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Abstract

This study introduces quasi-geometric discounting into a simple growth model of common cap-

ital accumulation that takes consumption externalities into account. We examine how present

bias affects economic growth and welfare, and we consider two equilibrium concepts: the non-

cooperative Nash equilibrium (NNE) and the cooperative equilibrium (CE). We show that the

growth rate in the NNE can be higher than that in the CE if individuals strongly admire the

consumption of others regardless of the magnitude of present bias. Contrary to the results in

the time-consistent case, we show that, when present bias is incorporated, the welfare level in

the NNE can be higher than that in the CE in the initial period. However, in later periods, this

relationship can be reversed depending on the difference in the speed of capital accumulation.
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1 Introduction

The issue of the tragedy of the commons has been discussed by many researchers. Gordon (1954)

is the first to consider this issue in an economics context and shows an example of the tragedy

of the commons, whereas Hardin (1968) is the seminal study on this topic. Levhari and Mirman

(1980) construct a dynamic game model of resource extraction and examine how the strategic

interactions of individuals affect the accumulation of the common resource. A similar issue is

investigated using the framework of a capital accumulation game. Examples of this dynamic capital

accumulation game include Benhabib and Radner (1992), Tornell and Velasco (1992), Dockner and

Sorger (1996), and Dockner and Nishimura (2005).

In these studies, individuals derive utility only from their own consumption. However, em-

pirical studies show that individuals’ welfare levels are strongly affected not only by their own

consumption levels but also by the consumption levels of other individuals.1 This phenomenon

is calledconsumption externalities. In addition, many studies theoretically examine this issue us-

ing growth models. Examples include Liu and Turnovsky (2005), Ljungqvist and Uhlig (2000),

Turnovsky and Monteiro (2007), and Mino (2008).

Long and Wang (2009) and Hori and Shibata (2010) integrate the above two strands of research.

Long and Wang (2009) show that consumption externalities worsen the overconsumption problem

in the case of a common resource. Hori and Shibata (2010) compare the growth rate in a no-

commitment case (a feedback Nash equilibrium) with that in a commitment case (an open-loop

Nash equilibrium). Contrary to the usual arguments, they show that the former growth rate can be

higher than the latter growth rate when individuals admire the consumption of others.

In the present study, we shed new light on the dynamic capital accumulation game using a

development in behavioral economics. Most previous studies employ time-consistent preference

models. However, many laboratory and field studies on inter-temporal decision making (see, for

example, Frederick et al. (2002) and DellaVigna (2009)) support the hypothesis that discounting

1 See, for example, Easterlin (1995), Kagel et al. (1996), Clark and Oswald (1996), Zizzo and Oswald (2001), and
Alpizar et al. (2005).
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is not exponential but rather is hyperbolic, which means that the discounting between two future

periods becomes steeper as time passes. Thus, we examine how the existence of present bias affects

economic growth and welfare. Such present-biased preferences are initially developed by Strotz

(1956) and Phelps and Pollak (1968) and are reintroduced by Laibson (1997).

To incorporate present bias, we introduce individuals with quasi-geometric discounting into

a capital accumulation game. We consider two equilibrium concepts, the non-cooperative Nash

equilibrium (NNE) and the cooperative equilibrium (CE), and we examine the characteristics of

the two equilibria. To solve the model, we must consider individuals as a sequence of autonomous

decision-makers, as in the above studies. Thus, we treat the decision of each decision maker (self)

as the outcome of an intrapersonal game. Therefore, in the non-cooperative setting, there exist

two games: a game among different individuals and a game among different selves. Interestingly,

there remains a game among different selves even in the cooperative setting. We show that these

relationships bring forth interesting welfare consequences.

We obtain the following results from our model. First, we show that there exist both the unique

NNE and the unique CE. Second, we show that the growth rate in the NNE can be higher than

that in the CE if preferences exhibit strong admiration to others’ consumption. Finally and more

importantly, we obtain paradoxical welfare results. We numerically show that, contrary to the time-

consistent case (geometric discounting case), selves in the initial period obtain a higher welfare

level under the NNE than under the CE. However, in the later periods, selves obtain a higher

welfare level in the CE than in the NNE depending on the difference between the speeds of capital

accumulation in the NNE case and the CE case.2

The relationship between the present study and the studies by Hori and Shibata (2010) and

Long and Wang (2009) can be stated as follows. Hori and Shibata’s (2010) focus is on differences

in the characteristics of the feedback equilibrium and those of the open-loop equilibrium. Both

equilibria are considered in the case of a non-cooperative relationship, and the authors do not

consider cooperative situations. Long and Wang (2009) consider the cooperative outcome as well

2 Krusell et al. (2002) compare the market equilibrium to the planning equilibrium in a representative-agent model.
Surprisingly, they show that the welfare level of the market equilibrium is higher than that of the planning equilibrium.
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as the non-cooperative outcome. However, unlike in the present study, if individuals succeed in

cooperating, then the resource can be preserved, and individuals can attain higher welfare levels.

In addition, neither Hori and Shibata (2010) nor Long and Wang (2009) consider individuals with

hyperbolic discounting.

The studies most related to the present study are Nowak (2006, 2009). Based on Levhari and

Mirman’s (1980) model, Nowak incorporates individuals who have time-inconsistent preferences.

In particular, Nowak (2009) considers the cooperative relationship among different individuals with

hyperbolic discounting in a general setting of Levhari and Mirman’s (1980) model. He derives the

non-cooperative and cooperative outcomes and investigates the effects of time-inconsistent prefer-

ences on the equilibria. However, he does not consider consumption externalities. Additionally, he

does not conduct a welfare comparison between the NNE and the CE.

The remainder of the paper is organized as follows. Section 2 sets up the dynamic game model

with quasi-geometric discounting and consumption externalities. Section 3 characterizes the NNE

and the CE and examines the effect of present bias on the two equilibria. Section 4 discusses the

welfare properties, and our conclusions are summarized in Section 5.

2 Model

In the following, we consider a dynamic game model of common capital accumulation with con-

sumption externalities, and we introduce quasi-geometric discounting into the model. Time is

discrete and is denoted byt ∈ [0,∞).

2.1 Individuals

In this economy, there existN individuals who live infinitely and who all have the same time

preferences. We assume that at time 0, individuali ’s preference is given by the following utility

function:

Ui0 = ui0 + β

∞∑
t=1

δtuit , i = 1, · · · ,N, (1)
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whereuit denotes the instantaneous utility of individuali in periodt ≥ 0. Then,δ ∈ (0,1) represents

the long-run discount factor, andβ ∈ (0,1] represents the present bias. Whenβ = 1, individuals

have time-consistent and geometric preferences, and the discount factor is alwaysδ. In contrast,

when 0< β < 1, individuals face a problem of time inconsistency; the discount factor between

time 1 and time 2 isδ at time 0, but it changes toβδ at time 1. Such preferences are called quasi-

geometric preferences.3 Why does the problem of time inconsistency arise in this quasi-geometric

discounting model? At timet ≥ 1, individuals want to change their consumption schedules that

they set at timet − 1. Specifically, they want to shift more consumption into the present because at

time t − 1, they thought that the discount factor between timet and timet + 1 wasδ, but at timet,

the discount factor between timet and timet + 1 is βδ(< δ).4

The instantaneous utility,uit is specified as

uit =
η

η − 1
(cit · (c−it )

−α)1− 1
η , i = 1, · · · ,N, (2)

wherec−it =
1

N−1

∑
j,i cjt ,α < 1, η > 0, andη , 1. cit is the consumption of individuali in period

t, andc−it is the average level of consumption of the other individuals in periodt. Each individual’s

consumption affects the utility levels of the other individuals. The parameterη represents the inter-

temporal elasticity of substitution. The parameterα represents the attitude toward the consumption

of other individuals and the magnitude of this external effect. According to Dupor and Liu (2003),

we can define the consumption externalities as follows.

Definition 1 We define the consumption externality attitude (1) as jealousy if∂ui/∂c−i < 0 (α > 0)

and as admiration if∂ui/∂c−i > 0 (α < 0) and (2) as “keeping up with the Joneses” (KUJ) if

∂2ui/∂ci∂c−i > 0 (α(1−η) > 0) and as “running away from the Joneses” (RAJ) if∂2ui/∂ci∂c−i <

0 (α(1− η) < 0).

KUJ (RAJ) represents the case in which the marginal utility of an individual’s consumption

3 See Krusell et al. (2002).
4 Note that if individuals could commit to their future decisions, the problem of time inconsistency would not matter

because they could not deviate from their future consumption schedule.
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increases (decreases) as the average level of others’ consumption increases. KUJ (RAJ) means that

an individual wants (does not want) to consume in the same way as others do.

2.2 Capital Accumulation

In this economy, there exists physical capital that every individual can access. Therefore, we can

define this capital as common capital, such as forests or fish. Each individual produces final goods

by using this common capital and consumes some of these final goods. The final goods that are

not consumed become capital in the next period. The production function is supposed to be theAk

technology, and the transition of the physical capital is

kt+1 = Akt −
N∑

i=1

cit , (3)

wherek is the capital stock andA(> 0) denotes a constant productivity parameter.

3 Equilibrium

We derive a non-cooperative Nash equilibrium (NNE) and a cooperative equilibrium (CE), respec-

tively. In the following, we assume that current individuals cannot commit to the decisions of future

individuals. Moreover, we assume that the individuals know that their preferences will change and

make the current decision taking this into account; that is, they are sophisticated.

3.1 Non-cooperative Nash Equilibrium

A current individuali maximizes the following objective function taking into account the strategies

hn
j (k) ( j , i ) of the other individuals. These strategies include the strategies of the future selves of

the other individuals. The individual also takes her own future individual decisionshn
i (k) as given.
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The problem of the current individuali is given by the following:

Vn
i0(hn

i (k),H
n
−i (k)) = max

ci

[
η

η − 1
(ci · (h

n
−i (k))−α)1− 1

η + βδVn
i (k′)

]
, (4)

subject to

k′ = Ak − ci −
∑
j,i

hn
j (k).

k′ represents capital in the next period,H
n
−i (k) ≡ {hn

j (k)} j,i , andh
n
−i (k)) ≡ 1

N−1

∑
j,i hn

j (k). We

denote the solution of this problem aŝhn
i (k). The value functionVn

i (k) satisfies the following

relationship:

Vn
i (k) =

η

η − 1


hn

i (k) ·


1
N − 1

∑
j,i

hn
j (k)


−α

1− 1
η

+ δVn
i (k̃′), (5)

where

k̃′ = Ak −
N∑

j=1

hn
j (k).

We can define an NNE as follows.

Definition 2 A set of strategies{hn∗
i (k)}i=N

i=1 constitutes a non-cooperative Nash equilibrium if and

only if (1) each individual’s strategy satisfieŝhn
i (k) = hn∗

i (k) and (2) for every possible state,

the following is satisfied: Vni0(hn∗
i (k),H

n∗
−i (k)) ≥ Vn

i0(hn
i (k),H

n∗
−i (k)) for all i where H

n∗
−i (k) ≡

{hn∗
j (k)} j,i .

The equilibrium can be solved by using a similar technique to dynamic programming. The

first-order condition of the above problem (4) becomes

(ci )
− 1
η · (hn

−i (k))−α(1− 1
η )
= βδVn′

i (k′). (6)

We use the following guesses for the value function of individuali :

Vn
i (k) = En

i + Fn
i ψ
−1kψ , (7)
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where

ψ ≡ (1− α)(1− 1/η).

En
i andFn

i are the coefficients to be determined. We assume thatψ < 1. Note that when 0< η < 1

(η > 1),ψ < 0 (0< ψ < 1). Thus, we can rewrite (6) as follows:

(ci )
− 1
η · (hn

−i (k))−α(1− 1
η )
= βδFn

i (k′)ψ−1.

We further assume a symmetric equilibrium and linear strategies, that is,hn
i (k) = σnk, Vn

i (k) =

Vn(k), En
i = En, andFn

i = Fn. Thus, we can finally obtain

(σnk)−
1
η · (σnk)−α(1− 1

η )
= βδFn[(A− σnN)k]ψ−1.

This result leads to

σn =
(βδFn)

1
ψ−1 A

1+ (βδFn)
1

ψ−1 N
. (8)

By substituting the guess for the linear strategy and (7) into (5), we obtain

En + Fnψ−1kψ =
η

η − 1

[
(σnk)(σnk)−α

]1− 1
η + δ(En + Fnψ−1[(A− σnN)k]ψ)

=
η

η − 1

[
(σn)ψ (k)ψ

]
+ δ(En + Fnψ−1[(A− σnN)k]ψ).

Comparing the coefficients onkψ leads to

Fn =
ηψ

η − 1
(σn)ψ + δFn(A− σnN)ψ .

By substituting (8) into this expression, we obtain


1+ (βδFn)

1
ψ−1 N

A


ψ

=
ηψ

η − 1
(βδ)

ψ
ψ−1 (Fn)

1
ψ−1 + δ. (9)

As for equation (9), we can obtain the following proposition:
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Proposition 1 There exists a unique non-cooperative Nash equilibrium, Fn∗, if A−ψ > δ.

Proof See Appendix A.

3.2 Cooperative Equilibrium

We next consider the cooperative case. We assume that individuals maximize the total sum of their

utilities. The cooperative individuals take their own future decisionshc
i (k) as given. When the

individuals cooperate, they solve the following problem:

Vc
0 (k) = max

{ci }i=Ni=1


1
N

N∑
i=1

η

η − 1
(ci · (c−i )

−α)1− 1
η + βδVc(k′)

 , (10)

subject to

k′ = Ak −
N∑

j=1

cj .

We denote the solution of this problem asĥc
i (k). The value functionVc(k) satisfies the following

relationship:

Vc(k) =
1
N

N∑
i=1

η

η − 1


hc

i (k) ·


1
N − 1

∑
j,i

hc
j (k)


−α

1− 1
η

+ δVc(k̃′), (11)

where

k̃′ = Ak −
N∑

j=1

hc
j (k).

We can define a CE as follows:

Definition 3 A set of strategies{hc∗
i (k)}i=N

i=1 constitutes a cooperative equilibrium if and only if

their strategies satisfŷhc
i (k) = hc∗

i (k).
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As in the case of the NNE, we derive the CE by using a similar technique to dynamic programming.

The first-order condition of (10) becomes

1
N

(ci )
− 1
η (c−i )

−α(1− 1
η ) − 1

N − 1

∑
j,i

(cj )
1− 1

η α(c− j )
−α(1− 1

η )−1
 = βδVc′(k′). (12)

We use the following guess for the value function:

Vc(k) = Ec + Fcψ−1kψ , (13)

whereEc andFc are the coefficients to be determined. We further assume the symmetric equilib-

rium and linear strategies, that is,hi (k) = σck. Based on these guesses, the first-order condition

(12) becomes

1
N

[
(σck)−

1
η (σck)−α(1− 1

η ) − α(σck)1− 1
η (σck)−α(1− 1

η )−1
]
= βδFc[(A− σcN)k]ψ−1.

We can solve this equation forσc as follows:

σc =
( N

1−α )
1

ψ−1 (βδFc)
1

ψ−1 A

1+ ( N
1−α )

1
ψ−1 (βδFc)

1
ψ−1 N

. (14)

By substituting (13) into (11), we obtain

Ec + Fcψ−1kψ =
η

η − 1

[
(σck)(σck)−α

]1− 1
η + δ(Ec + Fcψ−1[(A− σcN)k]ψ). (15)

Comparing the coefficients onkψ leads to

Fc =
ηψ

η − 1
(σc)ψ + δFc(A− σcN)ψ .
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By substituting (14) into this expression and rearranging it, we obtain


1+ ( N

1−α )
1

ψ−1 (βδFc)
1

ψ−1 N

A


ψ

=

(
N

1− α

) ψ
ψ−1 ηψ

η − 1
(βδ)

ψ
ψ−1 (Fc)

1
ψ−1 + δ. (16)

To satisfy the second-order condition of this problem, we impose the following assumption:

Assumption 1
1
η
− α

{
α

(
1− 1

η

)
+ 1

}
> 0.

As for equation (16), we can obtain the following proposition:

Proposition 2 Under Assumption 1, there exists a unique cooperative equilibrium, Fc∗, if A−ψ > δ.

Proof See Appendix B.

3.3 Comparison of the Growth Rates

In this subsection, we first show that the relative magnitudes of the two equilibrium growth rates

are irrelevant toβ, the parameter that reflects present bias. Only the consumption externalities can

affect this relationship between the two growth rates.

From (3) and (8), the (gross) growth rate of the economy in which individuals behave non-

cooperatively is given by

Gn ≡ A− Nσn∗ =
A

1+ (βδFn∗)
1

ψ−1 N
. (17)

On the other hand, from (3) and (14), the (gross) growth rate of the economy in which individuals

behave cooperatively is given by

Gc ≡ A− Nσc∗ =
A

1+
(

N
1−α

) 1
ψ−1 (βδFc∗)

1
ψ−1 N

. (18)

We can obtain the following proposition:
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Proposition 3 Gc ⋛ Gn if and only if N⋛ 1− α.

Proof See Appendix C.

From Definition 1 andN > 1, N > 1 − α is satisfied if preferences exhibit jealousy toward the

consumption of other individuals. On the other hand,N < 1 − α is satisfied if the preferences

exhibit strong admiration toward the consumption of other individuals. Proposition 3 indicates that

when preferences exhibit jealousy (strong admiration) toward others, the growth rate of the CE is

higher (lower) than that of the NNE. Since Proposition 3 does not include the condition of present

bias, β, we can say that the relative magnitude of the two growth rates is irrelevant to the level of

present bias. Only consumption externalities affect the growth rate comparison.

The intuition behind Proposition 3 can be explained as follows. In this model, all individuals

have the same level of present bias. The effect of present bias on the game among different selves

does not differ across the non-cooperative and cooperative cases. We only need to consider the

effect of consumption externalities on the intra-temporal game in the non-cooperative case. In

the case of jealousy (0< α < 1), an individual’s utility decreases when others increase their

consumption. The stronger jealousy individuals feel toward others, the more they want to consume.

This property tends to reduce the accumulation of aggregate capital. Thus, the non-cooperative

case leads to over-consumption relative to the cooperative case. On the other hand, in the case of

admiration (α < 0), the utility of individuals increases when others increase their consumption. As

individuals feel more admiration toward others, they tend to want to consume less. This property

tends to increase the accumulation of aggregate capital. Thus, the non-cooperative case leads to

under-consumption relative to the cooperative case.

For later use, we now state the following lemma regarding the growth rates.

Lemma 1 Both Gc and Gn are increasing inβ.

Proof See Appendix D.

Lemma 1 indicates that when the present bias of each individual is larger (β is smaller), the two

growth rates are lower. This result implies that the rate of consumption,σi∗, is decreasing inβ.
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Intuitively, because of the larger present bias, individuals prefer to consume now rather than later.

Thus, the common capital accumulation decreases, and the growth rates also decrease.

4 Welfare Analysis

In this section, we examine the welfare implications of the NNE and the CE in our dynamic game

model. We first define the welfare evaluation function. This function varies among selves in each

period because the preferences of individuals are time-inconsistent in this model. In other words,

individuals’ preferences are different in different periods. Then, we compare the NNE and the CE

in terms of the resulting welfare in later periods as well as in the initial period.

4.1 Welfare evaluation function

In this analysis, we define the following welfare evaluation function:

Wi (kt ) =
η

η − 1
(σi kt )

ψ

[
1+

βδ(A− Nσi )ψ

1− δ(A− Nσi )ψ

]
, i = n,c. (19)

The derivation ofWi (kt ) is given in Appendix E. Because the growth rates are constant at the

equilibria, we evaluate the welfare levels of the initial selves based on the following strategy and

dynamics of capital:c = σi k and k′ = (A − Nσi )k. Moreover, we can show the relationship

between the welfare in periodt and that in period 0 as follows:

Wi (kt ) = [(A− Nσi )ψ]tWi (k0), i = n,c. (20)

The derivation of (20) is given in Appendix F. The welfare level in periodt, Wi (kt ), can be divided

into the following two parts:Wi (k0) (the welfare level of the initial self) and [(A − Nσi )ψ]t (the

path-dependent effect).
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4.2 Welfare comparison: time-consistent case

Before comparing the welfare in the NNE with that in the CE when 0< β < 1, we investigate

the welfare comparison of the time-consistent case, that is, whenβ = 1. We first consider the

welfare level of the initial self. In this time-consistent case, the CE coincides with the social

optimum. Therefore, when the initial levels of capital stock of the two equilibria are the same,

Wc(k0) > Wn(k0) for all k0. Second, we consider the path-dependent effect. From (7), (17), (18),

and (19), this effect can be rewritten as follows:

[(A− Nσi )ψ]t =
[
(Gi )(1−α)(1− 1

η )
] t
, i = n,c. (21)

WhenN < (>) 1− α, the growth rate in the NNE is higher (lower) than that in the CE. This result

means meankn
t > (<) kc

t . Since the path-dependent effect increases geometrically, this effect

dominates the welfare level of the initial self in the later period. Fromα < 1, η > 0, and (21),

whenη > 1 (0 < η < 1), the relationship between the path-dependent effect and the growth rate

(Gi ) is positive (negative). Thus, whenN < 1 − α andη > 1 or whenN > 1 − α and 0< η < 1,

the following inequality holds for sufficiently larget: Wn(kn
t ) > Wc(kc

t ).

Intuitively, η is the parameter that represents the inter-temporal elasticity of substitution. When

0 < η < 1, that is, when the elasticity is low, individuals dislike the fluctuation of consumption

and prefer a lower growth rate. On the other hand, whenη > 1, that is, when the elasticity is high,

the degree to which individuals avoid the fluctuation of consumption decreases. Consequently,

individuals prefer a larger growth rate. Note that the relative magnitudes of the two growth rates

are derived from Proposition 3.

We summarize the preceding arguments as follows:

Lemma 2 Suppose that the initial capital stocks are the same in the NNE case and the CE case. In

the time-consistent case, we obtain the following results:

1. When N< 1 − α and0 < η < 1 or when N> 1 − α andη > 1, the welfare level in the CE

is always higher than that in the NNE.
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2. When N< 1− α andη > 1 or when N> 1− α and0 < η < 1, the welfare level in the CE is

higher than that in the NNE for the initial self. For the later self, however, the welfare level

in the NNE is higher than that in the CE.

Lemma 2 states that when the initial levels of capital stock of the two equilibria are the same,

then, from the viewpoint of the initial self, the welfare level in the NNE can be higher than that

in the CE in later periods. This result is caused by the path-dependent effect. In other words, the

difference in common capital accumulation in the NNE and the CE causes this effect. Because

capital accumulates faster (slower) in the NNE whenN < 1 − α andη > 1 (N > 1 − α and

0 < η < 1), the welfare level in the NNE is eventually higher than that in the CE. However, if

individuals again compare the welfare levels of the two equilibria at the time when the welfare

level in the NNE becomes higher than that in the CE, the welfare level in the CE is absolutely

higher at this point than that in the NNE. Thus, the following inequalities holds for sufficiently

larget:

Wc(kn
t ) > Wn(kn

t ) > Wc(kc
t ).

4.3 Welfare comparison: time-inconsistent case

We next conduct a numerical welfare comparison for the time-inconsistent case. We must distin-

guish between the following four cases. The first case is that the growth rate in the NNE is higher

than that in the CE andψ is negative, that is,N < 1 − α and 0< η < 1. The second is that the

growth rate in the CE is higher than that in the NNE andψ is positive, that is,N > 1−α andη > 1.

The third is that the growth rate in the NNE is higher than that in the CE andψ is positive, that is,

N < 1 − α andη > 1. The fourth is that the growth rate in the CE is higher than that in the NNE

andψ is negative, that is,N > 1 − α and 0< η < 1. Thus, we must consider the following four

cases.

Case (a):N < 1− α and 0< η < 1,

Case (b):N > 1− α andη > 1,
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Case (c):N < 1− α andη > 1,

Case (d):N > 1− α and 0< η < 1.

It is difficult to compare these growth rates analytically, so we conduct numerical analyses. We

adopt the following parameters:N = 2, δ = 0.9, andk0 = 1. To satisfy Assumption 1 andA−ψ > δ

(the condition for the existence of a unique equilibrium from Propositions 1 and 2), we set the

following: in Case (a),α = −5, η = 0.9, andA = 1.5; in Case (b),α = 0.3, η = 1.1, andA = 2.1;

in Case (c),α = −3, η = 1.03, andA = 1.5; and in Case (d),α = 0.2, η = 0.7, andA = 2.1.

Figures 7-10 represent the welfare levels of each self in the NNE and the CE for Cases (a)-(d),

respectively, from periodt = 0 to t = 10. Panels (a)-(c) of these figures show the welfare levels of

each self forβ = 1, β = 0.7, andβ = 0.3, respectively. Table 1 shows the steady-state outcomes

(the rates of consumption and the (gross) growth rates) and the welfare levels of the initial self in

the NNE and the CE for Cases (a)-(d) forβ = 1, β = 0.7, andβ = 0.3. From Table 1 and these

figures, we obtain the following results.

Numerical Result 1 Whenβ decreases,

1. the welfare level of the initial self in the NNE becomes higher than that in the CE in Cases

(a) and (c) (See Table 1 and panel (c) of Figure 7 and panels (b) and (c) of Figure 9),

2. the welfare level of the initial self in the CE becomes higher than that in the NNE in Cases

(b) and (d) (See Table 1 and panels (b) and (c) of Figures 8 and 10),

3. the welfare levels of the future selves in the CE become higher than those in the NNE in Cases

(a) and (b) (See panels (b) and (c) of Figures 7 and 8),

4. the welfare levels of the future selves in the NNE become higher than those in the CE in Cases

(c) and (d) (See panels (b) and (c) of Figures 9 and 10).

As discussed in sections 4.1 and 4.2, there are two effects of changes inβ on the welfare levels of

selves in the NNE and the CE. The first is via the welfare level of the initial self, and the second is

via the path-dependent effect.
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We first investigate the welfare level of the initial self. This welfare level is higher in the NNE

than it is in the CE in Cases (a) and (c). The intuition behind this result is explained as follows.

In the initial period, only the welfare level of the initial self matters. Letσ∗ ∈ (0,1) denote

the rate of consumption that maximizesW(k0).5 σ∗ is the solution when current individuals

can commit to their future decisions and cooperate each other. On the other hand,σc∗ is the

solution when they cannot commit to their future decisions. In Cases (a) and (c),N < 1− α holds,

which means that preferences exhibit strong admiration toward others. When individuals cannot

commit to their future decisions, they take into account that they will not consume so much in the

future, and they consume more now to enforce less consumption by their future selves. Moreover,

as discussed in section 3.3, stronger admiration makes individuals consume less. Therefore,σc∗

becomes sufficiently higher thanσ∗ when β decreases. On the other hand,σn∗ increases whenβ

decreases, based on (18) and Lemma 1. As a result,σn∗ becomes closer toσ∗ than toσc∗, that is,

the welfare level of the initial self in the NNE becomes higher than that in the CE.

The welfare level of the initial self in the CE is higher than that in the NNE in Cases (b) and

(d). The intuition behind this result is explained as follows. In Cases (b) and (d), that is, when

N > 1 − α, we must examine the following two cases: (i) 0> α > 1 − N and (ii)α > 0. We first

consider case (i). This case implies that preferences exhibit weak admiration toward others. As in

Cases (a) and (c), we obtainσc∗ > σ∗. From Proposition 3, (17), and (18), we obtainσn∗ > σc∗

whenN > 1 − α. From Lemma 1, (17), and (18), whenβ decreases, bothσn∗ andσc∗ increase.

Therefore, the inequalitiesσn∗ > σc∗ > σ∗ hold. In other words, the welfare level of the initial

self in the CE is higher than that in the NNE. We next consider case (ii). This case implies that

preferences exhibit jealousy toward others. Unlike in Cases (a) and (c), we obtainσc∗ < σ∗. From

Proposition 3, (17), and (18), we obtainσn∗ > σc∗ whenN > 1 − α. Therefore,σn∗ > σ∗ > σc∗.

From Lemma 1, (17), and (18), whenβ decreases, bothσn∗ andσc∗ increase. When individuals

cannot commit to their future decisions, they take into account that they will consume more in the

5 Whenψ < 0, the uniqueness ofσ∗ is always guaranteed. When 0< ψ < 1, the sufficient condition for ensuring
the uniqueness ofσ∗ is β ≥ 2ψ/1+ ψ. The proof is given in Appendix G. The numerical examples in this subsection
satisfy this condition.
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future, and they consume less now to enforce more consumption by their future selves. Therefore,

when β decreases,σc∗ andσn∗ increase less thanσ∗ does. As a result,σc∗ is closer toσ∗ than to

σn∗, that is, the welfare level of the initial self in the CE is higher than that in the NNE.

We next explain the intuition behind the results for the later periods. In the later periods, the

path-dependent effect dominates the welfare level of the initial self. The mechanism of this result is

similar to that in the time-consistent case because, from Proposition 3,β does not affect the relative

magnitudes of the growth rates in the NNE and the CE. Therefore, the welfare levels of the future

selves in the CE become higher than those in the NNE in Cases (a) and (b), that is,N < 1− α and

0 < η < 1 or N > 1 − α andη > 1. The welfare levels of the future selves in the NNE become

higher than those in the CE in Cases (c) and (d), that is,N < 1 − α andη > 1 or N > 1 − α and

0 < η < 1.

Finally, we discuss the paradoxical cases: Figure 7 (c) and Figure 9 (c). Unlike in the time-

consistent cases, Figure 7 (a) and Figure 9 (a), the welfare level of the initial self in the NNE is

higher than that in the CE. Figure 7 (c) shows that the early selves of all individuals prefer the

NNE to the CE; on the contrary, the later selves of all individuals prefer the CE. However, the later

selves cannot enforce the initial selves to cooperate. Thus, it is difficult to construct a mechanism

to achieve cooperation. We next consider the case of Figure 9 (c). This case surprisingly shows

that both the early and later selves of all individuals prefer the NNE to the CE. In other words,

cooperation always deteriorates the welfare of all individuals.

5 Conclusion

In this study, we construct a dynamic game model with quasi-geometric discounting and consump-

tion externalities. We consider two equilibrium concepts: the NNE and the CE. We investigate

how the degree of present bias affects the economic growth rates and the welfare properties. We

find that the growth rate in the NNE can be higher than that in the CE if preferences exhibit strong

admiration toward others’ consumption regardless of the magnitude of present bias. Unlike in the
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time-consistent case, we show that in the time-inconsistent case the welfare level of the initial self

in the NNE can be higher than that in the CE. However, in later periods, the relationship between

the NNE and the CE can be reversed because of the difference between the NNE and the CE in

terms of the speed of common capital accumulation.

Appendices

A. Proof of Proposition 1

Let us definexn ≡ (Fn)
1

ψ−1 . We denote the left- (right-) hand side of (9) asf (xn) (g(xn)). Differ-

entiating f (xn) with respect toxn leads to

f ′(xn) =
ψ

Aψ

[
1+ (βδ)

1
ψ−1 N xn

]ψ−1
(βδ)

1
ψ−1 N


< 0 when 0< η < 1,

> 0 whenη > 1.

We can show that limxn→∞ f ′(xn) = 0. Moreover, when 0< η < 1, limxn→∞ f (xn) = 0. Differen-

tiating f ′(xn) with respect toxn results in

f ′′(xn) =
ψ(ψ − 1)

Aψ

[
1+ (βδ)

1
ψ−1 N xn

]ψ−2
(βδ)

2
ψ−1 N2


> 0 when 0< η < 1,

< 0 whenη > 1.

Moreover, the graph ofg(xn) is an upward sloping straight line:

g′(xn) =
ηψ

η − 1
(βδ)

ψ
ψ−1 > 0.

Note that when 0< η < 1,ψ < 0. From these results, we can graphically examine the existence of

the NNE. Figure 1 showsf (xn) andg(xn). Depending on the magnitude ofη, there are two cases:

(a) and (b). In panels (a) and (b) of Figure 1, there exists a unique NNE,xn∗ ≡ (Fn∗)
1

ψ−1 > 0 if

A−ψ > δ. Using (8), we can obtain a uniqueσn∗ of the NNE.
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B. Proof of Proposition 2

Let us definexc ≡ (Fc)
1

ψ−1 . We denote the left- (right-) hand side of (16) asq(xc) (m(xc)).

Differentiatingq(xc) with respect toxc leads to

q′(xc) =
ψ

Aψ

[
1+

N
1− α (βδ)

1
ψ−1 N xc

]ψ−1 (
N

1− α βδ
) 1
ψ−1

N


< 0 when 0< η < 1,

> 0 whenη > 1.

We can show that limxc→∞ q′(xn) = 0. Moreover, when 0< η < 1, limxc→∞ q(xn) = 0. Differen-

tiating q′(xc) with respect toxc results in

q′′(xc) =
ψ(ψ − 1)

Aψ

[
1+

N
1− α (βδ)

1
ψ−1 N xc

]ψ−2 (
N

1− α βδ
) 2
ψ−1

N2


> 0 when 0< η < 1,

< 0 whenη > 1.

Moreover, the graph ofm(xc) is a straight line:

m′(xc) =

(
N

1− α

) ψ
ψ−1 ηψ

η − 1
(βδ)

ψ
ψ−1 > 0.

From these results, we can graphically examine the existence of the CE. Figure 2 showsq(xc) and

m(xc). Depending on the magnitude ofη, there are two cases: (a) and (b). In panels (a) and (b) of

Figure 2, there exists a unique CE,xc∗ ≡ (Fc∗)
1

ψ−1 > 0, if A−ψ > δ. Using (14), we can obtain a

uniqueσc∗ of the CE.

C. Proof of Proposition 3

We first show that the two growth rates coincide whenN = 1 − α. WhenN = 1 − α, equation (9)

is clearly equivalent to (16). Thus,Fn = Fc. Therefore, the two growth rates coincide.

We next examine the case ofN , 1 − α. From (9), (16), (17), and (18),(Gn)−
1
ψ = f (xn∗) and

(Gc)−
1
ψ = q(xc∗). We examine how changes inN affect f (xn∗) andq(xc∗). We must distinguish

the following two cases: 0< η < 1 andη > 1.
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(1) 0 < η < 1

We first examine howN affectsGn. By differentiatingf (xn) with respect toN, we obtain

∂ f
∂N
=
ψxn

A


1+ (βδ)

1
ψ−1 N xn

A


ψ−1

(βδ)
1

ψ−1


< 0 whenxn > 0,

> 0 whenxn < 0.

Moreover,N does not affect g(xn). From Figure 3, an increase inN moves the graph off (xn)

downward, movesxn∗ to xn∗′, and decreasesf (xn∗) to f (xn∗′). Therefore, an increase inN de-

creases(Gn)−
1
ψ . When 0< η < 1,ψ takes a negative value. Thus,Gn increases.

We next examine howN affectsGc. By using ηψ
η−1 = 1− α, we can rewrite (16) as follows:

1
δ


1+ β

1
ψ−1

(
N

1−α
) 1
ψ−1 (δFc)

1
ψ−1 N

A


ψ

= 1+ β
ψ
ψ−1

(
N

1− α

) 1
ψ−1

(δFc)
1

ψ−1 N.

Let us defineΓ ≡
(

N
1−α

) 1
ψ−1 (δFc)

1
ψ−1 N whenN , 1− α. From the above equation, we can writeΓ

asΓ(β, δ,ψ,A). Thus,β, δ, ψ, andA affectΓ. By substitutingΓ(β, δ,ψ,A) into (18), we obtain

Gc =
A

1+ β
ψ
ψ−1Γ(β, δ,ψ,A)

. (C-1)

Thus,N does not affectGc.

From these results, whenN > (<) 1− α,

(Gc)−
1
ψ > (<) (Gn)−

1
ψ ,

which means thatGc > (<) Gn. Please note that when 0< η < 1,ψ takes a negative value.
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(2) η > 1

We first examine howN affectsGn. From the same calculation, we can draw Figure 4, which

describes how an increase inN affects the graphs off (xn) andg(xn). Specifically, an increase

in N shifts the graph off (xn) upward, does not affect the graph ofg(xn), movesxn∗ to xn∗′,

and increasesf (xn∗) to f (xn∗′). Therefore, an increase inN increases(Gn)−
1
ψ and decreasesGn

because 0< ψ < 1 holds whenη > 1.

We next examine howN affectsGc. As in the case of 0< η < 1, (C-1) holds. Therefore,N

does not affectGc.

Thus, we can derive the result that whenN > (<) 1− α,

(Gc)−
1
ψ < (>) (Gn)−

1
ψ ,

which means thatGc > (<) Gn. Please note that whenη > 1,ψ takes a positive value.

D. Proof of Lemma 1

We show that a decrease inβ reduces the growth ratesGn andGc. From (9) and (16), the partial

derivatives off (xn), g(xn), q(xc), andm(xc) with respect toβ are as follows:

∂ f
∂ β
=

ψ

ψ − 1


1+ (βδ)

1
ψ−1 N xn

A


ψ−1

β
2−ψ
ψ−1δ

1
ψ−1 N xn

A



> 0 when 0< η < 1 andxn > 0,

< 0 when 0< η < 1 andxn < 0,

< 0 whenη > 1 andxn > 0,

> 0 whenη > 1 andxn < 0,

∂g

∂ β
=

ψ

ψ − 1
ηψxn

η − 1
β

1
ψ−1δ

ψ
ψ−1



> 0 when 0< η < 1 andxn > 0,

< 0 when 0< η < 1 andxn < 0,

< 0 whenη > 1 andxn > 0,

> 0 whenη > 1 andxn < 0,
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∂q
∂ β
=

ψN xc

A(ψ − 1)


1+

(
N

1−α βδ
) 1
ψ−1 N xc

A


ψ−1

β
2−ψ
ψ−1

(
δN

1− α

) 1
ψ−1



> 0 when 0< η < 1 andxc > 0,

< 0 when 0< η < 1 andxc < 0,

< 0 whenη > 1 andxc > 0,

> 0 whenη > 1 andxc < 0,

∂m
∂ β
=

ψxc

ψ − 1
ηψ

η − 1
β

1
ψ−1

(
δN

1− α

) ψ
ψ−1



> 0 when 0< η < 1 andxc > 0,

< 0 when 0< η < 1 andxc < 0,

< 0 whenη > 1 andxc > 0,

> 0 whenη > 1 andxc < 0.

When 0< η < 1, a decrease inβ shifts the graphs off (xn), q(xc), g(xn), andm(xc) downward.

As in Figure 5, this shift movesxc∗ (xn∗) to xc∗′ (xn∗′) and decreasesq(xc∗) ( f (xn∗)) to q(xc∗′)

( f (xn∗′)). As in the case described in Appendix C. (1), this shift decreases the growth rates. On

the other hand, whenη > 1, decreases inβ move the graphs off (xn), q(xc), g(xn), andm(xc)

upward. We need to examine the lengths of the horizontal shifts of these graphs in detail. The total

differentials off (xn) = f (xn∗) andq(xc) = q(xc∗) result in

dxi |Hi Ji = −
1

ψ − 1
xi∗

β
dβ, i = n,c.

The total differentials ofg(xn) = g(xn∗) andm(xc) = m(xc∗) result in

dxi |Ii Ji = −
ψ

ψ − 1
xi∗

β
dβ, i = n,c.

Sincexi∗ > 0,

− 1
ψ − 1

xi∗

β
−

(
− ψ

ψ − 1
xi∗

β

)
=

xi∗

β
> 0 ⇔ dxi |Hi Ji > dxi |Ii Ji .
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Therefore, we can draw Figure 6.dxi |Hi Ji indicates the length betweenHi and Ji in Figure 6.

dxi |Ii Ji indicates the length betweenIi and Ji in Figure 6. dxi |Hi Ji > dxi |Ii Ji indicates the length

betweenHi andJi is longer than that betweenIi andJi . Figure 6 shows that decreases inβ move

xc∗ (xn∗) to xc∗′ (xn∗′) andJc (Jn) to Kc (Kn) and increaseq(xc∗) ( f (xn∗)) to q(xc∗′) ( f (xn∗′)). As

in the case described in Appendix C. (2), this shift decreases the growth rates.

E. Derivation of (19)

If each consumption is symmetric and constant over time, we can calculate the utility of the indi-

viduals in periodt as follows:

Ut =
η

η − 1
(σi kt · (σi kt )

−α)1− 1
η + β

∞∑
j=1

δ j η

η − 1
(σi kt+ j · (σi kt+ j )

−α)1− 1
η

=
η

η − 1

[
(σi kt )

ψ + βδ(σi kt+1)ψ + βδ2(σi kt+2)ψ + · · ·
]

=
η

η − 1
(σi kt )

ψ
[
1+ βδ(A− Nσi )ψ + βδ2(A− Nσi )2ψ · · ·

]
.

The third equality holds because ofk j+1 = (A − Nσi )k j , j = 0,1,2, · · · . We assume that 0<

δ(A− Nσi )ψ < 1 to guarantee the finiteness of the welfare level. We can rewrite the above utility

as follows:

Ut =
η

η − 1
(σi kt )

ψ

[
1+

βδ(A− Nσi )ψ

1− δ(A− Nσi )ψ

]

=Wi (kt ).

F. Derivation of (20)

From (19) andk j+1 = (A− Nσi )k j , j = 0,1,2, · · · , we can calculate

Wi (kt ) = (A− Nσi )ψ
η

η − 1
(σi kt−1)ψ

[
1+

βδ(A− Nσi )ψ

1− δ(A− Nσi )ψ

]

= (A− Nσi )ψWi (kt−1)
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= (A− Nσi )2ψWi (kt−2)

= · · ·

= [(A− Nσi )ψ]tWi (k0).

G. Proof of the uniqueness ofσ∗

From (19), differentiatingW(k0) with respect toσ leads to

dW(k0)
dσ

=
(1− α)(k0)ψ (σ)ψ−1

{1− δ(A− Nσ)ψ }2
[
1+ (1− β)δ(A− Nσ)ψ {δ(A− Nσ)ψ − 2} − βδA(A− Nσ)ψ−1

]
.

From (3), (17), and (18),G ≡ A− Nσ. Let us defineL(G) ≡ 1+ (1 − β)δ(G)ψ {δ(G)ψ − 2} and

R(G) ≡ βδA(G)ψ−1. DifferentiatingL(G) andR(G) with respect toG results in

L′(G) ≡ 2ψ(1− β)δ(G)ψ−1{δ(G)ψ − 1}


> 0 when 0< G < δ−

1
ψ ,

< 0 whenG > δ−
1
ψ ,

R′(G) ≡ −βδA(1− ψ)(G)ψ−2 < 0.

Since(1− α) > 0, k0 > 0, andσ > 0, we obtain

sign

[
dW(k0)

dσ

]
= sign [L(G) − R(G)] .

Therefore, the uniqueness ofσ∗ is guaranteed if there is a uniquêG that satisfiesL(Ĝ) = R(Ĝ)

and maximizesW(k0). We examine howG affectsL(G) − R(G). We must distinguish between the

following two cases: 0< ψ < 1 andψ < 0.

(1) 0 < ψ < 1

We first examine the feasible interval ofG. Sinceσ > 0 andG > 0, 0 < G < A must hold. From

Appendix E, we assume that 0< δ(G)ψ < 1, which means that 0< G < δ−
1
ψ . Moreover, from
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Propositions 1 and 2,A−ψ > δ must hold for the existence of a unique equilibrium. Thus,A < δ−
1
ψ .

Therefore, the feasible interval ofG is 0< G < A.

We next examine the differenceL(G) − R(G). SinceL(0) = 1 and limG→0 R(G) = +∞, we

obtain limG→0 L(G) − R(G) < 0. WhenG = A, we obtainL(A) − R(A) = (1 − β)[δ(A)ψ]2 −

(2 − β)δ(A)ψ + 1. From Propositions 1 and 2,A−ψ > δ must hold. Thus, 0< δ(A)ψ < 1. Let us

defineΩ ≡ δ(A)ψ andZ(Ω) ≡ (1− β)Ω2 − (2− β)Ω + 1. Z(Ω) > 0 holds becauseZ(0) = 1 > 0,

Z(1) = 0, andZ′(Ω) = 2(1 − β)Ω − (2 − β) < 0 for all Ω ∈ (0,1) and β ∈ (0,1). This result

implies thatL(A) − R(A) > 0. SinceL(G) andR(G) are decreasing inG when 0< G < A, the

sufficient condition for the existence of̂G is L′(G) > R′(G) for all G ∈ (0,A). L′(G) − R′(G)

results in

L′(G) − R′(G) = [2(1− β)ψ{δ(G)ψ − 1}G + βA(1− ψ)]δ(G)ψ−2

> [−2(1− β)ψG + βA(1− ψ)]δ(G)ψ−2

> [−2(1− β)ψA+ βA(1− ψ)]δ(G)ψ−2

= [ β(1+ ψ) − 2ψ] Aδ(G)ψ−2.

Therefore, ifβ ≥ 2ψ/1+ ψ holds,L′(G) − R′(G) > 0 holds for allG ∈ (0,A). This result shows

that the uniqueness ofσ∗ is guaranteed when 0< ψ < 1. Note that ifβ = 1, the uniqueness ofσ∗

is always guaranteed.

(2) ψ < 0

We first examine the feasible interval ofG. Sinceσ > 0 andG > 0, 0 < G < A must hold. From

Appendix E, we assume that 0< δ(G)ψ < 1. Thus,G > δ−
1
ψ . Moreover, from Propositions 1

and 2,A−ψ > δ must hold for the existence of a unique equilibrium. This property implies that

A > δ−
1
ψ . Therefore, the feasible interval ofG is δ−

1
ψ < G < A.

We next examineL(G) − R(G). As in the case of 0< ψ < 1, we obtainL(A) − R(A) > 0.

Since A−ψ > δ means thatAδ
1
ψ > 1, L(δ−

1
ψ ) − R(δ−

1
ψ ) = β(1 − Aδ

1
ψ ) < 0 holds. Moreover,
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whenδ−
1
ψ < G < A, the graph ofL(G) is upward sloping and the graph ofR(G) is downward

sloping. Therefore, whenψ < 0 andδ−
1
ψ < G < A, there always exists a uniquêG that satisfies

L(Ĝ) = R(Ĝ). Note that ifβ = 1, the uniqueness ofσ∗ is also always guaranteed.
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σn∗ σc∗ Gn Gc Wn(k0) Wc(k0)

Case (a) β = 1 0.0788 0.1514 1.3424 1.1973 -188.0450 -157.0297

β = 0.7 0.1001 0.1772 1.2998 1.1456 -132.1301 -120.7618

β = 0.3 0.1590 0.2334 1.1820 1.0332 -68.6583 -76.2833

Case (b) β = 1 0.1805 0.0632 1.7389 1.9736 145.6083 153.2570

β = 0.7 0.2557 0.0904 1.5887 1.9192 99.6110 109.6206

β = 0.3 0.5348 0.2101 1.0304 1.6798 39.6647 49.7834

Case (c) β = 1 0.0232 0.0478 1.4537 1.4045 369.5920 378.3411

β = 0.7 0.0335 0.0700 1.4330 1.3601 270.1360 270.0216

β = 0.3 0.0827 0.1790 1.3346 1.1420 129.2721 117.7159

Case (d) β = 1 0.3810 0.2468 1.3381 1.6065 -17.5097 -16.0419

β = 0.7 0.4314 0.2983 1.2373 1.5034 -14.2735 -12.4336

β = 0.3 0.5332 0.4219 1.0337 1.2562 -9.9101 -7.8069

Table 1: Steady-state outcomes and the welfare levels of the initial self in the NNE and the CE
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(a) Case of 0< η < 1
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(b) Case ofη > 1
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Figure 1: Determination ofxn ≡ (Fn)
1

ψ−1

29



(a) Case of 0< η < 1
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Figure 3: The effect of an increase inN on the growth rate in the NNE when 0< η < 1
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Figure 4: The effect of an increase inN on the growth rate in the NNE whenη > 1
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Figure 5: The effect of a decrease inβ on the growth rates when 0< η < 1

32



(a) Case of the CE

0

𝛿

𝐴−𝜓
𝑞 𝑥𝑐

𝑥𝑐

𝑚 𝑥𝑐

𝑞 𝑥𝑐∗
𝑞 𝑥𝑐∗′

𝑥𝑐∗′ 𝑥𝑐∗

𝐽𝑐
𝐻𝑐

𝐼𝑐

𝐾𝑐

(b) Case of the NNE

0

𝛿

𝐴−𝜓
𝑓 𝑥𝑛

𝑥𝑛

𝑔 𝑥𝑛

𝑓 𝑥𝑛∗
𝑓 𝑥𝑛∗′

𝑥𝑛∗′ 𝑥𝑛∗

𝐻𝑛
𝐼𝑛

𝐽𝑛

𝐾𝑛

Figure 6: The effect of a decrease inβ on the growth rates whenη > 1
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Figure 7: Welfare in Case (a):α = −5, η = 0.9
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Figure 8: Welfare in Case (b):α = 0.3, η = 1.1
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Figure 9: Welfare in Case (c):α = −3, η = 1.03
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Figure 10: Welfare in Case (d):α = 0.8, η = 0.3
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