results in increases in labor supply because of the rise in
the final goods production. TheftBrences between consumption levels (labor supplies) of

the future selves and those favorable for $gtfv) become wider. As a result, a decrease

in n negatively &ectsU*. In an economy with a less-developed (well-developed) financial
market, the positive (negativelfect dominates the negative (positivéieet. The financial

market development improves (diminishes) the utility levels of all selves.

6.1 Heterogeneous Agents

As in Subsection 4.2.1, we assume that @pio! /(o] + 6oL) = (1 + O)plp! /(o] + 6pY)(= p)

holds for alli and j(# i) wherep), andp! are the subjective discount rates of ageand

that the initial asset holdings of all agents are equal to zero. All agents have the same
value of@ and the utility functions are logarithmic. Because the behaviors of all agents are
observationally equivalent (see Proposition 1) and the initial asset holdings of all agents are

equal to zero, it looks as if the economy is populated by identical agents. We focus on the
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steady state equilibrium. The equilibrium consumption level and labor supply of all agents
are then given by (32). The equilibrium interest ratp.isThe utility level of all selves of

agenti is given byU™ = u(c)/p!. — v(I*)/p!. We can use Propositions 5 and 6 to evaluate
welfare d@fects. Where(> p) increases, the utility levels of all selves of agents wijth p}
decrease. The utility of all selves of agents with> p! decreases (increasespif/p| < (>

)1+ n(e +p) holds. Asn decreases, the utility levels of all selves with< p! increase. The

utility of all selves withpl, > p! decreases (increasesyjit< (>)7 = (o, — p))/{p|(® + €)}

holds. Note that whep is kept constanj increases With)ic/p:. The utility levels of the
agents with higtp’./p}, who are relatively more impatient with decreases in consumption
today, tend to be increased by increases in the inflation rate and to be decreased by the

development of the financial market.

7 Optimal Policy and a Time Variable Discount Rate

Propositions 4, 5 and 6 provide important welfare implications. Laibson (1996, 1997)
provides results similar to Propositions 4, 5 and 6. For example, Laibson (1997) shows
that the development of the financial market may deteriorate welfare in a model with a time
variable discount rate where the problem of time inconsistency arises. However, his analysis
is based on a partial equilibrium model. To emphasize the importance of our results, we
consider a general equilibrium model with a time variable discount rate that is similar to
Barro (1999) by assuming that the agents are identical and the population size is one.
Instead of (1), this section assumes (5). Please note that even if the instantaneous utility
functions have logarithmic forms, Propositions 4, 5 and 6 hold in the non-unitary discount
rate model of the previous sections. For simplicity, we assume the logarithmic utility func-
tions: u(c) = Incandv(l) = -0In(1 - 1). Whené is equal to zero, (5) becomes exactly the

same as the utility function employed in Barro (1999). The budget constraint is:
a, =ray+wl, —(1+7%c,+T,. (35)

Because we are interested in the optimal consumption tax, the other taxes are omitted and
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money is excluded in this section.

It is well known that when the discount rate varies with time as in (5), the problem of
time inconsistency arises. As in Section 3, we consider the agent as composed of a sequence
of autonomous decision makers. If we follow the same procedure as in Section 3, we can

derive the behavior of setf which is summarized by:

%:rt—g, (36)
1+7°
1-1,=6 " o (37)

whereé = 1/ fooo exp{—(ot + ¢(t))} dt.1® Barro (1999) obtains the same Euler equation as
(36). Equation (37) is the same as (16) (if wes€t 0 in (16)). Note that the model with

the time variable discount rate is observationally equivalent to the non-unitary discount rate
model if £ is equal too{= (1 + O)pco1/ (o1 + 8pc)). The production technology is given by

Y; = Al;, again. Because (37) is exactly the same as (16), the equilibrium consumption level
and labor supply are given by the two equations of (17) again. In equilibrium, all selves

have the same utility level:

Ug = (u(ce) - V(lg))/¢. (38)

In equilibrium, the only diference between the non-unitary discount rate model and the
model with the time variable discount rate is th&@lience betweebg and Ué;. Let us
compare (38) with (19). In the non-unitary discount rate model, the weighte, 1/pc,
is different from that on(lg), 1/p,. By contrast, in the model with the time variable discount
rate,u(cg) has the same weight &fg).

We now derive the optimal consumption tax in the model with the time variable discount

rate by diferentiating (38) with respect td:

Vg 1 Lo L )oce
ort Ceé

- S 1+71¢) 9t

16see Appendix D for the derivations of (36) and (37).
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Becausece is given by the first equation of (17), we have:/97¢ < 0 (see (18)). The
above equation implies that by setting= 0, the utility levels of all selves are maximized.
This result contrasts with Proposition 4, which shows that in the non-unitary discount rate
model, the optimat®(= p./p, — 1) is strictly not equal to zero. This exercise reveals that the
strictly nonzero optimal consumption tax is not a common feature of general equilibrium
models where the problem of time inconsistency arises.

Note that the equilibrium consumption level and labor supply in the two models are
exactly the same, and that in equilibrium, the onlffetience between the two models is
whether the weights ou(cg) andv(lg) are the same or not. When money is introduced in
the same way as in Section 5, we can reasonably conjecture by ggtting, = £ in (33)
and (34) that in the model with the time variable discount rate, the zero nominal interest
rate (the Friedman rule) becomes optimal and the development of the financial market (a
decrease iny) improves the utility level of all selves.

The analysis in this section provides important policy implications. Even when the
problem of time inconsistency exists in the economy, if it is caused by the time variable
discount rate, the policy maker might not need to take the problem of time inconsistency
into consideration when setting tax rates. However, if the non-unitary discount rates cause
the problem of time inconsistency, the policy maker could not implement policy in an ap-

propriate manner if she does not consider the problem of time inconsistency.

8 Conclusion

The standard DU model assumes that a single discount rate applies equally to discount
(dis)utility from all different sources. However, there is some evidence that people might
discount (dis)utility from diferent sources at fierent rates. This paper provided a sim-
ple model where the agent discounts utility from consumption affardnt rate from the
disutility of supplying labor.

We first showed that in our non-unitary discount rate model, the preferences of agents

are time-inconsistent. Thefterence between patience concerning consumption and labor
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is the source of the time inconsistency. Our non-unitary discount rate model may be appro-
priate for describing the situation where there are (more than) two distinct choice variables
that the agent attempts to experience immediately (or procrastinate about), however, she
is more willing to experience immediately (or procrastinate about) one of them than the
other(s).

In our non-unitary discount rate model, the polidieets on welfare are quiteféerent
from the standard models where a single discount rate applies equally to discount (dis)utility
from all different sources. For example, when the agent discounts utility from consumption
at a higher (lower) rate than the disutility of labor supply, the utility level of agents can
improve by a strictly positive consumption tax (a consumption subsidy). We compared our
results with those obtained in a time variable discount rate model. Although the preferences
are time-inconsistent in both models, the results of welfare analysis are digteeni. Our
analysis suggested that our results suggests that when the problem of time inconsistency
exists in the economy, the optimal policy might be influenced by the sources of time incon-
sistency.

This paper ignored capital accumulation. The introduction of capital accumulation
could dfect our results. It is important to examine how our results d@iected by the
introduction of capital accumulation and to compare our non-unitary discount rate model

with a model with a time variable discount rate by considering capital accumulation.

Appendix

A. Preference and Life Satisfaction Survey

Table 1 is based on micro data from “Preference and Life Satisfaction Survey” conducted in
the Global COE Program entitled “Human Behavior and Socioeconomic Dynamics” which
is supported by the Ministry of Education, Culture, Sports, Science and Technology in
Japan. This survey is a drogfstyle survey that was conducted in February and March
2009. The target populations are individuals who are over 20 years old. Sample in the

United States was selected randomly from households participating in the managed access
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panel of TNS (a formerly National Family Opinion), a global market research company.
Sample in Japan was selected randomly from all over Japan using the Basic Residents Reg-
istration System. Cares were take to ensure that the resulting samples were representative
of the total population in both the United State and Japan. Households in samples were
mailed questionnaires and were asked to mail them back. The resulting number of respon-
dents were 10708 in the United States and 6181 in Japan.

The question about the money-related discount rate is “Would you choose to receive
$100 in two days or to receive affirent amount of money in nine days?” If a respondent
prefers the receipt of $100 in two days to the receipt of (more than) $100 in nine days, we
determine that her money-related discount rate is positive. The question about the labor-
related discount rate is “Would you choose to do 60 minutes of labor this Sunday or to do a
different minutes of labor next Sunday?” If a respondent prefers doing 60 minutes labor this
Sunday to doing (less than) 60 minutes of labor next Sunday, we determine that her labor-
related discount rate is negative. If a respondent gave an answer such as he or she prefers
60 minutes of labor this Sunday to 40 minutes of labor next Sunday, which implies that his
or her labor-related discount rate is negative, but prefers 80 minutes of labor next Sunday
to 60 minutes of labor this Sunday, which implies that his or her labor-related discount
rate is positive, we drop him or her from the data because we cannot determine the sign
of his or her labor-related discount rate. This also applies to the money-related discount
rate. We can determine the signs of both the money- and labor-related discount rates of
6719 (4942) respondents in the United States (Japan). In the United States (Japan), 6202
(4644) respondents, which amounts to about 92% (94%) of 6719 (4942) respondents, were
found to discount money-related utility at positive rates. Panels (a) and (b) of Table 1 are
based on the data from these 6202 and 4644 respondents, respectively. Table 1 shows thatin
the United States (Japan), among the 6202 (4644) respondents who discount money-related
utility at positive rates, about 70% (74%) of them were found to use negative discount rates

to discount the disutility of labor.
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B. Derivation of(14)

By definition, we have:

w={Q-1)re—gju -1+ 7%,
= (L - ) — g — O(L+ T9)(608) 7
D = {pe + (0 — 1)gID - 1,

1-o

Wi = (o + (o — D)gfId — (62)
By differentiating both sides of (13) and using the above four equations, we have:
o1+ )P + 0¥ = (L — 7)re(ue + m) — (1 + ) (0c Dt + 010FY).

In deriving this equation, we use (13). By using (13), we divide the both sides of the above

equation by (1 + 7°)(®; + 0Fy):

_ oD@t + oy Q‘I’t}

1
C:_ 1_ r
G 0'{( L

From this equation and (9), we obtain (14).

C. General Caseu # vy

This appendix discussesfiiculties that arise when is not equal tar. For simplicity, we
assume that®, ¥ andt" are equal to zero.

The objective of self and the &ects of selft’'s choices ora, , are again given by (6)
and (7), respectively. As in Section 3, we conjecture that\§elft + A) chooses, andl,

S0 as to satisfy:
1-1, = (64)7e. (39)

We conjecture thal, does not depend on the level of asset holdings.

The dfificult part of the problem arises from the conjecture as to ffexts ofa,, on
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cy Wherev > t + A. We assume that each self has incorrect beliefs about the future selves’
behavior. More precisely, we assume that selbes not know theféects of her choices
on the shape of the path of future consumption. This may be a restrictive assumption. By
proceeding with this assumption, however, we can illustrate tiieulties that arise when
v is not equal tar. Selft, however, is assumed to know thfeets of her choices on the

level of c..». We conjecture that the path of future consumption is:
. C 1 R
oy = C_v = ;(rv - ), (40)

As we will see laterw, does depend on the level of asset holdings in this general case. Our
assumption, however, means that delfoes not perceive thefects of the level of asset
holdings onwy.

By using (2), (39) and (40), we obtain thffects ofa,,» ONCya:

act+A — 1
aat+A

— (41)

~ o Y
Hiva + 5VtaC

wherei = [ ek @-rsdsgy andy; = I Wy (62,)7 ek (5%-Tslsdy, Note that selt does not
perceive the #ects ofa,, , ON i 4 andvi,a becaus@?v does not depend am,, and because
selft does not perceive thdtects ofa;,, onw,. Therefore, the above equation does not
includediiy /08¢ A aNAOVi A/ 0B A.

By using the policy functions of future selves, (39) and (40), we rewrite the objective

function of selft, (6), as:

67 OL-I)] ™ s 06T s
Ut: 1_0_+ 1—’)/ A+ 1—0'e_pc ®t+A+Tye_pl Wi,

A 1y

whered, = [~ ek {@-ot-reldugy and P, = | ®(62,)F ek "5 Gldugy, Selft chooses,
andl; so as to maximize this objective function. Note that sdlfes not perceive thdfects

of a,x 0N @y, and ¥y, a becausef\, does not depend oa,, and because setfdoes not
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perceive the fects ofa,,, onw,. As A approaches zero, the first-order conditions become:

oG L
G = Xtaa and O(1-1)7 = thta, (42)

~ A ol-y) _q.~
whereX; = ¢ "® + “c. Ly,

By following the procedure that we described in Section 3, we obtain:

PcthA)t + Pl%rcf‘ilt

2t = i, and o = =
W cdy + ¢
Whenv is equal too, @, corresponds to (14). Whenis not equal tar, @; includesc,.
Becausec; does depend og;, @, actually depends on the level of asset holdings. In this
section, however, we assume that $elbes not know thefects ofa,.., on ©,. Therefore,
under our assumption, there exist intertemporal extefii@ts.

If self t does perceive the dependencesfon a,, (v > t + A), we have the following
difficulties: The first diiculty arises from theféects ofa,, on ¢, 4. Note that bothuga
andvi,, depend onwy, hence ora, s, throughdt = (r, — @,)/o (v > t + A). The dfects
of a;,a 0N G, a throughui, o andvyi,, are not included in (41). The nextficulty is caused
by the dependence dfi,» and¥... ona.a. It is apparent thad,, and¥,,» depend on
a.., becauseb,,, and¥,,, included, (v>t+ A). If self t does perceive the dependence
of @, onag, (V> t+ A), we have to consider thefects ofa,,, on cf)HA and‘i’M when
maximizingU;. The first-order conditions are no longer given by (42). Because of these

difficulties, the problem becomes intractable.

D. Derivations of(36) and (37)

Using the same procedure as in Section 3, we derive (36) and (37). Agairitabts efc,

andl; ona., are given by the two equations of (7) if we s¥t= 0 in (7). As in Section 3,
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the choices of sel(> t + A) and the path of future consumption are conjectured as:

1—I\,:(¢9)(V)<lrc;v and G=—=r,-&

£18

As in Section 3, we conjecture thgi and¢ do not depend on the level of asset holdings.
Because of the logarithmic utility function, we assume th#& constant over time. The

effects ofa;,, Onci, 4 are given by:

6Ct+A — 1
aat+A /_lt+A + 1_/t+A '

wherefz, = [~(1+ %)k v andy, = [ wy(6x.)7 ek (& sldsdy,

The objective function of seffis given by:
UI = [ln C+6 In(l - It)] A+ (1 + Q)QH_A In CisAs

whereQ; = ftw exp{—[o- (v-1t) + ¢(v—1t)]}dv. Given the sequence ¢f,, W}, selft
chooseg; andl; so as to maximize this objective function.
Using the first-order conditions and limitimgto zero, we obtairy; = (1 + 7°)/w; and

&E=1/ fow exp{—(ot + ¢(t))} dt. Then, (36) and (37) are derived.
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(a) United States

Labor-related discount rate

negative positive
Money-related discount rate) | 4317 1885
(70%) (30%)
(b) Japan
Labor-related discount rate
negative positive
Money-related discount rate) | 3426 1218
(74%) (26%)

Table 1. Diferences in Discount Rates
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Figure 1. Time Inconsistency of Household’s Behavior

43



r
] Increases in saving incentives
E/
/ r,
/ E

savings

Figure 2. Saving Incentives and Equilibrium Interest Rate

44



