Discussion Papers In Economics
And Business

Fiscal sustainability under physical and human capital
accumulation in an overlapping generations model

Takumi Motoyama

Discussion Paper 17-05

Graduate School of Economics and
Osaka School of International Public Policy (OSIPP)
Osaka University, Toyonaka, Osaka 560-0043, JAPAN



Fiscal sustainability under physical and human capital
accumulation in an overlapping generations model

Takumi Motoyama

Discussion Paper 17-05

March 2017

Graduate School of Economics and
Osaka School of International Public Policy (OSIPP)
Osaka University, Toyonaka, Osaka 560-0043, JAPAN



Fiscal sustainability under physical and human capital
accumulation in an overlapping generations modei

Takumi Motoyamd
Graduate School of Economics, Osaka University

Abstract

We consider fiscal sustainability by using an overlapping generations model with human capital accu-
mulation (private and public education) and public debt. Based on this model, we explicitly show (i)
the parameter region in which the economy cannot be fiscally sustainable for any initial endowment,
and (ii) the threshold of initial endowment over (under) which the economy diverges (converges) to
the steady state. Importantly, the threshold is neutral to the level of initial human capital. Further, we
show the existence and uniqueness of the growth-maximizing level of each policy variable (i.e., the

tax rate and public educatifproduction ratio).
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1 Introduction

According to data from the International Monetary Fdrttie public defGDP ratios in 2015 varied

across countries; for example, arranged in descending order, they were Japan (248%), Greece (177%),
the United States (105%), United Kingdom (89%), Germany (71%), China (43%), and so on. Then,
the following question can be asked. How much of the primary deficit can the government control?
Or, in other words, how much public debt can the government issue? Such a problem is referred to as
that of “fiscal sustainability.’

As Tirole (1985) impliec?® it has been known that in the overlapping generations (OLG) model
developed by Diamond (1965) without any policy alternatives, the economy can be fiscally sustain-
able if the long-run growth rate without public debt is higher than the interest rate and is equivalent
to the condition of dynamic irféciency in his model, which we call the “debt-existing condition of

7

Tirole '" hereafter. Chalk (2000) showed that with a positive primary deficit in the OLG model, the
economy can be fiscally sustainable when the primary deficitiic@ntly low in addition to dynamic
inefficiency. In terms of endogenous growthaBninger (2005) used the OLG model wiiK pro-
duction, as well as the constant government speri@D& and defictGDP ratios, and showed that

the economy becomes fiscally unsustainable when the défixft ratio is high. Arai (2011) consid-
ered fiscal sustainability with the OLG model in which the government invests into flow-government
productive spending, following Barro (1990), thus resulting in A€ model. In his model, it was
shown that the economy is fiscally sustainable when the government sp@ndihgtion ratio is
moderate. Further, Yakita (2008) investigated fiscal sustainability with public capital, such as did Fu-
tagami et al. (1993) with the constant budget deficiiduction ratio in the OLG model, and showed
that the threshold of initial public debt for the economy to be fiscally sustainable is increasing in
initial public capital.

On the other hand, since the advent of the papers written by Uzawa (1965) and Lucas (1988), it has

1Source: International Monetary Fund, World Economic Outlook Database, October 2016 at
https//www.imf.org/externglpubgft/weq201602/weodatadndex.aspx. The data in the text are equivalent to those
of “General government gross debt and Percent of GDI the database.

2In fact, he considered the fiscal sustainability of asset bubbles instead of public debt by introducing useless assets in
the canonical OLG model. However, the result can be applied to the case of public debt by regarding the control variable
(useless asset) as the state variable (public debt).

3Grossman and Yanagawa (1993) showed the same debt-existing condition as that of Tirole (1985) by using the OLG
model withAK structure.



been considered that both physical and human capital accumulation are crucial for the growth engine;
hence, along the lines of the previous literature, it is important to consider fiscal sustainability by using
a two-sector endogenous growth model in which both physical and human capital accumulation exist,
that is, the Uzawa-Lucas model. By using this model, we can analyzdtéat ef human capital on

fiscal sustainability. Further, in addition to private educational expenditure, it is important to consider
the dfect of public educational expenditure on economic performance, as studied in the previous
literature, such as Glomm and Ravikumar (1992), Blankenau and Simpson (2004), Blankenau et al.
(2007), and Aénor (2011). In fact, according to the report from the Organisation for Economic
Co-operation and Development (OECD) (2016), the OECD-average public edy&i@rratio in

2013 was 4.8%, which is not a negligible vaftiS€ince the government must prepare funds to finance
public educational expenditure, it shoulfifesct fiscal sustainability and, by using our model, we can
analyze the level of public education under which the economy can be fiscally sustainable besides the
tax rate.

Therefore, we have extended the model developed by Boldrin and Montes (2005) by incorporating
public education and public debt. Based on this model, we obtain following three results. Firstly, we
explicitly show the parameter region in which the economy is fiscally unsustainable for any initial
endowment. The condition is equivalent to that in which the economy has multiple steady states and,
in line with the previous literature, an additional condition, besides the debt-existing condition of
Tirole, is needed to obtain a positive steady-state value of public debt. Secondly, we explicitly obtain
the threshold level of initial public debt over (under) which the economy diverges (converges) to the
steady state. Counterintuitive as it may be, the threshold is neutral to the initial human capital; that is,
whether the economy initially has high education or not has nothing to do with fiscal sustainability.
Thirdly, we consider theféect of a marginal increase in the tax rate and public edugatioduction
ratio on the long-run growth rate. When the tax rate increases, private education decreases, since
the future income decreases, which is a marginal cost of an increase in the tax rate; primary deficit
improves; public debt decreases; and physical capital increases, which is a marginal benefit. When

the public educatigiproduction ratio increases, human capital directly increases, which is a marginal

4See Table B4.2. on page 231 in OECD (2016). The public edug&idm ratio by country ranges from 3.3% in
Hungary to 7.3% in Norway.



benefit, while the primary deficit worsens, public debt increases, and physical capital is crowded out,
which is a marginal cost. Taking these into account, we can show the existence and uniqueness of the
growth-maximizing tax rate and public educatjmroduction ratio, respectively.

Some literature exists that simultaneously treats public education and public debt in the growth
model. Zhang (2003) considered public debt and subsidy for education with a constant public
debgproduction ratio in the OLG model with altruism, and obtained the optimal policy and indirect
utility functions. Greiner (2008) considered the relationship between economic growth and public
debt with public education in the Ramsey model, and showed the steady states and their stability
through a calibration. Gottardi et al. (2015) considered the Ramsey model in which uninsurable
idiosyncratic shocks to human capital exist and the government can issue public debt, showing the
existence of a positive long-run, welfare-maximizing capital tax rate. Further, Ono and Uchida (2016)
simultaneously considered public education and public debt in the OLG model; they compared the
welfare of the only-tax regime as well as both tax and public debt regimes in terms of competitive
and political (middle-aged, welfare-maximizing policy) equilibriums. Nevertheless, these studies did
not focus on the fiscal sustainability problem, and, to my best knowledge, this is the first study that
considers fiscal sustainability under the model with both public debt and human capital accumulation.

The remainder of this paper is organized as follows. In Section 2, we describe the behavior of
a household, firm, and government, and obtain simultanedieratice equations that describe the
model’s equilibrium. In Section 3.1, we discuss the condition of fiscal sustainability; in Section 3.2,
we conduct comparative statics of the stable steady-state value with respect to each policy variable;
and in Section 3.3, the existence and unigueness of the long-run, growth-maximizing tax rate and

public educatiofproduction ratio are shown. Finally, Section 4 summarizes the study.

2 Model
2.1 Model setting
This model is a two-sector growth model consisting of final goods and human capital production. We

consider the three-period OLG model, in which three types of households coexist in each period (i.e.,

the young, middle-aged, and old).



Firstly, we consider the representative firm’s profit-maximizing problem. This firm produces final

goods by using physical and human capitll, i) with Cobb-Douglas production technology:
Y: = F(k, ) = AR, A> 0, a € (0,1).

We assume that physical capital is fully depreciated afterusen, profit-maximizing conditions
become:
1+ ry = Aak?thie,
@
W = A1 - a)kihy @,
wherer; denotes the interest rate angddenotes the wage rate per human capital.
Next, we turn to the household’s utility-maximizing problemt A 1 generation, born in period

t — 1, behaves as follows. In periad- 1, ghe is young and borrows_; from the middle-aged, and

invests it into education. Theryhe obtains human capital described as folléws:
he = Bé* B2 T, B>0, p1.B2,1-p1-B2€ (0 1). (2)

In (2), E;—1 denotes the level of public education in period 1 andh; is positively dfected by the
previous level of human capithj_;, which captures the externality of human capital. FuriBe(32)
measures the productivity of private (public) educational expenditure. In petivet — 1 generation
becomes middle-aged and earns after-tax income{limh;, wherer denotes the constant income
tax rate. $he distributes hehis after-tax income into middle-age consumptijh savingss;, and
repayment of educational expenses to the oldr{)e_1. In periodt + 1, thet — 1 generation becomes
old and consumes all of its income«f;, 1)s. The intertemporal utility function of thie-1 generation

is given byUt_1 = Inc" + §Incp, ,, wheres € (0, 1) is a discount factor anf, ; is the consumption

t+1’

level at old age. The— 1 generation’s budget constraints afe+ s + (1 + ry)e-1 = (1 — r)wh; and

Cp = (L+r11)s. Hence, the — 1 generation’s utility-maximization problem is given as:

maxin |- D)wBe™ B h 772 — s - (14 r)ac |+ 6In[(1 + 1)) .

5If the yearly depreciation rate is 7%, after one period, say 25 years, about 84% of physical capital is depreciated, which
we can equate with full depreciation.
6The functional form (2) is assumed in Blankenau and Simpson (2004).
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The utility-maximizing conditions are given by:

Wy

1=01-
€&-1 ( T)ﬁll-i'rt’

§ = %5 [(1 - 7)wihy — (1 +re)era] .

By substituting (1) into the above expressions, we obtain:

e-1 = vk, 3

s = nAK'h, 4

wherey = W denotes the propensity of private education am%(l -7)(1-B1)(1Q-0a) €
(0, 1) denotes the savings rate.
Since the government can issue public debt, by defibjreg the stock of public debt in periad

the government’s budget constraint is given by:
Abtg = breg — by = reb + E¢ + G — wihy, (%)

whereG; denotes unproductive government expenditure. Equation (5) states that the sum of repay-
ment of an interest of public debid; and primary deficig; + G; — rw;h; is financed by issuing new
public debtAbi,1. The government sets the level of public educatigras a fractiorv € (0, 1) of
productionY;: 78

E; = Y. (6)

Similarly, the unproductive government expenditGxds set as a fractiod € (0, 1) of productiony;,
as assumed in Chalk (2000) andaBninger (2005), that i&; = d;.
Finally, savings are used as physical capital, public debt, and lending to the young generation;

thereby, the capital-market clearing condition becomes:

S = & + b1 + kst (7)

"In reality, @ in 2013 was 4.8% (OECD average) according to the OECD (2016). Further, that in 2005 was 4.7%, and
the ratio was relatively stable.

8Instead of (6), even if the government sets the primary deficit as a fractbproduction (i.e.E; + G, — twih, = 8Y,),
the dynamics are almost the same as this model, since public education eventually becomes a constant fraction of production
under the constant tax rate a@d= dY;.



2.2 Model solution

Substitutingk; = %&_1 from (3) into (7) yieldse_; = %y(s[_l - by); again, by substituting this and

(4) into (7), we obtain the dynamics kf, such as:

1 1 "
kot = 75 (8= bua) = = (TAK — bua).

kt+1 _ 1 -1 bt+l
o rs e o)

wherex; = % denotes the physigaluman capital ratio ang = % denotes the public defphysical

©)

capital ratio. By combining (2) with (6) and (3), the dynamicshpbecomes:

B1
her = Blyke 1P (@Y P2hy P72 = ¢(%) Kor+opopl-prab

ht+1 kt+1 & +af8
L e 1 2 9
o d/( K ) X, (9)

wherey = ByA16%2AP2 denotes a scale parameter of the long-run growth rate. Note tisdhcreas-

ing in # because the growth rate of human capital directly increases when a higher level of public
education is introduced, and that it is decreasing, isince a higher tax rate decreases the return of
private education; in turn, this decreases the propensity of private edugatamally, the dynamics

of by are derived by substituting (1) and (6) into (5) as follows:

bre1 = (1 + roby + (6 + d)Ye — twehy = [aby + (6 + d — (1 — @)k AX 7,

b1 ( 9+d—7'(1—a/)) -1 ( D) -1
=la+ ————=|A =la+ —|AX T, 10
bt Yt X Yt X (10)
whereD = 6 + d — (1 — «) is a primary deficfiproduction ratio (i.e.D; = %ﬁ"‘“‘t = D), and we

assumed > 0, which means that there is a positive primary deficit. Then, by combining (8), (9), and
(10), this economic system is characterized by the following tMfexince equations, with respect to

(Xt Y1)
Xer1 = ¢ — ay; — D)1 PR, (11)

+D
Yot = (149) -2 = QW) (12)

y¢—D



whereg = %(%)1—/31 andpBs = 1 - 1 — B>. Importantly, note thay, 1 depends only o.° From
(11), sincex; must be a real numbeg, must satisfy; > ay;+ D in order for the economy to be fiscally
sustainable. In other words, yif > y, wheren = ay + D, the economy is fiscally unsustainable.

The debt-existing condition of Tirole is that the long-run growth rate without public debt is higher

than the interest rate. In our model, such a parameter region is givéh by:
n—-D>(A+7y)a, (13)

which is assumed hereafter. Note that the condition (13) implie > O; in turn, it also implies
y > 0.

In what follows, we consider the phase diagramxfy;). From (11), theAx,1 > O region is
given by:

1-61

X, < ¢ 9% ( - ay, ~ D). (14)
Moreover, from (12), by focusing on the regign< y, theAy;,1 > 0 region is given by:
QW) 2% & ayf —[n-D~(L+y)aly+(1+y)D =F(y) > 0. (15)
Further the quadratic equatida(y) = 0, has two distinct real roots if the following holds:
[7-D-(1+7y)al®= A2 > 4a(1+7)D = Ay (16)

Note that from (13)A; is positive; thus, both roots are positive if bdth> 0 and (16) are satisfied.
Then, the roots of are obtained ag = % [Al + 4 /A% - Az]. By definingyy andy, as the roots of
F(y) = 0, satisfyingyy > Y|, theAyi,1 > O region is given by:

Vi <YL, andy; > yy. (17)

Note thatyy is smaller thary, and the economy is fiscally sustainable under both steady states, since
the diference equation of, Q(y), goes to infinity ay; — y (See Figure 3 in Appendix A2).

Now that we can draw the phase diagramx@py;) space, as in Figure 1, by using (14) and (17).
According to Figure 1, the steady state;(y, ) is locally stable, while the steady state (yy) is a

saddle point. In summary, we can obtain the following proposition:

9n Section 3.1, we consider the reason in detail.
105ee Appendix Al for deriving (13).



Figure 1: Phase diagram under (16)

Notes: TheAx = 0 (Ay = 0) locus is Equation (14) ((17)) with equality. In the shaded ayea, y, and the economy is
fiscally unsustainable. The steady state, §/ ) is locally stable and the economy wigh < y4 converges there. The steady
state &y, y.) is a saddle point and the saddle path is givery:by yy.

Proposition 1 Under (13) and the positive primary deficit ©O:

¢ if (16) holds, the dynamic system (11) and (12) has two steady sfatey, ) and (X, yn),
where x > x_ andy > yy >y > 0, respectively; the former is locally stable, while the latter

is a saddle point, and
o if (16) is violated, there are no steady states.

Proof. See Appendix A2 for the stability analysism
Finally, the long-run growth rate, which is equivalent to that of human capitaJﬁLi;ﬁ%, is
obtained by substituting (8) into (9), and evaluating the resulting (@).at y; = y_ andXq1 = % =

xy1! as follows:
B1r+epBo

AV o(1-ps) _ 5 T
Y (77 -D- a'yL)'leH =yth Xy . (18)

g*=w(

11Since bothx, andy, are state variables, only the stable steady statgy() is economically meaningful and, thus, we
focus on this steady state.



The long-run growth ratg® is increasing in both the scale paramefeand physicghuman capital

ratio Xy.

3 Policy implications

3.1 Fiscal sustainability

If (16) is satisfied, according to the phase diagram, the economy with the initial publjplogtical

capital ratioyp < yy converges to the stable steady stagg, §, ), while that withyy > y4 eventually
crosses the Tine (the vertical dotted line in Figure 1); thereafter the economy becomes fiscally
unsustainable. Hence, if there are two steady states, given the initial physical capital, the economy
with low initial public debt is fiscally sustainable, while that with high initial public debt becomes

fiscally unsustainable in some time. There are two policy implications as follows.

1. In addition to (13), (16) is required for the economy with low initial public debt to be fiscally
sustainable. That is, the debt-existing condition of Tirole, (13), is necessary, since otherwise,
yL becomes negative, but it is notfBaient for the debt-existing condition of this model. Since
(16) is likely to be satisfied whe is small, the primary defigiproduction ratio must be small

for the economy to be fiscally sustainabfe.

2. The threshold line for whether the economy is eventually fiscally sustainable, that is, the saddle
path given byy; = yy, does not depend ory. This means that the initial human capital
is neutral to the threshold level. Hence, whether the economy has a high initial human capital
level is irrelevant to whether it is fiscally sustainable. To explain the reason for this, we consider
why i1 depends only ow;, and for explanatory simplicity, let us assume that the productivity
of private educatio; is zero, which also means that the propensity of private educatisn

zero. Then, by dividing (7) bi.1, we obtain:

I<t+l _ S 1

po< 1 Sy %
’ bt+l bt+1

T b . (19)

121f g is small,D is also small, and (16) is likely to be satisfied, since there are no terms that iiclexigept forD. If 7
is high, it decreaseB, but at the same time, it decreagemndy. Since an increase nincreases (decreases) the right-hand
(left-hand) side of (16), and we show thgt D is increasing irr in Appendix A3, (16) tends to be satisfied wheis high.
Therefore, (16) is likely to be satisfied whéirs small angor 7 is high.



where the third equality holds from (4). The next level of public dgbi is the sum of current
public debt including the interest payment and primary deficit. Then, when the production
Y; increases, savings increasepywhile debt obligations (& ry)b; increase byry; because

of an increase in the interest, and the primary deficit increasds. byhus, from (19), an an
increase ofY; does not #ecty;, 1 since it proportionally increasess andb, 1, and the fect is

completely dfset. Since an increase gfis equivalent to that of;, x, does not fecty, ;.

If (16) is violated, there are no steady states. In this cR$g) is always positive since there
are no real roots oF(y;) = 0; henceAyi,1 is positive for anyy;. Therefore, public debt contin-
uously increases and the economy eventually crosseglthe and becomes fiscally unsustainable
thereafter for any endowment. As mentioned above, the economy withChtghds to violate (16)
and lapse into fiscal unsustainability. In summary, we obtain the following corollary regarding fiscal

sustainability.

Corollary 1 Under (13),

¢ if (16) holds, the economy with \ yy is fiscally sustainability and that withyy> y4 eventu-
ally becomes fiscally unsustainable, whereiy given by

1
YH:z[Al"' Ai—Az],

and

e if (16) is violated, the economy eventually becomes fiscally unsustainable for any initial en-

dowment.
3.2 Comparative statics of steady-state value

In this model, there are two policy variables—the tax ratnd public educatigproduction ratio
#—and we consider thelect of a marginal increase in each policy variable on the stable steady-state
value 4,y ). At the same time, we also consider the comparative statigs,athich is a threshold

level of the initial public debiphysical capital ratio, to consider whether the marginal increase of
each policy variable widens or narrows the fiscally sustainable region. The results of the comparative

statics are given as the following proposition.
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Proposition 2 The signs of the derivatives Oy, Y., yn), with respect tdr, 6), become:

dXy dy dyH
o % <% o
dxy dy. dyn
o <% 95> G

>0,
(20)

<0.
Proof. See Appendix A3. m

Because of its simplicity, we first consider thieet of an increase i@ony_. Whend increases,
the primary deficit increases since public education increases. Then, given the same level of tax,
public debt must increase to finance it; thusjncreases. Considering thig, is afected by: (i) the
scale parameter of the long-run growth rétencreasing, which leads to a decrease of paramgter
and (ii) y. increasing. Since (i) stems from an increase in the return of private education given by
(1—T)Wt%, investment in education becomes attractive and human capital increases, and (ii) physical
capital is crowded out as public debt increases according to the capital market clearing condition, both
the first and secondfiects decreasry. The sixth inequalitydyy/dé < 0, means that the highér
is, the more the economy eventually becomes fiscally unsustainable. This is because a higher public
educatioyproduction ratio under the same tax rate worsens the primary deficit.

On the other hand, theffect of an increase im ony, is threefold: (i) savings rate decreases
since total income decreases, (ii) primary defi¥; decreases since tax revenue increases, and (jii)
propensity of private educationdecreases since the return of private education decreases. The first
effect decreasek, while the secondfeect increases;, since pubic debt decreases; however, we
can show that thefiect of a decrease iD dominates that of;;'® Hence, the combination of first
and second féects increasek;. The third dfect also increasels since the household substitutes
investment into private education with savings, and the sum of thfeet® increasek, which, in
turn, decreasey, , since the denominator increases. Tlie& of an increase im on xy can be
categorized into three channels: i} D increases, (iiy decreases, and (iij) decreases. All three
effects reallocate the investment in human capital with that in physical capital; thergfonereases.

Finally, yy increases asincreases since the primary deficit improves, which means that more of the

In Appendix A3, we show that

S-D)=(-a)(1- 1o=(1-5) >0

11



economy can be fiscally sustainable.
3.3 Growth-maximizing policy

In this subsection, we show théfect of marginal increase in each policy variable on the long-run
growth rateg* given by (18), and consider whether there is a growth-maximizing level of policy

variables. Regarding the growth-maximizing policy, we obtain the following proposition:

Proposition 3

1. The growth-maximizing tax rate satisfies the following equation:

B1+ af2

7—ay.—D\d (L-7)(B1+pB2) - 1) (21)

dy | (1- )
( (7-D)-e ) YA+

Whereﬁ(n -D)>0,(1-7)(B1+p2) <1, and % < 0. There exists a unique tax rate that

satisfies (21)1* € (1, 1), wheret is defined as %ﬁ; = Aplr=s.
2. The growth-maximizing public educatiproduction ratio satisfies the following equation:

B+ Q/ﬁZD (l " a,dyL) 182(1 CZ) (22)

n—ayL— do 0
There exists a unique public educafimoduction ratio that satisfies (229 € (0, 6), wheref

is defined as &,_; = Aol,_;.

Proof. See Appendix A4. m

The dfect of an increase in tax rateon g* can be decomposed into: {i)decreases because of a
decrease in the return of private education, which leads to a decrease in a scale parameter of the long-
run growth ratey, and (ii) xy increases as shown in (20). The left-hand side (LHS) of (21) captures
the former marginal cost, while the right-hand side (RHS) captures the latter marginal benefit. In
Appendix A4, we show that the LHS of (21) is decreasing,iigoes to infinity ag — 7, wherer”
satisfiesAilT:; = Asl.=7, and is positive when = 1, while the RHS of (21) is increasing in is
positive whenr = 7, and goes to infinity ag — 1. Taking these features into account, we obtain
the left panel of Figure 2 and show the existence and uniqueness of the growth-maximizing tax rate

e (4, 1).

12
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Figure 2: Growth-maximizing tax rate’ (left panel) and public educatifproduction raticv* (right
panel)

On the other hand, an increase in public educ#bi@uuction raticd affectsg” in the following
two ways: (i)y increases since highérdirectly increalse@ﬁl through higher public education, and
(i) x4 decreases from a crowding-oufext as shown in (20). The RHS of (22) captures the first
marginal benefit, while the LHS captures the second marginal cost. Similar to the caseof
Appendix A4, we show that the LHS of (22) is increasingrirgoes to infinity a® — 6, wheref
satisfiesA?|,_; = Agl,_;, and is positive whel = 0, while the RHS of (21) is decreasing i is
positive wherg = 6, and goes to infinity a8 — 0. Thus, we obtain the right panel of Figure 2 and
show that there uniquely exists € (0, §), which maximizes the long-run growth rate. Note that if the
government can set= t* andor 6 = 6%, A% > A, holds; therefore, (16) is satisfied and the economy

with yp < yH is fiscally sustainablé?

4 Conclusion

In this study, we consider fiscal sustainability by using the OLG model with private and public educa-
tion as well as public debt. Based on our model, if any, we obtain multiple steady states with respect

to physicathuman capital ratio; and public deljphysical capital ratig;; one of them characterized

However, when the government implements the growth-maximizing policy, the primary surplus may accrue (i.e.,
D < 0). In that case, the stable steady-state value of the publigpihgistcal capital ratioy,, becomes negative and
the government becomes a saver in the long run.
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by low public debt is locally stable, while the other characterized by high public debt is a saddle point.
The threshold level of public debt above which the economy eventually becomes fiscally unsustain-
able is given by the saddle path toward the saddle steady state, and we show that it is neutral to the
initial human capital level. This means that whether a country is educationally developed has noth-
ing to do with fiscal sustainability. Moreover, the debt-existing condition of Tirole, that is, that the
long-run growth rate without public debt is higher than the interest rate, is a necessanffibigrgu
condition in our model, and we can analytically show the additional debt-existing condition given by
(16), which tends to be satisfied when the primary deficit is low.

Further, we consider theffect of a marginal increase in each policy variable on the long-run
growth rate in Section 3.3. There are two opposifeas of raising each policy variable on the
rate: the improvement of primary deficit versus a decrease in private education in terms of the tax
rate, and an increase in public education versus the crowdingfeat ef physical capital in terms
of the public educatigiproduction ratio. Taking thesefects into account, we show the existence
and uniqueness of the growth-maximizing tax rate and public edugataatuction ratio, and that the
economy satisfies (16) under this level. This means that if the government can set the tax/cate and
public educatiofproduction ratio as the growth-maximizing level, the economy with a moderate,
initial public debgphysical capital ratio, which is given by < yy, is fiscally sustainable.

Finally, in this paper, we consider the constant public educgdfoduction policy. Instead, if
the government implements a similar policy for budget deficit (M1 = 6Y;), as assumed in
Brauninger (2005), Yakita (2008), and Arai (2011), the dynamics will change since the public educa-
tion/production ratio does not become constant under the constant tax rate and unproductive govern-
ment expenditup@roduction. It would be interesting to analyze how it changes the threshold of fiscal
sustainability and how the long-run growth rate fieated by the budget defigiroduction ratio. The

analysis is left to future studies.
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Appendices

Al. Derivation of (13)

In this model, the debt-existing condition of Tirole is giveny:

- OF (ki hy)
“lyico — 1> lim ————= -1
J'ly=0 M gk lyo
e IF
g'ly-o is calculated from (18) as ™ . 7* , while lime« 5| becomesAax;e=3. Substi-

tuting these expressions into the above expression yields:

*lfryﬁg, 1 #
e >Aa(J) "

y*=0

1-aop3

From (14),x|;1:’(’)’1 becomes'#1(5 — D), and by substituting this into the above expression and after

some manipulation by using the definitionsgoindy,, we obtain:
n-D>1+ye,
which is equivalent to (13).

A2. Stability analysis of (11) and (12)

Under (16), there exist two steady states,, ) and &, y4), wherexy > x_ andyy >y, respec-
tively, and we express these steady stateshyy{). Then, by linearly approximating (11) and (12)
around the steady state*(y*), we obtain the following matrix form:
(de) (s S (d xt)
dyti1 0 Q) )\dn)

wheredx = x — X" anddy; = y; —y*. Since the coicient matrix is a triangular matrix, characteristic

roots are:1; = aB3 € (0,1) and, = Q/'(y*). To consider the value d@’(y*), note thatQ(y;) is
increasing and convex fog, since bothQ’(y;) and Q' (y;) are positive; hence’(y.) € (0,1) and
'(y4) > 1 must hold (see Figure 3). Therefore, the steady siatgy() is locally stable since both
A1 and Az are in (Q1), while the steady state(, y4) is a saddle point sincé; € (0,1) andA, > 1.

As X andy; are state variables, only the stable steady statey() is economically meaningful.

5Recall that we assume that the depreciation rate is one and defineh as lim., % not as lim_. h’%{’h‘
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A3. Proof of Proposition 2

First, we consider thefiect of a marginal increase in To show this, we calculate the derivative of

A1 =n—D - (1+ y)a, with respect ta, as follows:

dA.  d dy
= - Q—.

dr de T dr
Sinced (7 - D) = (1- 5(1-B1))(1-a) >0 ando® = —B1(1-a) < 0, % > 0. Similarly, the
derivative ofA; = 4a(1 + v)D, with respect ta, is:

dA
dr

(1+y)d—D + D% .
dr

d
—4QE(1+)/)D =4a i
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Since‘é—? =—(1-a)<0 andg—Z <0, dd—Af < 0. Taking these into account, the sign of the derivative of

YL, with respect ta, is given by:

dyL 1 d/ﬁ_ 1 2 —% dﬁq d/ﬁ
R o LN O o

dr dr
(8 - o)
Al_AZ dAl 2 1 ldAQ/dT
B F[(Al‘AZ)Z‘(Al‘EdAl/dT)]
(2 - o)
A -R) 7 da |, . 1dA/dr
Tl ) (G AN T T B =
>0 <0 <0

We use the sign oﬁ'(% in the proof of Proposition 3 in Appendix A4, and we show it as follows:

2
ZQM E [% _ (A2 - Az)_% (AldAl 1dA2)

42 dr|dr V! dr  2dr
1o, i, dA dA\(, dAT  1dA s i ((dAV 1d?A
B Z(Al Ao) 2 (2Al dr dr A dr 2 dr (A1 = Ao) ™ dr 2 dr?
[ 2 2 2
gyt |(a 8 LR o (AR 1A
= (A=A (Al & 2d) MM\w) 2
2 2 2 _ 2
Mgy ii|a, BA AR (AR (dAN (AT Ad) Ay
= (AL -Ag)2 Ar dr dr +4 dr A dr * 2 dr? >0, (24)
N—— —— ——— —
>0 <0 >0 >0
where, note that:
d?A, dD dy
dr? 8 dr dr 0
N——
<0 <0
1-8
From (14),xy is determined agy = ¢ﬁ(n —ay - D)ﬁ, and taking logarithms in both sides
yields:
_ 1 1-p1
Inxy = 1= af;3 Ing + 1= ops In(n — ay, — D). (25)

Hence, the sign of the derivative rf;, with respect ta, is:

ld 1 dp 1-p1 1

— = dy, d
= G do o X
X4 dr ¢(1-aps) dr +1—aﬁ3n_ayL_D Y47 +dT(T7 )| >0, (26)
>0 ) ;6 B
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whereg—‘f > 0 holds becaus%} <0= ﬂ—f <0 andg—j < 0. The sign of the derivative ofy, with

respect tar, is directly given by:

dyH _ 1 dAl 1 2 —% dAl dAQ
O "aa| o MR TG - G |20 @
~——
>0 >0 <0

In what follows, similar to the case af we derive the derivative of the stable steady statgy ),
with respect t@. By using%t = —1 and%® = 4a(1 +y), we obtain the derivative of , with respect

to 6, as:

dyo _ 1 1dA 1o pvi(on GA_dA
do ZQ[ do 2(Al Ao) ¥ (2 do  do

1 _1
= [-1 - (A§ - A2) 2 (=A1 - 2a(1 + 7))
A2 Ay) 2 1
= % A - (Af - Ar)® +2a(1+ )| > 0. (28)
N—— —
>0

Note that the sign o%; is positive according to the following calculation:

d? d 1 -3
WVZL = Y [—1 —(A2- Ay) * (AL - 2a(1+7))
1d -3
=5 (A3 = Ag) * (Ar+20(1+7))
(A2-Ag) 3t 1 dA dA 2_ py0A
=t [‘é (2 155~ @) (A +2a(1+7)) + (AL - Ao
(A2 - pg) 2t
= LT [(Au+ 20+ ) - (A - A > 0. (29)

Similar to (25), the sign of the derivative &f;, with respect t@, becomes:

1 dxy _ 1 d¢5 1-p1 a dy|_
%o 00 #(l-aps) 46 1-aBsn—ay,—D do " (30)
<0 >0

Finally, the sign of the derivative gfy, with respect t@, is simply given by:

dyH _ 1 dAl 1 2 —% dA]_ dA2
do ~ 2a| do +§(A1 Ao) 7|28 do ~ do

S~ SN~ Y—
<0 <0 >0

<0. m (31)
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A4. Proof of Proposition 3

From (18), the derivative aj*, with respect tar, is given by:

+ﬁ1+6¥ﬁ3
1-p1
1-p1dg" 1d¢+,31+0432dXH

g dr yadr Xy dr

In Xy,

(32)

Moreover, from the definition oy, we obtain:

Ing + 1-p

Inxy =
T 10 1-aps

In(n — ay. - D),

e (1-aBs)inxy =-Iny+(1-p1)INA-(1-B1)In(1+7)+(1-p1)In(m-ay. - D),

1-ofsdxy  ldy 1-pidy 1-51 d dy.
Xy dr  ydr 1+ dT+77—ay|_—D dT(]7 D) Y |- (33)
Substituting (33) into (32) yields:
1-pidg 100 prrofy(1dy 1-pidy) fivap 1-p (d o dy
g dr ydr 1-oB3\ydr 1+ydr)] 1-aBz3n-—ay. -D dr ! dr )’
(34)
The sum of the first and second terms of the RHS of (34) becomes:
q_Prrabe\1dy fBitefpl-fudy  1-p1 (1-ady fa+afady (35)
l-aB3)ydr 1-aB3 1+ydr 1-aB3\ ¢ dr 1+y dr)’

where the second equality holds, sir(de- 5282) = G-P0A)  From the definition ofy, § =

"%‘”g—z, and by substituting this into (35), it becomes:

1-8 1
1-apzy(1+7y)

[B1(1 - 0)(1+7) - Y81 + a2l 3. (36)

Since:
B1(1—a)(1+7y) —y(B1+ aB2) = (1 - a)B1 — ay(B1 + 2)

=(l-a)B|1- —X (5, +ﬁz)) = (1-a)Bi(l- (1 -7)(B1+52) > O,
1-a)p1

substituting this into (36) yields:

1-51 (1-a)p1
1-aB3 y(1+7y)

d
(L= (1= 7)1+ ) g
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and by substituting this into (34), we obtain:

1-p1dg _ 1-B1 (1-a)ps d)’ JBitafe 1-p D)
g dr  1-aBsy(1+ )(1 (- T)(ﬂ1+ﬁz» = af3 n—ay.-D (_( D) T

1-aofsdg’  Bi+ap2 Dy ) (- dy
e b (-0 - ) - Cr ) -
The first-order condition off*, with respect ta, is given by‘i,—gf =0 as:
Bitepy (d dyr) _ (1-a)B1
T—ay - D (@(U -D)-a— ar ) YA+ 7) ———((1-7)(B1L+p2) - 1) (37)

which is equivalent to (21). The LHS of (37) is decreasingif and goes to infinity as — 7,
whereA?|._; = Agl.-+, since @2 — A2)"7 — oo and ‘f}} < 0. Hence, dyL — —oo, and it is positive
whent = 1. On the other hand, the RHS of (37) is increasing,iand goes to infinity as — 1,
sincey — 0. Thereforey ! — oo, while it is positive whenr = 7. This means that there is the
growth-maximizing tax rate* € (7, 1) (see the left panel of Figure 2).

Further, the derivative af*, with respect t@, is derived as follows; similar to (325’(% is calcu-

lated as:
1-p1dg” _ 1dy  Bri+afadxy

g do  ydo T do (38)
By using a similar procedure to (33), we obt:é‘;@l as:
l-apsdxy _ 1dy 1-pdy  1-p |d ) dw| (39)
Xy  do ydd 1+y d9 n—ay.—-D|do do
=0 =-1

Combining (38) with (39) yields:

1—ﬁ1d£_ld¢ ,31+a,82[1d¢+ 1-5 (l+ dyL)]

g df  ¢dd  1-aps “do

ydd n-—ay-D
_(1-)A-p)1dy  pit+ap (1+ dYL)

l-aB3 ydd n—-ay.-D do
By using® = 2 \ve obtain:
1-ap3dg” po(l-a) pr+ape 1 dYL
—= = - +a
g do 0 n—ay.—D do

From (24), we show tha‘ﬁ/—rL is increasing irr. Considering this, the derivative of the LHS of (37), with respeat, is
positively proportional to
d?y, dy.
B an o) (Fr-0) -2

which is negative; thus, the term is decreasing.in
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and the first-order conditiorijd% =0, is given by:

M(l+a%) _ M7 (40)

n—ay.—D do 0
which is equivalent to (22). The LHS of (40) is increasingH And goes to infinity ag — 8, where
A2l = Adlyj, Since B2 — Ay)™3 — co and L > 0. Hence 24 — oo and it is positive wher = 0.
On the other hand, the RHS of (40) is decreasing} igoes to infinity ag — 0, and is positive when
6 = 6. This means that there is growth-maximizing public educgpi@duction rati®d* € (0, 6) (see

the right panel of Figure 2). m
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