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Abstract

This paper specifically examines intergenerational conflict and analyzes an overlapping generations
model of public goods provision from the viewpoint tiine-consistencyPublic goods are financed
through labor-income and capital-income taxation, thereby distorting savings and the labor supply.
Taxes redistribute income across generations in the form of public goods. Under such a situation, there
emerge dual intergenerational conflicts: the first is related to the amount of public goods and the second
is the tax burden. We then contrast the politico-economic equilibrium with commitment allocation,
and analyze the sources of conflict aimde-inconsistengyand attempt to resolve such a conflict by
introducing the concept ofritergenerational bargaining Our main findings are the following. First,
taxation derived using Lagrange method fails tdibee-consistentSecond, depending on bargaining-
power, taxation based on intergenerational bargaining caimieeconsistent Third, we portray the
properties of taxation and public goods provision rules based on intergenerational bargaining.
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1 Introduction

Traditionally, in analyzing economic policies such as fiscal or monetary policy, economists
have assumed that the government is a monolithic organization that is intended mainly to
maximize social welfare or the economic growth rate. In this regard, the following points
should be emphasized: First, various entities (voters, bureaucrats, representatives, organiza-
tions, etc.) that are involved in policy determination foster conflicts. Therefore, it is impossi-
ble for the government to organize a policy based on only one situation or position. In other
words, the government cannot avoid determining a policy that incorporates implications of
numerous opinions. Second, even if a policy were derived that maximizes social welfare or
the growth rate, carrying out such a policy with certainty would be difficult: it is hard to
commit to such a policy. As a result, we cannot regard actual governments as monolithic
organizations, as many economists have assumed. Similarly, looking at the voter side, vari-
ous conflicts exist: young vs. old, unemployed vs. job-holders, rich vs. poor, and s8.forth
Given the existence of such conflicts, “political compromise” is inevitable; it is difficult to
maintain the government commitment entirely. As countermeasures for such a situation, we
find that it is necessargx postto carry out some kind of coordination policy to attenuate
inefficiencies that result from discretionary policy.

In light of the existence of such conflicts, we find that normative model analysis, in which
the government is assumed to be benevolent in the sense that they maximize social welfare,
is inadequate to determine policy implications because such a model cannot encompass the
nature of the current situation. Therefore, this paper presents analysis of conflicts of interest
among voters, especially intergenerational conflict. In addition, as a problem corresponding
to such a conflict, it is necessary to considertihee-inconsistencproblen®) because both

this problem and such conflicts are concurrently related to government commitment. For that

1) Some conflicts exist even within actual governments. As just one example, the Ministry of Finance and
the Ministry of Health, Labor and Welfare in Japan have frequent conflicts. These two organizations seek
different objectives: the former seeks to decrease the deficit or debt, whereas the latter is responsible for
promoting a social security system, even if it is very costly. Consequently, a contraposition of duties pertains
between the two organizations.

2) As an example of conflicts among voters, we can indicate conflicts surrounding issues of social security,
particularly pension systems.

3) For pioneering studies on this problem, $gelland and Prescoft1977), Fischer(1980, andChari, Kehoe
and Prescot{1989.



reason, this paper describes the investigation of intergenerational conflict in connection with
atime-inconsistencgroblem.

In turn, let us explain the relationship between this paper and past studies. We use a
two-period version of an overlapping generations (OLG) mode and limit our survey to past
studies that have used a similar model. In the context of intergenerational c6hfticasy
studies center their scope oriertemporalconflict, as explained below. Here, we regard the
intertemporalconflict case, in which a transfer from young people to elderly persons is done
in each period, as in a pay-as-you-go type pension system. This can also be interpreted as a
one-sided transfer case. In this regime, intergenerational conflict arises with the result that
the burden that young people should bear varies depending on when they are born.

Among such studies that posit a one-sided transfer case, some studies adaamtta,
Cremer and Pestieg2000 (pension, transfer from elderly persons to young people) and
Holtz-Eakin, Lovely and Tosu(2004 (education, a transfer from elderly persons to young
people) address policy decisions based on majority voting, whé&zasadis and Galasso
(2002 investigates how cooperative solutions are attained, with specific attention to policy
decision based on majority voting in combination with veto power. As another method of
policy decision,Grossman and Helpmaii998 introduces lobbying between households
and a myopic government. It is true that numerous studies have specifically addressed in-
tergenerational transfer. However, as already described, we can categorize such studies as
intertemporalconflict cases despite their associated methods of policy de®ision

On the other hand, to the best of our knowledge, few studies have anatyrdmporal
conflict, even though redistributive policies include two-sided transfers as well as one-sided

transfer®. Among such studie®assettd2008 expands past studies described above into a

4) For a survey, seBreyer(1994), Galasso and Profef2002, andde Walqug2005. Breyerreviews precedent
studies that specifically examined the assumptions of models and classifies the models accordingly. Some
studies use the median voter theorem, based on the assumption of single-peaked utility, in determining policy.
Related to this issue, see alBalasso and Profe{2002 andWalque(2005.

5 For studies that incorporate intragenerational conflict as well as intergenerational conflict, we can point out
Tabellini (1991, 2000, who examines substitution between social security (i.e. pension) and debt payment,
using the altruistic model. That study shows that decisions reached by the older generation are not neces-
sarily disadvantageous to young people, depending on the strength of the bequest bastibertini and
Azariadis(2003 specifically evaluates income redistribution from young people to elderly persons and com-
pares open-loop equilibria (corresponding to the case with commitment) and closed-loop equilibria (without
commitment) under the situation in which inequality pertains with regard to productive ability. They show
that the amount of intergenerational and intragenerational transfer is determined according to the degree of
inequality.

6) Here, we view a two-sided transfer as the case in which a transfer from young people to elderly persons and
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two-sided transfer case by incorporating public goods in an OLG rflodglthis approach,

an intergenerational conflict arises depending on how the cost of public goods is assigned
to young people and the older generatiddassettdocuses on this point by incorporating
public goods that serve in the role of intergenerational transfer (redistribution), and illustrates
the possibility of multiple equilibria using numerical simulaffan Although the analysis

in the present paper resemble thosdBaksettq2008 in the respect that amtratemporal
conflict is emphasized, it differs absolutely from his analysis in other respects, as explained
later.

In many of these studies, policy-making is assumed to be based on the median voter the-
orem or majority voting, which have the common disadvantage of abandoning an underdog
or minority groug). Different from those studies, we elucidate intergenerational conflict and
introduce the concept ofritergenerational bargainingas a solution to such a conflict, ex-
panding the idea oBesley and Ghatak?001J). In this regard, some noteworthy points are
the following: First, the government raises funds through taxation to procure public goods.
Then the government redistributes tax revenues in the form of public goods, which affects
the utility of both young and old generatidfls Second, the younger generation has an in-
centive to decrease labor-income taxation, whereas elderly persons also have an incentive to
decrease capital-income taxation because the labor supply is also endogenous in our model.
In other words, an intergenerational conflict arises at this stage. Moreover, each generation
decreases the tax burden without careful consideration, engendering a situation in which the
amounts of public goods provision decrease. As a result, both generations decrease utility,
creating a trade-off between utility derived through the use of public goods and the disutility

that arises from the tax burden. Intergenerational conflict arises in terms of the tax burden.

its reverse are implemented during the same period.

7) For another study, seRenstdm (1996, andPirttila and Tuomalg2001), which incorporate public goods
into the utility function in an OLG modelRenstdm derives optimal taxation, whereRéttila and Tuomala
derives the public goods provision rule using Mirrlees’ approach. More&aas(2003 introduces public
investment into an OLG model. However, those studies negletintgeinconsistencgroblem.

8) Nevertheless, that result depends strongly on the specification of utility function. Moreover, this point also
differs from our paper.

9 As another criticism of these means of policy-making, Geessman and Helpmd@998 section 1). Those
studies point out that this approach ignores the aspect of the parliamentary system, that is, coalition of voters.
Moreover, the median voter theorem has some restrictions. For instance, this theorem is applicable only under
a one-dimensional policy space.

10) From another perspective, we can regard this kind of public good as “intergenerational public goods”, ac-
cording to the term used iBandler and Smitlj1976. For further examination of this point, see remark
1.



Moreover, regarding the amounts of public goods, an intergenerational conflict also arises
because the amounts of public goods that young and older generations demand generally do
not coincide. In other wordslualintergenerational conflicts emerge. Under such a trade-off,

or because of intergenerational conflicts, how do we determine the public goods provision
rule and taxation?) To answer such a question, this paper offers a new solution concept:
‘intergenerational bargaining?.

Our main findings are summarized as follows: First, taxation derived by the Lagrange
method fails to beime-consistent Second, depending on the value of bargaining power,
such taxation based on intergenerational bargaining cimeeconsistentThird, we showed
properties of taxation and the modified public goods provision rule based on intergenerational
bargaining, which differs fronBassettq2008.

The organization of this paper is as follows: section 2 describes the model and section 3
derives optimal taxation under the assumption that the government has commitment technol-
ogy, and investigates the properties of such taxation. In section 4, we define the equilibrium
concept and derive the modified public goods provision rule and taxation through intergen-
erational bargaining. Section 5 presents conclusions of this paper and future problems that

require analysis.

2 The model

Our model resembles that Benstdbm (1999. We consider an overlapping generations econ-
omy with an endogenous labor supply in which the time horizons are infinite and discrete, as
indexed byt =0,1,2,---. This economy has no uncertainty. We then present a brief descrip-
tion of the respective behaviors of households, firms and the government. Eidejpects an

intuitive structure of this model along with flows of goods and capital.

11) As another study that analyzes the public goods provision rule in an OLG model, we can pdatioat
(1990. However,Batinaexpands the Samuelson rule under the assumption that public goods affect only the
utility in the young period.

12) As other studies that incorporate intergenerational bargainingBassetto(2008 and Renstbm (2002).
However, the former highlights the existence of equilibria indeterminacy and the model of the latter does
not depict the situation of dual intergenerational conflict. Moreover, neither of the two papers highlight the
time-inconsistencgroblem, as our paper does.
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Figure 1 Structure of the model; External Effect and Flow of Goods and Capital

2.1 Preferences, Technology, and Policy
2.1.1 Production
First, we describe firms’ behavior. We assume that factor markets are perfectly competi-
tive and that firms maximize their profits. Labor and capital stock are used for production;
production technology yields constant returns to scale. Therefore, production functions are
expressed a% = F (K, L) : Di — 04, wherekK;, L, andy; respectively represent capital
stock, labor, and output in aggregate terms. For definitions of capital stock and output per
capita,l; andk respectively denot%j and%. The maximization process yields

oF (k. It) > OF (ki.lp)

RIZT FR(ktult)v Wt:ﬁ—lt

In those equation$, andw; respectively indicate the rental rate of capital and the real wage

R (ke,lt)-

rate.

2.1.2 Government

Next, let us describe government behavior. The government determines taxation and public
expenditure to maximize social welfare. Some assumptions must be made. First, the gov-
ernment finances its expenditure with a tax on capital income and labor income; it is used to
purchase public goods. Second, they cannot make use of lump-sum taxes and a consumption

tax. Therefore, the government’s budget constraint is expressed as

Rbt+g =bii1+RTes—1+Wlent, (1)
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whereb; denotes the national debt.

2.1.3 Households

Finally, Households live two periods in a closed-economy with neither population growth
nor a bequest motive. Each generation consists of ordingle agent. Dynasties derive
utility from public goods as well as consumption and leisure. For simplicity, preference of
the dynasty’'s cohort that remain alive taperiod is described by the following additively
separable function:

U(ct, de1, 11,0 Gea) = U(c) +N(g) +v(1—1t) + ﬁ{U(dm) +h(a+1)} (@
wherec;, ¢, lt, g and p respectively denote consumption in the younger period and old,
the labor supply, the amount of public goods at petiodnd the rate of time preference.
We assume that the public goods at periadkpreciate entirely at the end of that period.
Furthermore, each function is twice differentiable, strictly increasing, strictly concave, and
each satisfies the Inada condition. Two kinds of tax exist: a tax on labor ingpy&n(d a tax
on saving €). Households that form at datelivide after-tax labor-income into consumption
(ct) and savingg), and consumeX_ 1) as after-tax savings when they are old. Consequently,

the young-period and old-period budget constraints are shown respectively as
c+s = (1—nowl, d1=(1-T1)R1s. (3)

Each household is assumed to maximize his or her lifetime utyy choosing a con-
sumption plan and a level of labor supply, subject to the budget constraints @)Edaking
into consideration the budget constraint of the government, Bathg first order conditions
are expressible as

1 ~
Us=—U'(c) + m{R[+1u/(dT+1) +Ret1Tt41h (g+1) } = 0,and (4a)
Uy = WU (cr) —V(1—lt) +weneh’ () =0, (4b)

WhereﬁHl = (1— Tt41)R41 andwk = (1— ny)wt. By solving these two equations, we obtain



a savings and labor supply function as folld#s

& = SV, Ry 1;0t), |t =1 (W, Re1; 0r)- %)

m Remark 1 Here, as for the FOCs, Eqs4)( the criticism might arise that the terrhé&g;)
andh(g+1) should be treated as given becagseepresents public goods and does not af-
fect both generations’ behavior. In our setting, we calculate FOCs in this manner because
the government expenditure is dependent upon taxation, which affects households’ behavior.
Note that this calculation is based on the assumption that there is only single agent in each
generation. From this viewpoint, we might regard public service rather than public goods as
used by young and older people who are alive in the same period. Using the t8andfer

and Smith(1976, we can call these kinds of public services “intergenerational public goods”
(IPG) 14

2.2  Market Equilibrium

We then formulate equilibrium conditions for each market. Bechuseyl = [ - & = kily,
whereN is population, we can write this condition as follows:

1. Commodity market
Ct + 0k + Ot + Keralt+1 = Rekele +wile (6)

2. Capital market A
S — by =kepalera(= k1) (7)

3. Labor market
Itis assumed that, in this economy, full employment is founded, meaning that a supply-
demand balance is attained. Thatfsgenotes labor demand.

I3 =1, (8)

13) To close the model, we must describe the behavior of the initial old. As in other periods, the initial old agent
solves
max {u(d;) +h(g1)}
st. di = (1-11)Ris0,
given Ry, Wo, Sp, andgp.

14) Rangel(2005 cites environmental preservation or R&D as an example of IPG. Unlike this paper, he regards
IPGs as goods that affect the utility of the next generation as well as the current generation.
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2.3 Timing of Decisions

Finally, let us summarize the sequence of decision-making (or political process) as follows:

Stage 1.At period 0, the government determines the tax pof{igy, n;" };> o according to the
tax sequence derived by the Lagrange Method. Note that this taxatexnadste
optimal. Similarly,{g; };> is also determined.

Stage 2.At thetth period, a new generation is born.

Stage 3.Based org; determined at stage 1, the elderly and the young who are alive in the
tth period start bargaining over the amount of public goods. Consequently, a new
amount of public goodgy; is determined.

Stage 4.After this kind of bargaining, taxation is also determined{@sn;} in the same
period through bargaining.

Stage 5.Thet + 1th generation is newly born.

After that, Stages 2-5 are repeated.

3 Dynamic Optimal Allocation
3.1 Benchmark

In this section, as a benchmark, we derive the dynamic optimal allocation (Ramsey allocation)
under the assumption that the government implicitly has a commitment device, following
traditional optimal taxation theoty). This taxation corresponds to Stage 1, as described in
the2.3subsection. In this stage, the choice set of the planner is the set of sequences of taxes
and public goods{t, nt, gt }i-, in other Words;{lit,vvt,gt}fzo. In this section, we assume

that public goods entail no congestion effect, so that both the younger and older generations

can make use of public goods. Next, we define the social welfare function as

1 1

SWEtiBt {U(Ct) V(L= +h(g) + 7 {uldia) + h(gtﬂ)}} + 15 {U(do) +h(g0)},

15) In other words, this concept is identical to the open-loop solution.
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wheref(< 1) stands for the social discount factor. Then, the constraints are summarized as

follows:16)

1. First-order conditions: These equations can be interpreted as households’ response

functions.
/ 1 3 / 3 /
{us = (o) + o (R (@) + R —Real@ea)} =0, )
U| = \K/tU/(Ct) —\/(1— lt) + (Wt —Wt)h/(gt> =0
2. Commodity market
G+ 0k + 0t + kit1lt+1 = Rekelt +wlt (6)

3. Government budget constraint
Based on the fact th&t(-) is homogeneous of degree one, we can transform Bq. (

asl’)
o = F (ke It) — Rikely — Wil +kele +bey g — Reby (1)
More formally, the problem of the government can be rewritten as
max SW
{We,Re,br, gt . (IPg)
st. Eqgs (1'),(4'),(6), givenkg > 0.

Setting{ u1t, Uat, Kt, At } @s the Lagrange multiplier, le¥’ be the Lagrange function as
il 1

L = Hu(e) +v(1—1)+h —{u h
3 B[ {u(e) + L)+ hi@) + 1 {udea) + hlger)

+ pu{—U'(c) + ﬁ{ﬁwlul(dwl) + (Ry1— Ry )N (Gt41) 3}
+ pa (WU (C) — V(1= l) 4 (We — V)R () }
+ ke {0 — F (e, be) + Rekele + Wkl — b1 -+ Rebr b+ Ac (Rekehe +Wele — 6 — de — g — kealera) |-

Note thatk; and A; are interpreted respectively as the marginal social value and the

marginal rate of substitution. Moreoveay;; and px can be interpreted respectively as the

16) |If we take the borrowing constraints into consideration, another condkion 0, is added, but we ignore it
in this paper.
17) This equation is derived in the following manner.
g = RuS_1+Wlin+bg— R
= Rkl +b) +Wln +ba—Rby (7 eq.q))
= Fik,lt) — Rkele — Wl + b g — Riby



sensitivity for the saving and labor supply. Noting that state variablek; aedb;, we can

derive the first-order conditions (and the transversality condition) as foiféws

W

z)

, 1 Wi , . _ %
paf (@) + 15 o~ D 0} = (= A ) (%)
1 _ 1
m(% — D pr -l (ges1) + %mul(dtﬂ) + Ki (kele +b)
m%mt:o (9b)
_Ktm% —0 (9c)
—V (1—=1t) + pxV' (1= t) + ki (Reke + Vi — k)
(R4 w) — 22k =0 (90
k(—R+R) +)\th—%=0 (%)
1 1 ~
h (at) + Em{h/(gtH) + (R — Res1)prt—1h" (941)
+ pot (1 — )" () + ke — A =0 (9f)

Finally, the transversality condition is

lim B'Adk = 0.

18) For the first-order condition with respect W, We use the fact tha% =

1
1-—nm

(1— nt)w. The same calculation applies fidr, 1.

10

Wi ~
= — becausen =
We



At the steady state, settifg= k.1 = --- = k for instance,

8 ke(U(©)+ 345~ D@} = (k=32 ) (10a)
(9b) ﬁ(g—l)ulh’(gwr%u’(d)+K(kl+b)+)\—gkl:O (10b)
(90 : —BkR+k=0 (10c)
9d) : _\/(1_|)+u2\/’(1_|)+K(F”ek+v~v_k)+At(Rk+wt)_%k:o (10d)
(99 K(—R+§)+AR—%:0 (10e)
©) ¢ W@+ 515 (0)+ (1Rt (@) +Hall - W'(g) + kA 00D
@) ¢ )+ 5 {RUQ) + (R-RaN(@)} =0 (109)
@) : Wd(c)-v(1-1)+(1-W)—h'(g)=0 (10h)
(1) : g—F(k1I)+Rkl+W —kl—b+Rb=0 (10i)
6) : Rkl+wl—c—d—g>0 (10j)

From these equations, we obtain the following set of solution paths:
{qk’dt*+1v lt*7 Rt*’ bikvvvtkv kt*’gik’ uikt’ “;t’ Kt*7)‘t*}§°:O'
In this paper, we designate solutions derived by Lagrangian method as “commitment solu-

tions.” From these equations, we obtain

=1— & ne = 1o Gtk
Reke 11 W

We then discuss some features of the Ramsey allocation in the following subsection.

(11)

3.2 Characterization of Commitment Solution

In this subsection, we characterize the equilibrium tax sequence, derived in the above way.

Here, we show the following claim.

Proposition 1 The commitment solution, derived by Lagrange method, has the following

properties:

1. This taxation fails to be time-consistent.
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2. This taxation presents intergenerational inequality of the amount of public goods.

Proof See appendiA.l i

m Remark 2 For the first result, we have three remarks. First, this result differs @&mmo

and Yakita(198319). Their model assumes a naive expectation in relation to the amount
of public goods provision, which means that the amount of public provision at period
equals that at + 1 period. Therefore, théme-inconsistencyroblem does not occur in
their model. Second, the fact that the open-loop solution generally failsttmbeconsistent

is well known. HoweverXie (1997 reported that there is a possibility that even an open-
loop solution istime-consistentso it is necessary to check whether the above solution is
time-inconsistenor not. Third, intuitively,time-inconsistencyccurs in this model for the

following two reasons.

1. Cost allocation of public goods varies depending on when households are born.
2. Existence of the state variable, emphasized in this paper as physical capital.

The first point says that the sourcetiohe-inconsistencig conflict of interests, as indicated
in Drazen(200Q pp.110-113). Furthermore, the second is more important. The property of
variables changes from ‘control variables’ to a ‘state variable’ after some time has passed.
In other words, such variables can be treated as a control variable until some period; sub-
sequently, this can be treated merely as a state variable. In other words, this shows that the

elasticity of a tax-basex antediffers from thatex post

m Remark 3 As for the second result, it is necessary to define a situation that has no inter-
generational conflict. In this paper, a situation with intergenerational conflict is considered
as follows. The amount of provided public goods differs from the level that each generation
desires. In other words, taxation maximizes the sum of utility of young people and elderly
persons as a fair policy. That is, taperiod, a certain kind of taxatiod 1, nt, g} does not
agree with{t;", n;", g }, which maximizes the social welfare. Formally, we must show that

the above commitment solution differs from that defined as follows:

19) Moreover, in the model obkuno and Yakitg1983, the labor supply is not endogenous, which differs from
our model.
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Defnition 1 (Equilibrium with Intragenerational Equal Treatment) The set of allocation

with intragenerational equal treatment satisfies the following three conditions:

(i) Together with the situation in which both the generations’ utility and firms’ profits are
maximized,
(i) The allocation satisfies the following:

max U (c, o, 1— k) +U(ck, o)
{Wie,Re }

st. Egs (1),(3).
(i) The following markets clear.
Commodity Market: Eq(6), Capital Market: Eq.(7), Labor Market: Eq.(8)

For a more detailed proof, see the second hal.af

4 Intergenerational Bargaining

In the previous section, we have analyzed the taxation and public goods provision rule under
the assumption of no congestion effect and the government has a commitment device. We
have shown that taxation derived by the Lagrange method, which is determined at the initial
point, fails to betime-consistentConsequently, the government has an incentive to change
the policy at some poif?. In this section, we introduce the concept oftérgenerational
bargainingd, which is an alternative to Lagrange method or majority voting. In what follows,
first, we define the equilibrium concept (i.e. politico-economic equilibrium). Second, we
formulate a problem in which older and younger generations should solve and derive the
modified public goods provision rule. Finally, we examine the properties of the modified

public goods provision rule and explain the relationship using the Samuelson rule.

4.1 Equilibrium Definition

According toKrusell, Quadrini and Rios-Ru([1997), let us define the equilibrium concept

(politico-economic equilibriurfb).

20) One might infer that the government should carry out a no-commitment policy. However, it is not desirable
to do so in terms of credibility. Furthermore, it is extremely difficult to change the policy repeatedly because
of the cost of policy-change. Third, this way of method does not show how the government should change
the policy in concrete form.

21) This concept corresponds to so-called Markov-perfect equilibrium. These conditions are dependent on the
relationship between thieandt + 1 period. Therefore, this concept meets the Markov property.

13



Defnition 2 (Politico-Economic Equilibrium) A politico-economic equilibrium is a

sequencéw, lt, ¢, d, Rii1, 0t }i—o that accords with the following.

(i) Given the sequenday’, n¢, o }i~ 4, each agent (young or elderly) determines the policy
variables that maximize their individual utility. That is, the optimal policy variables
meet the following maximization problem:

e Young people:

max {u(q) +v(1—1)+h(g)+ ﬁ{U(dH—l) + h(9t+1)}}
e Elderly persons:
max { - {u() +hig)} |

Based on the solutions of such problems, the tax policy by which both generations are
alive in the same period as that in which demand is determined. Moreover, the policy
{9s}e i1, Which is also achieved through the above method, is repeated aftér t
period.

(i) Based on the bargaining solutions, the government determines the policy.

(ii) Finally, the following markets clear.
Commodity Market: Eq(6), Capital Market: Eq.(7), Labor Market: Eq.(8)

This equilibrium concept is superior to the Ramsey allocation discussed in the previous
section in the following two respects: First, by its definition of Markov property, the above
equilibrium meets the property tifne-consistencgnd neither young nor elder agents have
an incentive to deviate from the bargaining solution because it is based on the solution of
utility maximization problem. Second, compared with the Ramsey allocation from the view-
point of intergenerational fairness, this equilibrium does not engender much intergenerational
inequality because this taxation is based on the behavior of living generations in the same pe-
riod. As for this equilibrium concept, note that the government is assumedroybpicin
the sense that they ignore the long-run effect and emphasize only the effect of a single pe-
riod. This situation can be interpreted as a one-period commitment. Hereafter, we search the

public goods provision rule and the taxation that meets the above properties.
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Figure 2 Schematic of intergenerational bargaining

4.2 Bargaining Problem between Elderly Persons and Young People

In this section, we formulate the concepiimtiergenerational bargainingThe intuitive struc-

ture of this bargaining is depicted in Fig. In this paper, the amount of public goods pro-
vision as well as taxation is assumed to be determined by a kind of bargaining, especially
Nash-bargaining. In more detail, we assume that both generations solve their own problems
and determine the amount of public goods through bargaining. Subsequently, the government

determines the public goods provision Rfle

4.2.1 Optimal Choice of Young Individuals
First, the problem for young people is summarized as follows: The younger generation de-
termines the amount of public goods to maximize the lifetime utility: the sum of utilities of

younger and older peop#®. In summary, young people face the following problem:

1

1+p
st. Eqgs (1).(3)

max {u(ct) +Vv(1—1t) +h(g) +

u +h
(ulckso) +higei)} | P
4.2.2 Optimal Choice of Old Individuals

Next, let us derive the amount of public goods for elderly persons. Note that elderly persons

are myopic in the sense that they consider only their own utility in old age. In this case, we

22) This type of bargaining is also adopted Bgsley and Coaté2003.
23) True of the old case that is discussed later, we specifically assess the amount of public goods, given the
taxation,{nt, Tt }.
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can define the amount of public goods as the solution of the following problem:

1
rgrt]’artx m {u(d) +h(ar)} (IPo1q)

st. Eqs (1'),(3)
4.2.3 Determination of the Amount of Public Goods and the Tax Burden through Bar-
gaining
As described in section 1, we do not adopt policy-making based on majority voting but rather
that based on intergenerational bargaining. Especially, we adopt policy-making based on
Nash-type bargainirid). Although situations in which bargaining does not progress are con-
ceivable, we eliminate such cases from consideration in this paper. Each generation faces the
following bargaining probles?).
Let the bargaining power of young people and elderly personspatiod respectively

representr, 1— a (0 < a < 1). Players maximize the following Nash products:
e Public goods g
G = argmax(U (¢, 61,1~ h, 6, 641)) - (U(dh,90)) 7 (12)
e Tax burden : ;, nt)

(thv ITt) =argmax = (U (Chdt-i-la 1- I'[agt7gt+1))a ’ (U (dtagt))l_a (13)

N, T

Through transformation into logarithmic form, let us solve the following two problems:

mgtax (Dl =a In{U (Ctadt+l7l_|tvgt7gt+1)}+ (1_ a) In{U (dt7gt)}

14
st. (1),(4),(6), 1)
and

max @z = a-In{U(c,di1,1—1t, 0, G1) F + (1—a) - In{U (dk, 00) } (15)

st. (1),(4).(6).

Now, we are ready to present the following claim:

24) As for the Nash Bargaining, s&inmore, Rubinstein and Wolinsk{1986. Note that the outside option of
both elder generations and young persons is 0 under this setting.

25) Before entering analysis, we explain the role of debt. Taxation through intergenerational bargaining does not
necessarily cover the amount of public goods that is determined by bargaining. We introduce debt to cover
that shortfall.
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Proposition 2 {1, nt,g } meets the following properties.

1. {1, n:,q} satisfies conditions of the politico-economic equilibrium.

2. Each solution achieved through intergenerational bargaining meets the following

properties.
0 ot ont
%>0, %>0, %<0 (16)
Proof See appendiA.2 i

These second properties inform us that the amount of public goods provision and capital
income tax increase as the bargaining power of young generation becomes stronger, while
labor income tax decreases. The intuition behind these results is that, for the relationship be-
tween capital-income tax and bargaining power, as the bargaining peweecomes larger,
which might imply that the voice of the younger generation becomes larger, they have an
incentive to reduce the burden caused by labor income tax and impose a heavier burden on
elderly persons; the older generation is compelled to bear a bigger burden because of the
capital income tax, and it is the opposite. For the amount of public goods, the intuitive expla-
nation is as follows: Because young persons live two periods and thereby live longer than the
elderly group, they have more incentive to make use of public goods than do elderly persons.

Incidentally, is there a possibility that the solution derived by dynamic programming (DP)
and the bargaining solution coincide? If so, tiree-inconsistencproblem is solvable by

bargaining®). The following proposition answers such a question.

Proposition 3 There exists &” such that the solution derived by dynamic programming
and that by intergenerational bargaining coincide. In other words, depending on the value
of bargaining power, taxation derived through bargaining can meet the property of time-

consistency.

Proof To prove this claim, we must show that these solutions through intergenerational bar-

gaining coincide with the feedback solution. See also appeh@ifor greater detail. i

26) Note that the DP solution meets the propertyimfe-consistency
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4.3 Derivation of the Modified Samuelson Rule through Bargaining

In the previous subsection, we have investigated the properties of policy variables through
bargaining. However, it is unlikely that households can determine all policy variables through

bargaining. In this subsection, we then derive taxation rule based on intergenerational bar-
gaining under the case that only the amount of public goods is determined through bargain-
ing. Hereafter, we define that problem of government taking the discussion in the previous

subsection into consideration. To sum up, the problem for the government is the following.

max SW (IPG1)
st. Egs (1),(6),(30)

As in the previous section, we construct the following Lagrangiénsetting{:, A, @ }

as Lagrange multipliers:

1+p
+ K {00 — F (ke I) + Rekelg +Vikly — g + Rebr 4+ Ac(Rekele +Wele — 6 — 0 — gt — Kesaliea)

h(g) —u'(c) —v(1-1I) h'(gt) —u'(ck)
U(Q,dt+1,1—|t,979t+1)+(1_a). U(d,0) J

We then derive the following first-order conditions:

~ / / h//(gt) h//(gt)
W : —lu (Ct)"’h(g'[)_'—cﬂ{a{u(ct’dt+1,1—|t,g[,g[+1)}2+<1 a){U( )}2}

Y L
= (Kt Wt )\t) lt (17&)

= iﬁt [ (e + V(L 1) + (@) + 1 {u(dhor) + h(gin))
t=

+a@{a-

R tp (dt+1)+Kt(kt|t+bt)+)\t—kt|t
h"(gt) B h"(g) | _
+(n {G{U (Ctvdt+l71_ |t7gtagt+l)}2 +(1 a) {U (dl7gt)}2} =0
(17b)
- B ' (g) (1-o)h"(g),
gt . h(gt)+Kt )\t+(R{G{U<Ct7d[+l71_|t7gtﬂgt+1)}2 {U(dtvgt>}2 }_O
(17c¢)
b —Kth+T:0 (17d)
k :© k(-R+R) +Ath—)%:0 (17e)
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As in the previous section, we obtain the following conditions at the steady state.

(179 —'U'<C>+h'(9)+(K_%’w“p{a{u(c,d,hl(—g?,gyg)}ﬁ(E(z?;)}(g)}zo

(18a)

/ R h"(g) (1-a)h"(g) | _

(17b) 1+pu(o|)+;<(k|+b)+)\§k|+qo{or{u(C’d’l_I’g’g)}z+ Ud.g)2 }_o
- ah’(g) (1-a)h"(g), _

79 = M@, A+l Gedi g2 [Udg) ° (180)

(170 : —PBkR+Kk=0 (18c)

(179 K(—R+F§—1)+AR—%:0 (18d)

We define the solution by as follows.
{C;(’ dt*+1v lt*7 ﬁ:’ W?W?v k:’ g:’ Kt*v)\t*v ‘R*}fo:o
We refer to the above solution as “modified public goods provision rule”. Then, we show

the following claim:

Proposition 4 The above modified optimal taxation to finance public goods in the long run
is characterized as

u'(d)
h(g) H(9)

B u'(c) b R
_l+u2h'(g) —K(k+|—)—)\—§k. (29)
m Remark 4 The left side of the equation shown abo®8)(denotes the sum of the marginal

rate of substitution between consumption and public goods. Regarding the right side of this

equation, we can infer that this result reflects the following channels.

e the cost of public goods distribution, which corresponds to the first term of R.H.S. of
eq.9).
¢ Pigou effect — The sum effect @) + (ii ), which corresponds to the second and third
term of R.H.S. of eqX9).
(i) the negative effect of labor-income tax — distortion in labor supply
(i) the negative effect of capital-income tax — distortion in saving

e the positive effect of public goods, which corresponds to the fourth term of R.H.S. of
eq.9).
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Especially, the third effect has a positive effect on the utility of both young and elderly per-
sons. Moreover, we can regard this result in terms of the Samuelson Rule, which means that
5iMRS = MRT, where MRS and MRT respectively show the marginal rate of substitution

and marginal rate of transformation.

Proof From eq.(180), we obtain

~

BR=1.

Eliminating® from eq(188 and eq(18b), we have

m%®+1%5wmpﬂﬂw+(x—%Ay—«whun—Agm
Dividing both sides of the above equation byl (g), we have
u'(c) 1 u(d)
h(g) 1+pHN(g)
Here, using the following equations, those are the E483-(18c) as the first order condi-

k (20)

:1+(K—%A)—Kw+9y—A

tions,
U(0) — {1 — oW " () — A =0 (21a)
U (d)—ARU'(d)—A =0 (21b)
HaU'(C) = (K — %/\) I (21c)
We can rewrite e20) as
u'(c) u'(d) u'(c) b R
=1 —K(k+—-)—A=k.
g T g TR
This concludes the proof. i

m Remark 5

1. In relation to this proposition, we can adopt the following perspective. Considering
that the structure of intergenerational bargaining proceeds afteth@eriod, we can
regard this model as having identical structure to an ordinary repeated game. There-
fore, we can conclude that the cooperative solution is attainable by applgindori
(1992'’s discussion. Thereby, theme-consistensolution is obtainable.

2. As discussed itkeson, Chari and Kehgd 999, taxing capital income is not prefer-
able from the viewpoint of efficiency. However, we showed that this way of fund-

raising of public goods is justifiable from the viewpoint of intergenerational conflict.
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4.4 Discussion

In this subsection, let us point out some remarks as for intergenerational bargaining proposed

in this section.

m the Specific Example of Bargaining Power

Applying the concept of intergenerational bargaining to reality, bargaining paweran be
regarded as the strength of the coalition within the congress in this paper or simply stated, the
political power of young agents. More concretely speaking, in the congress (or for instance,
the national diet), the bargaining power corresponds to the ratio of assembly members, to
whom young persons give support. If the voter turnout of young persons is high, there is a
greater possibility that the assembly members, to whom young persons lend support, can win
an election. Therefore, from another perspective, the bargaining power also corresponds to
the approval rating among young persons for the policy that the government determines.

m How can we discover the optimal value of bargaining power?

On the other hand, proposition 3 says that depending on the value of the bargaining power,
the bargaining solution coincides with the DP solution. However, another question remains
to be discussed as follows: How can we find the optimal value dat satisfies such a
property? Our proposal is as follows: If the government seeks to attain such a value of
bargaining power, they should merely adjust the difference of preferences to the tax burden
and the amount of public goods between elderly and young persons by introducing a proper

policy that is supportable by young people.

5 Concluding Remarks

In this paper, we have presented analysis of dynamic optimal taxation and a public goods pro-
vision rule under the presence of intergenerational conflict by introducing a solution concept
for such a conflict as an alternative to majority voting or lobbying. What we have shown in
this paper is summarized as the following: First, taxation derived using the Lagrange Method
fails to betime-consistentSecond, depending on bargaining-power, taxation based on inter-
generational bargaining can bme-consistentThird, we investigated properties of taxation

and a public goods provision rule based on intergenerational bargaining.
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Finally, we conclude this paper by pointing out possible directions for extending its anal-
ysis and implications. First, in Nash-bargaining, bargaining power is given exogenously;
for that reason, we are compelled to endogenize it as a next step. Second, considering the
existence of inequality related to ability, income, and labor supply, we must also analyze
intragenerational confliéf). Finally, with regard to policy-making, we must also consider
other political decision-making modalities including ideology, veto-power, rent-seeking, and
so forth.

Appendix A
A.1 Proof of Proposition 1

m Proposition 1.1 First, we begin to prove Proposition 1.1. This fashion of proof is based
on that ofKinai (2009. To prove this claim, we must demonstrate that the solution de-
rived using the Lagrange method (open-loop solution) differs from that by dynamic program-
ming (closed-loop solution). Next, we rewrite the maximization problem that the government
should solve.

S gt _ t
{v%mﬁ?,)g(t} t;)ﬁ {U(Ct)+V(1 lt) +h(g) + 1+p{u(d1+1)+h(gt+1)}}

Using Eq. B), the budget constraints of the government can be writtefPas:

bry1 = —F(S(W_1,bt) —br,| (W, Re11)) + R{S(W_1,br) — b} + Wl (W, R 11) + Rk + g

(22)
Now, let us definey as follows by differentiating Eq.2@) with respect tdo_ 1.
_ . 0y OR1
1—(w— ~ = 23
W 5R ;b 9

Hereafter, usingy, we advance our calculation as follows: Using E&), the budget

27) As an existing study that presents a similar viewpoint,tassler, Storesletten and ZilibotB007).
28) This transformation is based on the fact that we can rews(te 1,b;) asF (s(W_1,bt)), using the production
function,F (k;, Lt).
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constraints of the government can be written as:

b1 - < ol dlt 5F~3t+1)
C— = g+ (W — — + —= 24a
& Ok e (e —wh) OWy  ORiy1 0beyia (242)
ob1
% Ha = 8 (24b)
oby1
G - g = 1 (24¢)

Next, we obtain the following equations by differentiating EG2)(with respect to two

state variabledh andw;_1.

oby1 (9St aRt
ob1 s ds | 9s OR
& oW1 (R-R) LM/t—l OR OWi_1 (24e)

Setting the value function &(k;, g;—1), we establish the Bellman Equation as follows.

Ok 1) = max (il — S0 1,b0) (L) +h(0} + o (u(Rasti1,8)) +higio))
{Wie,Re.0t} +pP

+ Bt 1(ki+1,0)
(25)

st. Eq.(22)

From Eq. 25), we derive the first-order conditions with respectto R, andg;.
0Q , _ dly  dk IR
Gl () + B t(ke+1,Gt41) {|t+(Wt—Wt) <_t+_t Rt+1>} _o (26a)

Obri1 ow  Odly dw
1 0R,1 0Q¢;1(Gt+1, W)
————u + =0 26b
Ot 14 p dR[ (Ch1)+PB bri s S (26Db)
R 1 ., / 0Qt11(Gt+1,W)
—=fh + —h + =0 26¢C
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Using the envelope theorem yields the Benveniste-Scheinkman condi#f®n as

Q 1 o
G - 9%k = G {_U,(Ct)a—& + —U,(dt+1)Rt+16—S[}

aby oo 1+p oby
e (GRS eE)
'div?_tl — qt{—u/( )Z—dev?[lJrﬁ (dt+l)§t+lg§t dfv?tl}
B R R[22 B 02 ST o)

Now we show that the solution derived in this manner differs from that obtained using

Lagrange method. From EdL{c), we obtain

~

BR=1. (27)

Substituting Eq. Z3), and Eqgs. 269—(264d) into the above equations yields the following.

_ dl IR
23 : 1—(w-— >6R 3 = ) (28a)
269 : q-Iu )+/309(bw>{|+(w_w) (%+%%)}:o (28b)
_ 1 dR 0Q(b,w) 1,
(26b : q- m(?_R '(d)+ B b s=0<=q +pu( )+B s 028c)
. / / 0Q o
(269 : afh(g )+mh( )}+B0—g—0 (28d)
_ 0Q , . 0S 1 Js
(260 q'%_q{—u(c)%ntprp (d)R%}
0Q ( ~ _ dsdR
+B%{(R—R)ﬁ%+l?} (28e)
From these equations, eliminatiggandQ(-), we obtain
0Q ;. 0S 1 Js 0Q Js
%:q{—u( )ab+m (d)Rab}+B_{(R R)ab+R}

— q{—u’(o)j—}ﬁu’(d)ﬁj—ﬁ} +2aprR(P -0 (9

From Eq. 280,
0Q 1 1

=" __—/
b~ psii U@

29) These equations can be derived through differentiation with respect to two state vatiabledw;_1.

24



By substituting this equation into EqRY), we obtain

{—u’(c)+iu'(d)ﬁ}g—§+{ 1 1 u’(d)}(l—BR)(g—;—l):O

1+p Bsl+p
= (O V@R @R ) = {- L@} a-pR
, -1 1, (11
= U+ RE - RIS = - @b a- R
a1, 11
= u(c)+Rmu(d):—Z{Fsmu(d)}(l—BR)7é0.

Thereby, we find that this equation does not necessarily coincide with Hip) fecause
BR=1is not satisfied. We find that Eg27) is not necessarily satisfied. This result means
that the first-order conditions obtained using the Lagrange method do not coincide with those

by DP: this proposition holds. This concludes the proof. i

m Proposition 1.2 We next proceed to prove proposition 1.2. First, we obtained paths of
capital-income and labor-income taxds; };> o and{n: };-, in the sectiorB8.1 Now, let us
derive taxatior{ 1, n; } that maximizes the sum of the utility of younger and older generation
by solving the following problem:

(f, i) = max [{u(c) +v(1— 1)} +h(ge) + {u(d) +h(ge)}]

v st. Egs(3),(2),(7) (")

In the first-term, the parametéris the relative weight that politicians attach to the well-being

of the elderly. In the case & = 1, we can regard this allocation as that with intragenerational

equal treatment. By solving the above problem with- 1, we can easily showi # 1/,
e # g i

A.2 Proof of Proposition 2

m Proposition 2.1 To prove this claim, we show thég, 1, ) } meet conditions of politico-

economic equilibriumi(ii, andiii).

(i) Becaus€g, I, Nt} are also a solution of both generations, this solution meets the first
condition.
(i) Because this solution is an aggregation, the second condition holds.
(iif) Clearly, each market-clearing condition holds.
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Therefore, we find that this solution meets the three conditions. |

m Proposition 2.2  First, for public goods, let us defirtty as

0B (@)~ (V(1— k) + () (@) -u(d)
dgt =a U(Ct,dt+1,1—|t,gt,g[+l) {u(dl)+h(gt)} 0. (30)

By applying the implicit function theorem, we obtain the following:

+(1-a)

Hg =

— OHg
a_gt — _d_O( > 0
~  OH ’
Jda d_g_? other variables constant

Next, let us turn to the bargaining problem with respect to taxation. DefirendH,, as

Rust(@) R

00, _ —U(d)+Rash(@) OR

= o T Ulmden - haaey) aR M {uld) +hig)] R
(31a)
o :dCDzza —u'(ct) +wileh'(gr) _dvvt+( —a) weleH (o) .0VVt:
17 an  TU(c, 01,1 1,0, 0001) OV u(d) +h(g) OV
(31b)

From these equations, by applying the implicit function theorem, we then have the follow-

ing result:
= OH;

9% _ _oa -0
~ dH )

da (;_TT other variables constant
% __ da <0
Jda OHn . -

an other variables constant

A.3  Proof of Proposition 3

We then show that the solutions derived by intergenerational bargaining coincide with those
obtained by dynamic programming, depending on the value afet us compare Eqs30Q)—

(32) with Egs. (25a)—(25e). Then, let us interlock E@O)and Eq. (25c) and define that
interlocked equation as(a; ki, ki+1). Thatis,

F(a;k,k+1) =the R.H.S. of eq30) — the R.H.S. of eq. (25c)
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We then obtain the following using the assumption tbhats within the interval,(0,1).

Thereby, we have
F(0)-F(1) <O. (32)

Using the Intermediate Value Theorem, we then find that this equation has at least one
solution within the intervalg € (0,1). Therefore, this policy through bargainingtime-
consistentdepending on the value of. Regarding the tax burde#r;,n:}, we can obtain

the same conclusion similarly. i
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