
 
 
 

Discussion Papers In Economics 
And Business 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Graduate School of Economics and 
Osaka School of International Public Policy (OSIPP) 

Osaka University, Toyonaka, Osaka 560-0043, JAPAN

 

Fiscal sustainability under physical and human capital 

accumulation in an overlapping generations model 

 
 

Takumi Motoyama 

 

Discussion Paper 17-05 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
March 2017 

 

 

 

 

 

 

Graduate School of Economics and 
Osaka School of International Public Policy (OSIPP) 

Osaka University, Toyonaka, Osaka 560-0043, JAPAN 

 

Fiscal sustainability under physical and human capital 

accumulation in an overlapping generations model 

 
 

Takumi Motoyama 

 

Discussion Paper 17-05 
 



Fiscal sustainability under physical and human capital
accumulation in an overlapping generations model∗

Takumi Motoyama†

Graduate School of Economics, Osaka University

Abstract

We consider fiscal sustainability by using an overlapping generations model with human capital accu-

mulation (private and public education) and public debt. Based on this model, we explicitly show (i)

the parameter region in which the economy cannot be fiscally sustainable for any initial endowment,

and (ii) the threshold of initial endowment over (under) which the economy diverges (converges) to

the steady state. Importantly, the threshold is neutral to the level of initial human capital. Further, we

show the existence and uniqueness of the growth-maximizing level of each policy variable (i.e., the

tax rate and public education/production ratio).
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1 Introduction

According to data from the International Monetary Fund,1 the public debt/GDP ratios in 2015 varied

across countries; for example, arranged in descending order, they were Japan (248%), Greece (177%),

the United States (105%), United Kingdom (89%), Germany (71%), China (43%), and so on. Then,

the following question can be asked. How much of the primary deficit can the government control?

Or, in other words, how much public debt can the government issue? Such a problem is referred to as

that of “fiscal sustainability.’’

As Tirole (1985) implied,23 it has been known that in the overlapping generations (OLG) model

developed by Diamond (1965) without any policy alternatives, the economy can be fiscally sustain-

able if the long-run growth rate without public debt is higher than the interest rate and is equivalent

to the condition of dynamic inefficiency in his model, which we call the “debt-existing condition of

Tirole’’hereafter. Chalk (2000) showed that with a positive primary deficit in the OLG model, the

economy can be fiscally sustainable when the primary deficit is sufficiently low in addition to dynamic

inefficiency. In terms of endogenous growth, Bräuninger (2005) used the OLG model withAK pro-

duction, as well as the constant government spending/GDP and deficit/GDP ratios, and showed that

the economy becomes fiscally unsustainable when the deficit/GDP ratio is high. Arai (2011) consid-

ered fiscal sustainability with the OLG model in which the government invests into flow-government

productive spending, following Barro (1990), thus resulting in theAK model. In his model, it was

shown that the economy is fiscally sustainable when the government spending/production ratio is

moderate. Further, Yakita (2008) investigated fiscal sustainability with public capital, such as did Fu-

tagami et al. (1993) with the constant budget deficit/production ratio in the OLG model, and showed

that the threshold of initial public debt for the economy to be fiscally sustainable is increasing in

initial public capital.

On the other hand, since the advent of the papers written by Uzawa (1965) and Lucas (1988), it has

1Source: International Monetary Fund, World Economic Outlook Database, October 2016 at
https://www.imf.org/external/pubs/ft/weo/2016/02/weodata/index.aspx. The data in the text are equivalent to those
of “General government gross debt and Percent of GDP’’in the database.

2In fact, he considered the fiscal sustainability of asset bubbles instead of public debt by introducing useless assets in
the canonical OLG model. However, the result can be applied to the case of public debt by regarding the control variable
(useless asset) as the state variable (public debt).

3Grossman and Yanagawa (1993) showed the same debt-existing condition as that of Tirole (1985) by using the OLG
model withAK structure.
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been considered that both physical and human capital accumulation are crucial for the growth engine;

hence, along the lines of the previous literature, it is important to consider fiscal sustainability by using

a two-sector endogenous growth model in which both physical and human capital accumulation exist,

that is, the Uzawa-Lucas model. By using this model, we can analyze the effect of human capital on

fiscal sustainability. Further, in addition to private educational expenditure, it is important to consider

the effect of public educational expenditure on economic performance, as studied in the previous

literature, such as Glomm and Ravikumar (1992), Blankenau and Simpson (2004), Blankenau et al.

(2007), and Aǵenor (2011). In fact, according to the report from the Organisation for Economic

Co-operation and Development (OECD) (2016), the OECD-average public education/GDP ratio in

2013 was 4.8%, which is not a negligible value.4 Since the government must prepare funds to finance

public educational expenditure, it should affect fiscal sustainability and, by using our model, we can

analyze the level of public education under which the economy can be fiscally sustainable besides the

tax rate.

Therefore, we have extended the model developed by Boldrin and Montes (2005) by incorporating

public education and public debt. Based on this model, we obtain following three results. Firstly, we

explicitly show the parameter region in which the economy is fiscally unsustainable for any initial

endowment. The condition is equivalent to that in which the economy has multiple steady states and,

in line with the previous literature, an additional condition, besides the debt-existing condition of

Tirole, is needed to obtain a positive steady-state value of public debt. Secondly, we explicitly obtain

the threshold level of initial public debt over (under) which the economy diverges (converges) to the

steady state. Counterintuitive as it may be, the threshold is neutral to the initial human capital; that is,

whether the economy initially has high education or not has nothing to do with fiscal sustainability.

Thirdly, we consider the effect of a marginal increase in the tax rate and public education/production

ratio on the long-run growth rate. When the tax rate increases, private education decreases, since

the future income decreases, which is a marginal cost of an increase in the tax rate; primary deficit

improves; public debt decreases; and physical capital increases, which is a marginal benefit. When

the public education/production ratio increases, human capital directly increases, which is a marginal

4See Table B4.2. on page 231 in OECD (2016). The public education/GDP ratio by country ranges from 3.3% in
Hungary to 7.3% in Norway.
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benefit, while the primary deficit worsens, public debt increases, and physical capital is crowded out,

which is a marginal cost. Taking these into account, we can show the existence and uniqueness of the

growth-maximizing tax rate and public education/production ratio, respectively.

Some literature exists that simultaneously treats public education and public debt in the growth

model. Zhang (2003) considered public debt and subsidy for education with a constant public

debt/production ratio in the OLG model with altruism, and obtained the optimal policy and indirect

utility functions. Greiner (2008) considered the relationship between economic growth and public

debt with public education in the Ramsey model, and showed the steady states and their stability

through a calibration. Gottardi et al. (2015) considered the Ramsey model in which uninsurable

idiosyncratic shocks to human capital exist and the government can issue public debt, showing the

existence of a positive long-run, welfare-maximizing capital tax rate. Further, Ono and Uchida (2016)

simultaneously considered public education and public debt in the OLG model; they compared the

welfare of the only-tax regime as well as both tax and public debt regimes in terms of competitive

and political (middle-aged, welfare-maximizing policy) equilibriums. Nevertheless, these studies did

not focus on the fiscal sustainability problem, and, to my best knowledge, this is the first study that

considers fiscal sustainability under the model with both public debt and human capital accumulation.

The remainder of this paper is organized as follows. In Section 2, we describe the behavior of

a household, firm, and government, and obtain simultaneous difference equations that describe the

model’s equilibrium. In Section 3.1, we discuss the condition of fiscal sustainability; in Section 3.2,

we conduct comparative statics of the stable steady-state value with respect to each policy variable;

and in Section 3.3, the existence and uniqueness of the long-run, growth-maximizing tax rate and

public education/production ratio are shown. Finally, Section 4 summarizes the study.

2 Model

2.1 Model setting

This model is a two-sector growth model consisting of final goods and human capital production. We

consider the three-period OLG model, in which three types of households coexist in each period (i.e.,

the young, middle-aged, and old).
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Firstly, we consider the representative firm’s profit-maximizing problem. This firm produces final

goods by using physical and human capital, (kt,ht) with Cobb-Douglas production technology:

Yt = F(kt,ht) = Akαt h1−α
t , A > 0, α ∈ (0, 1).

We assume that physical capital is fully depreciated after use;5 then, profit-maximizing conditions

become:

1+ rt = Aαkα−1
t h1−α

t ,

wt = A(1− α)kαt h−αt ,
(1)

wherert denotes the interest rate andwt denotes the wage rate per human capital.

Next, we turn to the household’s utility-maximizing problem. At − 1 generation, born in period

t − 1, behaves as follows. In periodt − 1, s/he is young and borrowset−1 from the middle-aged, and

invests it into education. Then, s/he obtains human capital described as follows:6

ht = Beβ1
t−1Eβ2

t−1h1−β1−β2
t−1 , B > 0, β1, β2, 1− β1 − β2 ∈ (0, 1). (2)

In (2), Et−1 denotes the level of public education in periodt − 1 andht is positively affected by the

previous level of human capitalht−1, which captures the externality of human capital. Further,β1 (β2)

measures the productivity of private (public) educational expenditure. In periodt, thet−1 generation

becomes middle-aged and earns after-tax income (1− τ)wtht, whereτ denotes the constant income

tax rate. S/he distributes her/his after-tax income into middle-age consumptioncm
t , savingsst, and

repayment of educational expenses to the old (1+ rt)et−1. In periodt+1, thet−1 generation becomes

old and consumes all of its income (1+rt+1)st. The intertemporal utility function of thet−1 generation

is given byUt−1 = ln cm
t + δ ln co

t+1, whereδ ∈ (0, 1) is a discount factor andco
t+1 is the consumption

level at old age. Thet − 1 generation’s budget constraints arecm
t + st + (1+ rt)et−1 = (1− τ)wtht and

co
t+1 = (1+ rt+1)st. Hence, thet − 1 generation’s utility-maximization problem is given as:

max
st ,et−1

ln
[
(1− τ)wtBeβ1

t−1Eβ2
t−1h1−β1−β2

t−1 − st − (1+ rt)et−1

]
+ δ ln [(1 + rt+1)st] .

5If the yearly depreciation rate is 7%, after one period, say 25 years, about 84% of physical capital is depreciated, which
we can equate with full depreciation.

6The functional form (2) is assumed in Blankenau and Simpson (2004).
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The utility-maximizing conditions are given by:

et−1 = (1− τ)β1
wtht

1+ rt
,

st =
δ

1+ δ
[(1 − τ)wtht − (1+ rt)et−1] .

By substituting (1) into the above expressions, we obtain:

et−1 = γkt, (3)

st = ηAkαt h1−α
t , (4)

whereγ ≡ (1−τ)β1(1−α)
α denotes the propensity of private education andη ≡ δ

1+δ (1− τ)(1− β1)(1−α) ∈

(0,1) denotes the savings rate.

Since the government can issue public debt, by definingbt as the stock of public debt in periodt,

the government’s budget constraint is given by:

∆bt+1 ≡ bt+1 − bt = rtbt + Et +Gt − τwtht, (5)

whereGt denotes unproductive government expenditure. Equation (5) states that the sum of repay-

ment of an interest of public debtrtdt and primary deficitEt +Gt − τwtht is financed by issuing new

public debt∆bt+1. The government sets the level of public educationEt as a fractionθ ∈ (0, 1) of

productionYt: 78

Et = θYt. (6)

Similarly, the unproductive government expenditureGt is set as a fractiond ∈ (0, 1) of productionYt,

as assumed in Chalk (2000) and Bräuninger (2005), that is,Gt = dYt.

Finally, savings are used as physical capital, public debt, and lending to the young generation;

thereby, the capital-market clearing condition becomes:

st = et + bt+1 + kt+1. (7)

7In reality, θ in 2013 was 4.8% (OECD average) according to the OECD (2016). Further, that in 2005 was 4.7%, and
the ratio was relatively stable.

8Instead of (6), even if the government sets the primary deficit as a fractionθ of production (i.e.,Et +Gt − τwtht = θYt),
the dynamics are almost the same as this model, since public education eventually becomes a constant fraction of production
under the constant tax rate andGt = dYt.
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2.2 Model solution

Substitutingkt =
1
γet−1 from (3) into (7) yieldset−1 =

γ
1+γ (st−1 − bt); again, by substituting this and

(4) into (7), we obtain the dynamics ofkt, such as:

kt+1 =
1

1+ γ
(st − bt+1) =

1
1+ γ

(
ηAkαt h1−α

t − bt+1

)
,

⇔ kt+1

kt
=

1
1+ γ

(
ηAxα−1

t − yt
bt+1

bt

)
, (8)

wherext ≡ kt
ht

denotes the physical/human capital ratio andyt ≡ bt
kt

denotes the public debt/physical

capital ratio. By combining (2) with (6) and (3), the dynamics ofht becomes:

ht+1 = B(γkt+1)β1(θYt)
β2h1−β1−β2

t = ψ

(
kt+1

kt

)β1

kβ1+αβ2
t h1−β1−αβ2

t ,

⇔ ht+1

ht
= ψ

(
kt+1

kt

)β1

xβ1+αβ2
t , (9)

whereψ ≡ Bγβ1θβ2Aβ2 denotes a scale parameter of the long-run growth rate. Note thatψ is increas-

ing in θ because the growth rate of human capital directly increases when a higher level of public

education is introduced, and that it is decreasing inτ, since a higher tax rate decreases the return of

private education; in turn, this decreases the propensity of private educationγ. Finally, the dynamics

of bt are derived by substituting (1) and (6) into (5) as follows:

bt+1 = (1+ rt)bt + (θ + d)Yt − τwtht = [αbt + (θ + d − τ(1− α))kt]Axα−1
t ,

⇔ bt+1

bt
=

(
α +

θ + d − τ(1− α)
yt

)
Axα−1

t ≡
(
α +

D
yt

)
Axα−1

t , (10)

whereD ≡ θ + d − τ(1− α) is a primary deficit/production ratio (i.e.,Dt ≡ Et+Gt−τwtht
Yt

= D), and we

assumeD > 0, which means that there is a positive primary deficit. Then, by combining (8), (9), and

(10), this economic system is characterized by the following two difference equations, with respect to

(xt, yt):

xt+1 = ϕ(η − αyt − D)1−β1 xαβ3
t , (11)

yt+1 = (1+ γ)
αyt + D

η − αyt − D
≡ Ω(yt), (12)
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whereϕ ≡ 1
ψ

(
A

1+γ

)1−β1
andβ3 ≡ 1− β1 − β2. Importantly, note thatyt+1 depends only onyt.9 From

(11), sincext must be a real number,yt must satisfyη > αyt+D in order for the economy to be fiscally

sustainable. In other words, ifyt > ȳ, whereη = αȳ+ D, the economy is fiscally unsustainable.

The debt-existing condition of Tirole is that the long-run growth rate without public debt is higher

than the interest rate. In our model, such a parameter region is given by:10

η − D > (1+ γ)α, (13)

which is assumed hereafter. Note that the condition (13) impliesη − D > 0; in turn, it also implies

ȳ > 0.

In what follows, we consider the phase diagram of (xt, yt). From (11), the∆xt+1 ≥ 0 region is

given by:

xt ≤ ϕ
1

1−αβ3 (η − αyt − D)
1−β1

1−αβ3 . (14)

Moreover, from (12), by focusing on the regionyt < ȳ, the∆yt+1 ≥ 0 region is given by:

Ω(yt) ≥ yt, ⇔ αy2
t − [η − D − (1+ γ)α]yt + (1+ γ)D ≡ F(yt) ≥ 0. (15)

Further the quadratic equation,F(y) = 0, has two distinct real roots if the following holds:

[
η − D − (1+ γ)α

]2 ≡ A2
1 > 4α(1+ γ)D ≡ A2. (16)

Note that from (13),A1 is positive; thus, both roots are positive if bothD > 0 and (16) are satisfied.

Then, the roots ofy are obtained asy = 1
2α

[
A1 ±

√
A2

1 − A2

]
. By definingyH andyL as the roots of

F(y) = 0, satisfyingyH > yL, the∆yt+1 ≥ 0 region is given by:

yt ≤ yL, and yt ≥ yH . (17)

Note thatyH is smaller than ¯y, and the economy is fiscally sustainable under both steady states, since

the difference equation ofyt,Ω(y), goes to infinity asyt → ȳ (See Figure 3 in Appendix A2).

Now that we can draw the phase diagram in (xt, yt) space, as in Figure 1, by using (14) and (17).

According to Figure 1, the steady state (xH , yL) is locally stable, while the steady state (xL, yH) is a

saddle point. In summary, we can obtain the following proposition:
9In Section 3.1, we consider the reason in detail.

10See Appendix A1 for deriving (13).
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Figure 1: Phase diagram under (16)

Notes: The∆x = 0 (∆y = 0) locus is Equation (14) ((17)) with equality. In the shaded area,yt > ȳ, and the economy is

fiscally unsustainable. The steady state (xH , yL) is locally stable and the economy withy0 < yH converges there. The steady

state (xH , yL) is a saddle point and the saddle path is given byyt = yH .

Proposition 1 Under (13) and the positive primary deficit D> 0:

• if (16) holds, the dynamic system (11) and (12) has two steady states,(xH , yL) and (xL, yH),

where xH > xL andȳ > yH ≥ yL > 0, respectively; the former is locally stable, while the latter

is a saddle point, and

• if (16) is violated, there are no steady states.

Proof. See Appendix A2 for the stability analysis.�

Finally, the long-run growth rate, which is equivalent to that of human capital, limt→∞
ht+1
ht

, is

obtained by substituting (8) into (9), and evaluating the resulting (9) atyt+1 = yt = yL andxt+1 = xt =

xH
11 as follows:

g∗ = ψ

(
A

1+ γ

)β1

(η − D − αyL)β1 xα(1−β3)
H = ψ

1
1−β1 x

β1+αβ2
1−β1

H . (18)

11Since bothxt andyt are state variables, only the stable steady state (xH , yL) is economically meaningful and, thus, we
focus on this steady state.
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The long-run growth rateg∗ is increasing in both the scale parameterψ and physical/human capital

ratio xH.

3 Policy implications

3.1 Fiscal sustainability

If (16) is satisfied, according to the phase diagram, the economy with the initial public debt/physical

capital ratioy0 < yH converges to the stable steady state (xH , yL), while that withy0 > yH eventually

crosses the ¯y line (the vertical dotted line in Figure 1); thereafter the economy becomes fiscally

unsustainable. Hence, if there are two steady states, given the initial physical capital, the economy

with low initial public debt is fiscally sustainable, while that with high initial public debt becomes

fiscally unsustainable in some time. There are two policy implications as follows.

1. In addition to (13), (16) is required for the economy with low initial public debt to be fiscally

sustainable. That is, the debt-existing condition of Tirole, (13), is necessary, since otherwise,

yL becomes negative, but it is not sufficient for the debt-existing condition of this model. Since

(16) is likely to be satisfied whenD is small, the primary deficit/production ratio must be small

for the economy to be fiscally sustainable.12

2. The threshold line for whether the economy is eventually fiscally sustainable, that is, the saddle

path given byyt = yH, does not depend onx0. This means that the initial human capital

is neutral to the threshold level. Hence, whether the economy has a high initial human capital

level is irrelevant to whether it is fiscally sustainable. To explain the reason for this, we consider

why yt+1 depends only onyt, and for explanatory simplicity, let us assume that the productivity

of private educationβ1 is zero, which also means that the propensity of private educationγ is

zero. Then, by dividing (7) bybt+1, we obtain:

yt+1 =
kt+1

bt+1
=

st

bt+1
− 1 =

ηYt

bt+1
− 1, (19)

12If θ is small,D is also small, and (16) is likely to be satisfied, since there are no terms that includeθ, except forD. If τ
is high, it decreasesD, but at the same time, it decreasesη andγ. Since an increase inγ increases (decreases) the right-hand
(left-hand) side of (16), and we show thatη−D is increasing inτ in Appendix A3, (16) tends to be satisfied whenτ is high.
Therefore, (16) is likely to be satisfied whenθ is small and/or τ is high.
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where the third equality holds from (4). The next level of public debtbt+1 is the sum of current

public debt including the interest payment and primary deficit. Then, when the production

Yt increases, savings increase byη, while debt obligations (1+ rt)bt increase byαyt because

of an increase in the interest, and the primary deficit increases byD. Thus, from (19), an an

increase ofYt does not affectyt+1 since it proportionally increasesst andbt+1, and the effect is

completely offset. Since an increase ofxt is equivalent to that ofYt, xt does not affectyt+1.

If (16) is violated, there are no steady states. In this case,F(yt) is always positive since there

are no real roots ofF(yt) = 0; hence,∆yt+1 is positive for anyyt. Therefore, public debt contin-

uously increases and the economy eventually crosses the ¯y line and becomes fiscally unsustainable

thereafter for any endowment. As mentioned above, the economy with highD tends to violate (16)

and lapse into fiscal unsustainability. In summary, we obtain the following corollary regarding fiscal

sustainability.

Corollary 1 Under (13),

• if (16) holds, the economy with y0 < yH is fiscally sustainability and that with y0 > yH eventu-

ally becomes fiscally unsustainable, where yH is given by

yH =
1

2α

[
A1 +

√
A2

1 − A2

]
,

and

• if (16) is violated, the economy eventually becomes fiscally unsustainable for any initial en-

dowment.

3.2 Comparative statics of steady-state value

In this model, there are two policy variables—the tax rateτ and public education/production ratio

θ—and we consider the effect of a marginal increase in each policy variable on the stable steady-state

value (xH , yL). At the same time, we also consider the comparative statics ofyH, which is a threshold

level of the initial public debt/physical capital ratio, to consider whether the marginal increase of

each policy variable widens or narrows the fiscally sustainable region. The results of the comparative

statics are given as the following proposition.
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Proposition 2 The signs of the derivatives of(xH , yL, yH), with respect to(τ, θ), become:

dxH

dτ
> 0,

dyL

dτ
< 0,

dyH

dτ
> 0,

dxH

dθ
< 0,

dyL

dθ
> 0,

dyH

dθ
< 0.

(20)

Proof. See Appendix A3. �

Because of its simplicity, we first consider the effect of an increase inθ on yL. Whenθ increases,

the primary deficit increases since public education increases. Then, given the same level of tax,

public debt must increase to finance it; thus,yL increases. Considering this,xH is affected by: (i) the

scale parameter of the long-run growth rateψ increasing, which leads to a decrease of parameterϕ,

and (ii) yL increasing. Since (i) stems from an increase in the return of private education given by

(1−τ)wt
dht
det

, investment in education becomes attractive and human capital increases, and (ii) physical

capital is crowded out as public debt increases according to the capital market clearing condition, both

the first and second effects decreasexH. The sixth inequality,dyH/dθ < 0, means that the higherθ

is, the more the economy eventually becomes fiscally unsustainable. This is because a higher public

education/production ratio under the same tax rate worsens the primary deficit.

On the other hand, the effect of an increase inτ on yL is threefold: (i) savings rateη decreases

since total income decreases, (ii) primary deficitDYt decreases since tax revenue increases, and (iii)

propensity of private educationγ decreases since the return of private education decreases. The first

effect decreaseskt, while the second effect increaseskt, since pubic debt decreases; however, we

can show that the effect of a decrease inD dominates that ofη;13 Hence, the combination of first

and second effects increaseskt. The third effect also increaseskt since the household substitutes

investment into private education with savings, and the sum of three effects increaseskt, which, in

turn, decreasesyL, since the denominator increases. The effect of an increase inτ on xH can be

categorized into three channels: (i)η − D increases, (ii)γ decreases, and (iii)yL decreases. All three

effects reallocate the investment in human capital with that in physical capital; therefore,xH increases.

Finally, yH increases asτ increases since the primary deficit improves, which means that more of the

13In Appendix A3, we show that

d
dτ

(η − D) = (1− α)
(
1− δ

1+ δ
(1− β1)

)
> 0.
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economy can be fiscally sustainable.

3.3 Growth-maximizing policy

In this subsection, we show the effect of marginal increase in each policy variable on the long-run

growth rateg∗ given by (18), and consider whether there is a growth-maximizing level of policy

variables. Regarding the growth-maximizing policy, we obtain the following proposition:

Proposition 3

1. The growth-maximizing tax rate satisfies the following equation:

β1 + αβ2

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
=

(1− α)β1

γ(1+ γ)
((1− τ)(β1 + β2) − 1)

dγ
dτ
, (21)

where d
dτ (η − D) > 0, (1 − τ)(β1 + β2) < 1, and dγ

dτ < 0. There exists a unique tax rate that

satisfies (21),τ∗ ∈ (τ̂, 1), whereτ̂ is defined as A21|τ=τ̂ = A2|τ=τ̂.

2. The growth-maximizing public education/production ratio satisfies the following equation:

β1 + αβ2

η − αyL − D

(
1+ α

dyL

dθ

)
=
β2(1− α)

θ
. (22)

There exists a unique public education/production ratio that satisfies (22),θ∗ ∈ (0, θ̂), whereθ̂

is defined as A21|θ=θ̂ = A2|θ=θ̂.

Proof. See Appendix A4. �

The effect of an increase in tax rateτ on g∗ can be decomposed into: (i)γ decreases because of a

decrease in the return of private education, which leads to a decrease in a scale parameter of the long-

run growth rateψ, and (ii) xH increases as shown in (20). The left-hand side (LHS) of (21) captures

the former marginal cost, while the right-hand side (RHS) captures the latter marginal benefit. In

Appendix A4, we show that the LHS of (21) is decreasing inτ, goes to infinity asτ → τ̂, whereτ̂

satisfiesA2
1|τ=τ̂ = A2|τ=τ̂, and is positive whenτ = 1, while the RHS of (21) is increasing inτ, is

positive whenτ = τ̂, and goes to infinity asτ → 1. Taking these features into account, we obtain

the left panel of Figure 2 and show the existence and uniqueness of the growth-maximizing tax rate

τ∗ ∈ (τ̂, 1).
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Figure 2: Growth-maximizing tax rateτ∗ (left panel) and public education/production ratioθ∗ (right
panel)

On the other hand, an increase in public education/production ratioθ affectsg∗ in the following

two ways: (i)ψ increases since higherθ directly increasesht+1
ht

through higher public education, and

(ii) xH decreases from a crowding-out effect as shown in (20). The RHS of (22) captures the first

marginal benefit, while the LHS captures the second marginal cost. Similar to the case ofτ from

Appendix A4, we show that the LHS of (22) is increasing inτ, goes to infinity asθ → θ̂, whereθ̂

satisfiesA2
1|θ=θ̂ = A2|θ=θ̂, and is positive whenθ = 0, while the RHS of (21) is decreasing inτ, is

positive whenθ = θ̂, and goes to infinity asθ → 0. Thus, we obtain the right panel of Figure 2 and

show that there uniquely existsθ∗ ∈ (0, θ̂), which maximizes the long-run growth rate. Note that if the

government can setτ = τ∗ and/or θ = θ∗, A2
1 > A2 holds; therefore, (16) is satisfied and the economy

with y0 < yH is fiscally sustainable.14

4 Conclusion

In this study, we consider fiscal sustainability by using the OLG model with private and public educa-

tion as well as public debt. Based on our model, if any, we obtain multiple steady states with respect

to physical/human capital ratioxt and public debt/physical capital ratioyt; one of them characterized

14However, when the government implements the growth-maximizing policy, the primary surplus may accrue (i.e.,
D < 0). In that case, the stable steady-state value of the public debt/physical capital ratio,yL, becomes negative and
the government becomes a saver in the long run.

13



by low public debt is locally stable, while the other characterized by high public debt is a saddle point.

The threshold level of public debt above which the economy eventually becomes fiscally unsustain-

able is given by the saddle path toward the saddle steady state, and we show that it is neutral to the

initial human capital level. This means that whether a country is educationally developed has noth-

ing to do with fiscal sustainability. Moreover, the debt-existing condition of Tirole, that is, that the

long-run growth rate without public debt is higher than the interest rate, is a necessary, but sufficient

condition in our model, and we can analytically show the additional debt-existing condition given by

(16), which tends to be satisfied when the primary deficit is low.

Further, we consider the effect of a marginal increase in each policy variable on the long-run

growth rate in Section 3.3. There are two opposite effects of raising each policy variable on the

rate: the improvement of primary deficit versus a decrease in private education in terms of the tax

rate, and an increase in public education versus the crowding-out effect of physical capital in terms

of the public education/production ratio. Taking these effects into account, we show the existence

and uniqueness of the growth-maximizing tax rate and public education/production ratio, and that the

economy satisfies (16) under this level. This means that if the government can set the tax rate and/or

public education/production ratio as the growth-maximizing level, the economy with a moderate,

initial public debt/physical capital ratio, which is given byy0 < yH, is fiscally sustainable.

Finally, in this paper, we consider the constant public education/production policy. Instead, if

the government implements a similar policy for budget deficit (i.e.,∆bt+1 = θYt), as assumed in

Bräuninger (2005), Yakita (2008), and Arai (2011), the dynamics will change since the public educa-

tion/production ratio does not become constant under the constant tax rate and unproductive govern-

ment expenditure/production. It would be interesting to analyze how it changes the threshold of fiscal

sustainability and how the long-run growth rate is affected by the budget deficit/production ratio. The

analysis is left to future studies.
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Appendices

A1. Derivation of (13)

In this model, the debt-existing condition of Tirole is given by:15

g∗|y∗=0 − 1 > lim
t→∞

∂F(kt, ht)
∂kt

∣∣∣∣
y∗=0
− 1.

g∗|y∗=0 is calculated from (18) asψ
1

1−β1 x|
∗ β1+αβ2

1−β1
y∗=0 , while limt→∞

∂F(kt ,ht)
∂kt

∣∣∣
y∗=0 becomesAαx|∗α−1

y∗=0 . Substi-

tuting these expressions into the above expression yields:

x|
∗ 1−αβ3

1−β1
y∗=0 > Aα

(
1
ψ

) 1
1−β1

.

From (14),x|
∗ 1−αβ3

1−β1
y∗=0 becomesϕ1−β1(η−D), and by substituting this into the above expression and after

some manipulation by using the definitions ofϕ andψ, we obtain:

η − D > (1+ γ)α,

which is equivalent to (13).

A2. Stability analysis of (11) and (12)

Under (16), there exist two steady states, (xH , yL) and (xL, yH), wherexH > xL andyH > yL, respec-

tively, and we express these steady states by (x∗, y∗). Then, by linearly approximating (11) and (12)

around the steady state (x∗, y∗), we obtain the following matrix form:(
dxt+1

dyt+1

)
=

αβ3
α(1−β1)x∗

η−αy∗−D

0 Ω′(y∗)

 (dxt

dyt

)
,

wheredxt ≡ xt − x∗ anddyt ≡ yt −y∗. Since the coefficient matrix is a triangular matrix, characteristic

roots are:λ1 = αβ3 ∈ (0,1) andλ2 = Ω
′(y∗). To consider the value ofΩ′(y∗), note thatΩ(yt) is

increasing and convex foryt, since bothΩ′(yt) andΩ′′(yt) are positive; hence,Ω′(yL) ∈ (0,1) and

Ω′(yH) > 1 must hold (see Figure 3). Therefore, the steady state (xH , yL) is locally stable since both

λ1 andλ2 are in (0, 1), while the steady state (xL, yH) is a saddle point sinceλ1 ∈ (0, 1) andλ2 > 1.

As xt andyt are state variables, only the stable steady state (xH , yL) is economically meaningful.

15Recall that we assume that the depreciation rate is one and defineg∗ such as limt→∞
ht+1
ht

, not as limt→∞
ht+1−ht

ht
.
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Figure 3: Phase diagram ofyt

A3. Proof of Proposition 2

First, we consider the effect of a marginal increase inτ. To show this, we calculate the derivative of

A1 ≡ η − D − (1+ γ)α, with respect toτ, as follows:

dA1

dτ
=

d
dτ

(η − D) − αdγ
dτ
.

Since d
dτ (η − D) =

(
1− δ

1+δ (1− β1)
)
(1− α) > 0 andαdγ

dτ = −β1(1− α) < 0, dA1
dτ > 0. Similarly, the

derivative ofA2 ≡ 4α(1+ γ)D, with respect toτ, is:

dA2

dτ
= 4α

d
dτ

(1+ γ)D = 4α

[
(1+ γ)

dD
dτ
+ D

dγ
dτ

]
.
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SincedD
dτ = −(1− α) < 0 anddγ

dτ < 0, dA2
dτ < 0. Taking these into account, the sign of the derivative of

yL, with respect toτ, is given by:

dyL

dτ
=

1
2α

[
dA1

dτ
− 1

2

(
A2

1 − A2

)− 1
2

(
2A1

dA1

dτ
− dA2

dτ

)]

=

(
A2

1 − A2

)− 1
2

2α
dA1

dτ

[
(A2

1 − A2)
1
2 −

(
A1 −

1
2

dA2/dτ
dA1/dτ

)]

=

(
A2

1 − A2

)− 1
2

2α
dA1

dτ︸︷︷︸
>0


(
(A2

1 − A2)
1
2 − A1

)
︸                 ︷︷                 ︸

<0

+
1
2

dA2/dτ
dA1/dτ︸     ︷︷     ︸
<0

 < 0. (23)

We use the sign ofd
2yL

dτ2 in the proof of Proposition 3 in Appendix A4, and we show it as follows:

2α
d2yL

dτ2
=

d
dτ

[
dA1

dτ
− (A2

1 − A2)−
1
2

(
A1

dA1

dτ
− 1

2
dA2

dτ

)]
=

1
2

(A2
1 − A2)−

1
2−1

(
2A1

dA1

dτ
− dA2

dτ

) (
A1

dA1

dτ
− 1

2
dA2

dτ

)
− (A2

1 − A2)−
1
2

(dA1

dτ

)2

− 1
2

d2A2

dτ2


= (A2

1 − A2)−
1
2−1

(A1
dA1

dτ
− 1

2
dA2

dτ

)2

− (A2
1 − A2)

(dA1

dτ

)2

− 1
2

d2A2

dτ2


= (A2

1 − A2)−
1
2−1

−A1
dA1

dτ︸︷︷︸
>0

dA2

dτ︸︷︷︸
<0

+
1
4

(
dA2

dτ

)2

+ A2

(
dA1

dτ

)2

+
(A2

1 − A2)

2︸      ︷︷      ︸
>0

d2A2

dτ2︸︷︷︸
>0

 > 0, (24)

where, note that:
d2A2

dτ2
= 8α

dD
dτ︸︷︷︸
<0

dγ
dτ︸︷︷︸
<0

> 0.

From (14),xH is determined asxH = ϕ
1

1−αβ3 (η − αyL − D)
1−β1

1−αβ3 , and taking logarithms in both sides

yields:

ln xH =
1

1− αβ3
ln ϕ +

1− β1

1− αβ3
ln(η − αyL − D). (25)

Hence, the sign of the derivative ofxH, with respect toτ, is:

1
xH

dxH

dτ
=

1
ϕ(1− αβ3)

dϕ
dτ︸︷︷︸
>0

+
1− β1

1− αβ3

1
η − αyL − D

−αdyL

dτ︸  ︷︷  ︸
>0

+
d
dτ

(η − D)︸      ︷︷      ︸
>0

 > 0, (26)
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where dϕ
dτ > 0 holds becausedγdτ < 0 ⇒ dψ

dτ < 0 and dϕ
dψ < 0. The sign of the derivative ofyH, with

respect toτ, is directly given by:

dyH

dτ
=

1
2α

 dA1

dτ︸︷︷︸
>0

+
1
2

(
A2

1 − A2

)− 1
2

2A1
dA1

dτ︸︷︷︸
>0

− dA2

dτ︸︷︷︸
<0


 > 0. (27)

In what follows, similar to the case ofτ, we derive the derivative of the stable steady state (xH , yL),

with respect toθ. By usingdA1
dθ = −1 anddA2

dθ = 4α(1+γ), we obtain the derivative ofyL, with respect

to θ, as:

dyL

dθ
=

1
2α

[
dA1

dθ
− 1

2

(
A2

1 − A2

)− 1
2

(
2A1

dA1

dθ
− dA2

dθ

)]
=

1
2α

[
−1−

(
A2

1 − A2

)− 1
2 (−A1 − 2α(1+ γ))

]

=
(A2

1 − A2)−
1
2

2α

A1 −
(
A2

1 − A2

) 1
2︸              ︷︷              ︸

>0

+2α(1+ γ)

 > 0. (28)

Note that the sign ofd
2yL

dθ2 is positive according to the following calculation:

d2yL

dθ2
=

d
dθ

1
2α

[
−1−

(
A2

1 − A2

)− 1
2 (−A1 − 2α(1+ γ))

]
=

1
2α

d
dθ

(
A2

1 − A2

)− 1
2 (A1 + 2α(1+ γ))

=
(A2

1 − A2)−
1
2−1

2α

[
−1

2

(
2A1

dA1

dθ
− dA2

dθ

)
(A1 + 2α(1+ γ)) + (A2

1 − A2)
dA1

dθ

]
=

(A2
1 − A2)−

1
2−1

2α

[
(A1 + 2α(1+ γ))2 − (A2

1 − A2)
]
> 0. (29)

Similar to (25), the sign of the derivative ofxH, with respect toθ, becomes:

1
xH

dxH

dθ
=

1
ϕ(1− αβ3)

dϕ
dθ︸︷︷︸
<0

− 1− β1

1− αβ3

α

η − αyL − D
dyL

dθ︸︷︷︸
>0

< 0. (30)

Finally, the sign of the derivative ofyH, with respect toθ, is simply given by:

dyH

dθ
=

1
2α

 dA1

dθ︸︷︷︸
<0

+
1
2

(
A2

1 − A2

)− 1
2

2A1
dA1

dθ︸︷︷︸
<0

− dA2

dθ︸︷︷︸
>0


 < 0. � (31)
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A4. Proof of Proposition 3

From (18), the derivative ofg∗, with respect toτ, is given by:

ln g∗ =
1

1− β1
lnψ +

β1 + αβ3

1− β1
ln xH ,

⇔ 1− β1

g∗
dg∗

dτ
=

1
ψ

dψ
dτ
+
β1 + αβ2

xH

dxH

dτ
. (32)

Moreover, from the definition ofxH, we obtain:

ln xH =
1

1− αβ3
ln ϕ +

1− β1

1− αβ3
ln(η − αyL − D),

⇔ (1− αβ3) ln xH = − lnψ + (1− β1) ln A− (1− β1) ln(1+ γ) + (1− β1) ln(η − αyL − D),

⇔ 1− αβ3

xH

dxH

dτ
= − 1

ψ

dψ
dτ
− 1− β1

1+ γ
dγ
dτ
+

1− β1

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
. (33)

Substituting (33) into (32) yields:

1− β1

g∗
dg∗

dτ
=

1
ψ

dψ
dτ
− β1 + αβ2

1− αβ3

(
1
ψ

dψ
dτ
+

1− β1

1+ γ
dγ
dτ

)
+
β1 + αβ2

1− αβ3

1− β1

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
.

(34)

The sum of the first and second terms of the RHS of (34) becomes:(
1− β1 + αβ2

1− αβ3

)
1
ψ

dψ
dτ
− β1 + αβ2

1− αβ3

1− β1

1+ γ
dγ
dτ
=

1− β1

1− αβ3

(
1− α
ψ

dψ
dτ
− β1 + αβ2

1+ γ
dγ
dτ

)
, (35)

where the second equality holds, since
(
1− β1+αβ2

1−αβ3

)
=

(1−α)(1−β1)
1−αβ3

. From the definition ofψ, dψ
dτ =

β1ψ
γ

dγ
dτ , and by substituting this into (35), it becomes:

1− β1

1− αβ3

1
γ(1+ γ)

[β1(1− α)(1+ γ) − γ(β1 + αβ2)]
dγ
dτ
. (36)

Since:

β1(1− α)(1+ γ) − γ(β1 + αβ2) = (1− α)β1 − αγ(β1 + β2)

= (1− α)β1

(
1− αγ

(1− α)β1
(β1 + β2)

)
= (1− α)β1(1− (1− τ)(β1 + β2)) > 0,

substituting this into (36) yields:

1− β1

1− αβ3

(1− α)β1

γ(1+ γ)
(1− (1− τ)(β1 + β2))

dγ
dτ
,
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and by substituting this into (34), we obtain:

1− β1

g∗
dg∗

dτ
=

1− β1

1− αβ3

(1− α)β1

γ(1+ γ)
(1− (1− τ)(β1 + β2))

dγ
dτ
+
β1 + αβ2

1− αβ3

1− β1

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
,

⇔ 1− αβ3

g∗
dg∗

dτ
=

β1 + αβ2

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
− (1− α)β1

γ(1+ γ)
((1− τ)(β1 + β2) − 1)

dγ
dτ
.

The first-order condition ofg∗, with respect toτ, is given bydg∗

dτ = 0 as:

β1 + αβ2

η − αyL − D

(
d
dτ

(η − D) − αdyL

dτ

)
=

(1− α)β1

γ(1+ γ)
((1− τ)(β1 + β2) − 1)

dγ
dτ
, (37)

which is equivalent to (21). The LHS of (37) is decreasing inτ16 and goes to infinity asτ → τ̂,

whereA2
1|τ=τ̂ = A2|τ=τ̂, since (A2

1 − A2)−
1
2 → ∞ and dyL

dτ < 0. Hence,dyL
dτ → −∞, and it is positive

whenτ = 1. On the other hand, the RHS of (37) is increasing inτ, and goes to infinity asτ → 1,

sinceγ → 0. Therefore,γ−1 → ∞, while it is positive whenτ = τ̂. This means that there is the

growth-maximizing tax rateτ∗ ∈ (τ̂,1) (see the left panel of Figure 2).

Further, the derivative ofg∗, with respect toθ, is derived as follows; similar to (32),dg∗

dθ is calcu-

lated as:
1− β1

g∗
dg∗

dθ
=

1
ψ

dψ
dθ
+
β1 + αβ2

xH

dxH

dθ
. (38)

By using a similar procedure to (33), we obtaindxH
dθ as:

1− αβ3

xH

dxH

dθ
= − 1

ψ

dψ
dθ
− 1− β1

1+ γ
dγ
dθ︸︷︷︸
=0

+
1− β1

η − αyL − D

 d
dθ

(η − D)︸      ︷︷      ︸
=−1

−αdyL

dθ

 . (39)

Combining (38) with (39) yields:

1− β1

g∗
dg∗

dθ
=

1
ψ

dψ
dθ
− β1 + αβ2

1− αβ3

[
1
ψ

dψ
dθ
+

1− β1

η − αyL − D

(
1+ α

dyL

dθ

)]

=
(1− α)(1− β1)

1− αβ3

1
ψ

dψ
dθ
− β1 + αβ2

η − αyL − D

(
1+ α

dyL

dθ

)
.

By using dψ
dθ =

β2ψ
θ , we obtain:

1− αβ3

g∗
dg∗

dθ
=
β2(1− α)

θ
− β1 + αβ2

η − αyL − D

(
1+ α

dyL

dθ

)
,

16From (24), we show thatdyL
dτ is increasing inτ. Considering this, the derivative of the LHS of (37), with respect toτ, is

positively proportional to

−αd2yL

dτ2
(η − αyL − D) −

(
d
dτ

(η − D) − αdyL

dτ

)2

,

which is negative; thus, the term is decreasing inτ.
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and the first-order condition,dg∗

dθ = 0, is given by:

β1 + αβ2

η − αyL − D

(
1+ α

dyL

dθ

)
=
β2(1− α)

θ
, (40)

which is equivalent to (22). The LHS of (40) is increasing inθ,17 And goes to infinity asθ → θ̂, where

A2
1|θ=θ̂ = A2|θ=θ̂, since (A2

1 − A2)−
1
2 → ∞ and dyL

dθ > 0. Hence,dyL
dθ → ∞ and it is positive whenθ = 0.

On the other hand, the RHS of (40) is decreasing inθ, goes to infinity asτ→ 0, and is positive when

θ = θ̂. This means that there is growth-maximizing public education/production ratioθ∗ ∈ (0, θ̂) (see

the right panel of Figure 2).�
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