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Abstract 

This paper extends the Atkinson‒Stiglitz Theorem by relaxing the assumption of weak separability 

of preferences. We show that, to supplement income taxation, the optimal commodity tax burden 

relative to disposable income is regressive. This regressivity reinforces the classic U-shaped pattern of 

optimal labor income taxation. Moreover, when goods are complementary to labor, e.g., child care, the 

overall marginal labor tax burden increases once commodity taxes are introduced; when they are 

substitutes, it decreases. Under the Rawlsian objective, these variations in marginal tax rates have 

stronger effects at lower income levels. 
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This paper extends the Atkinson-Stiglitz (1976) Theorem and explores practical features of optimal 

taxation of labor income. We depart from the weak separability of preferences. In such environments, 

commodity taxes or subsidies become necessary for achieving efficiency. Our theoretical results 

provide clear implications for designing a practical policy for the optimal tax mix. 

  Atkinson and Stiglitz (1976) demonstrated that differential commodity taxes (and, in dynamic models, 

capital income taxation) are not needed under a set of assumptions. These include: (i) the presence of 

an optimal nonlinear income tax or the possibility of nonlinear income-tax reform, (ii) utility functions 

exhibiting weak separability between labor and goods, (iii) individual abilities (skills) being the only 

unobservable characteristics, and (iv) the absence of externalities or merit good considerations 

(Boadway and Pestieau 2003; Boadway 2012, Section 3.1.2; Tuomala 2016, Chapter 12). This paper 

departs from (ii), as weak separability is too restrictive to hold in practice.  Consumption patterns often 

exhibit complementarity or substitutability with labor decisions. For instance, Crawford et al. (2011), 

in the Mirrlees Review, found evidence of complementarity between child care and labor supply in 

assessing household demand structures.1 Also, as discussed in the recent study by Ferey et al. (2024), 

 
1 We adopt the classical mechanism-design approach to the optimal tax mix, where Hicksian terms and 

income effects capture key features of optimal policy. Our methodology is closely aligned with the recent 

study of Boadway and Smart (2025), which has an applied study for child care subsidies using Canadian 

data. Kaplow (2010) pointed out that optimal commodity tax analysis in our tax-mix context made 

confusing claims, with some authors offering seemingly opposing conclusions regarding the sign of optimal 

taxes. To be correct, if goods are complementary to leisure, the commodities are taxed. 
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items such as savings can vary across income classes, and their substitutability or complementarity with 

labor supply contributes to such heterogeneity. 

This departure from the conditions under which uniform commodity taxes are optimal raises several 

policy-relevant questions. First, can we determine whether optimal commodity taxes are progressive 

or not? Under differential commodity taxation, the average tax burden, defined as the tax payment 

relative to disposable income, is no longer uniform. Second, does Diamond’s (1998) U-shaped pattern 

of marginal income taxes remain robust? Third, which income brackets are most affected by 

commodity taxes? Recent work on optimal commodity taxation (e.g., Allcott et al. (2019), Ferey et al. 

(2024), Spiritus (2025)) has not fully addressed these issues.2  

Mirrlees (1976, Section 5), building on his earlier conclusion that labor income taxes are not 

“effective weapons” for redistribution (Mirrlees, 1971, p. 206), examined how optimal tax structure 

adjusts when commodity demands differ across individuals with varying abilities, maintaining weak 

separability. Mirrlees (1976, Eq. (113)) demonstrated that commodity tax payments per unit of post-

tax income (the average tax burden) rise with post-tax income. Moreover, under the same assumption, 

he showed that the overall tax system should impose lower marginal burdens on labor once commodity 

taxes are introduced (Mirrlees, 1976, pp. 350‒351). 

 
2 Saez (2002) and Piketty and Saez (2013) focus primarily on how taste heterogeneity interacts with labor 

supply, and in Doligalski et al.’s (2025) extension, commodities are subsidized when they serve as signals 

of low skills. In contrast, in the present paper, the optimal commodity tax is no longer uniform by departing 

from weak separability. Moreover, we identify which income brackets are most affected by commodity taxes. 
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We interpret these results as indicating a potential role of commodity taxes to supplement the 

progressivity of taxation. As discussed above, our analysis focuses on the joint structure of commodity 

and income taxation under the simplest setting that incorporates only skill heterogeneity3  but that 

relaxes weak separability. Regarding the marginal labor income tax, subsequent studies following 

Mirrlees (1976), including Edwards et al. (1994), Nava et al. (1996), Jacobs and Boadway (2014), and 

Ferey et al. (2024), do not provide a conclusive answer as to whether optimal nonlinear income tax 

rates are higher or lower when optimal linear commodity taxes are introduced.  

Regarding the progressivity of commodity taxation, we first derive an implication of the Corlett‒

Hague (1953) and Christiansen (1984) rule: when preferences are not weakly separable, goods that 

are complements (substitutes) for leisure should be taxed (subsidized). Because such a commodity tax 

system imposes a lower tax burden on individuals who supply more labor, the optimal commodity tax 

structure is regressive when measured by tax payments relative to disposable income. This regressivity 

arises because commodity taxes serve efficiency rather than redistributive objectives (Lemma 2).  Since 

Corlett-Hague-Christiansen result itself is silent on taxation on goods’ income elasticity of leisure, we 

derive Lemma 2 under the assumption that the commodity demand exhibits homogeneity of degree 1. 

A recent result by Nishimura (2026) shows an illustrative case in which different income effects 

 
3  In contrast to Mirrlees’ (1976) implicit motivation to identify environments conducive to progressive 

taxation, it is worth noting that subsequent research has found optimal income taxes to be substantially 

more progressive than those implied by Mirrlees (1971). 
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neutralize substitution effects and labor-incentive effects, leading to the tax rates depending only on 

complementarity with labor. 

 Surprisingly, this property reinforces Diamond’s (1998) finding of a U-shaped pattern in optimal 

labor income taxation: the total labor tax wedge (the sum of the effective marginal income tax and the 

additional commodity tax burden from a unit labor supply) increases in income at the upper end of the 

skill distribution when Pareto weights are constant, and decreases in income in regions where the skill 

density increases, such as around the median and mode of the income distribution.  

Our main result concerning whether marginal labor tax wedges fall or not is presented as follows. If 

goods are complementary to labor—for example, due to the importance of child care—then the overall 

marginal labor tax burden becomes higher than in the absence of commodity taxes or subsidies. The 

reason is as follows. The Corlett‒Hague rule and the resulting regressivity of the commodity tax system 

increase the social marginal value of taxing income, thereby allowing for higher optimal marginal 

income taxes. Conversely, when goods are overall substitutes for leisure, optimal commodity taxation 

reduces the marginal labor wedge, stimulating labor supply. We further derive results concerning the 

conditions under which marginal income tax rates increase or decrease. 

Incentive-based taxation that penalizes individuals with low labor supply needs to be accompanied 

by offsetting targeted transfers to the poorer households. Regarding this, we show that, under the 

Rawlsian social welfare objective, the absolute magnitude of these increases or decreases in marginal 

income tax rates is greater for individuals with lower incomes. 
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The next section sets up the model and derives key properties on the labor incentive effects and 

income effects of optimal commodity taxation. The following section demonstrates that the classic 

results of positive marginal tax wedges on labor and the U-shaped pattern are robust under the optimal 

commodity taxes without assuming weak separability. Then, we show that, when goods are 

complements of labor, the tax system as a whole should bear higher taxes on labor at the margin after 

commodity taxes are introduced. The last section concludes. 

 

2. Revisiting and Revising Classic Results 

 

There is a continuum of individuals with mass one distributed by their ability (skill level) n. Let 𝐹(𝑛) 

be the distribution function, with 𝑓(𝑛) being its density function. There are I+1 goods, with good 0 

serving as the untaxed numeraire, denoted by 𝑐 = 𝑥଴. The utility of each individual is represented by 

a common utility function 𝑢(𝑥, 𝑙)  for a I+1-dimentional vector 𝑥 = (𝑥଴, 𝑥ଵ, … , 𝑥ூ)  and labor 𝑙 . An 

individual of skill level  𝑛 ∈ ൣ𝑛, 𝑛ത൧ supplies labor 𝑙௡ and earns labor income 𝑧௡ = 𝑛𝑙௡, and out of the 

after-tax income 𝑦௡ ≡ 𝑧௡ − 𝑇(𝑧௡), the individual chooses the commodity consumption 𝑥௡
௜  (𝑖 = 0 … 𝐼). 

We set 0 ≤ 𝑛 < 𝑛ത = ∞ so the skill distribution is unbounded. 

Commodities are produced linearly from labor with a unit marginal cost normalized to one. The 

government levies a commodity tax rate 𝑡௜(a subsidy when it is negative) per unit of good i. The vector 

of after-tax commodity prices, 1 + 𝑡௝ = 𝑞௝ for good j, is written as 𝑞. Given the after-tax price vector 𝑞 

and (𝑙௡, 𝑦௡), individual consumption is conditional in the sense that labor supply (gross income) is 
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being held constant. The conditional demand function is denoted by 𝑥௡(𝑞, 𝑙௡, 𝑦௡), and 𝑥௡
௜ (𝑞, 𝑙௡, 𝑦௡) for 

each taxed item 𝑖. The Hicksian demand is written as 𝑥௡
௖∗,௜(𝑞, 𝑙௡, 𝑣௡) for the targeted level of utility 𝑣௡. 

For the indirect utility 𝑣௠ = 𝑢(𝑥௠(𝑞, 𝑙௠, 𝑦௠), 𝑙௠), the government, by chooses 𝑞 and (𝑙௠, 𝑦௠) for all 

individuals, maximizes a Bergson-Samuelson Social Welfare Function (SWF), ∫ 𝛹(𝑣௠)
௡ത

௠ୀ௡
𝑑𝐹(𝑚) , 

𝛹ᇱ > 0 and 𝛹ᇱᇱ ≤ 0, subject to the resource constraint ∫ {𝑚𝑙௠ − ∑ 𝑥௠
௜ (𝑞, 𝑦௠, 𝑙௠) − 𝑅}௜ୀ଴...ூ

௡ത

௠ୀ௡
𝑑𝐹(𝑚) ≥

0  for an exogenous revenue requirement 𝑅 > 0 , and the conventional incentive constraint 

𝑢൫𝑥௠
௜ (𝑞, 𝑦௠, 𝑙௠), 𝑙௠൯ ≥ 𝑢൫𝑥௡

௜ (𝑞, 𝑦௠, 𝑚𝑙௠/𝑛), 𝑚𝑙௠/𝑛൯  for all 𝑚  and all 𝑛 . Let 𝜂  be the Lagrange 

multiplier of the resource constraint. The first-order approach for the self-selection problem is 

ௗ௨൫௫೘
೔ (௤,௭೘ି்(௭೘),௭೘/௠),௭೘/௠൯

ௗ௠
=  −

డ௨൫௫೘
೔ (௤,௬೘,௭೘/௠),௭೘/௠൯

డ௟
 

௟

௠
 . Let 𝜃௠  be the co-state variable associated 

with this constraint for type m, and η be the Lagrange multiplier on the resource constraint. The 

Lagrangian for the optimal control problem is written as (Jacobs and Boadway (2014), Eq. (20)); 

𝐿 ≡ න {𝛹(𝑣௠) + 𝜂(𝑚𝑙௠ − ෍ 𝑥௠
௖∗,௜(𝑞, 𝑙௠, 𝑣௠) − 𝑅)}

௜ୀ଴...ூ

௡ത

௠ୀ௡

𝑑𝐹(𝑚) + න 𝜃௠

𝜕𝑢/𝜕𝑙

𝑚
𝑙௠ −

𝑑𝜃௠

𝑑𝑚
𝑣௠

௡ത

௠ୀ௡

𝑑𝑚 

+𝜃௡ത𝑢௡ത − 𝜃௡𝑢௡, 

 where the integration by parts is applied to the incentive constraints. 

The first-order conditions (FOC) for 𝑙௡ and 𝑡௜ are: for the marginal income tax rate 𝑇ᇱ(𝑧௡) that type 

n faces at the optimum as 
(ିడ௨/డ௟)/௡

డ௩೙/డ௬೙
= 1 − 𝑇ᇱ(𝑧௡), and for  𝑠௡

௜௝ = డ௫೙
೎∗,೔

డ௤ೕ
 and 𝑣௬

௡ =
డ௨(௫೙

೔ (௤,௬೙,௭೙/௡),௭೙/௡)

డ௬೙
, 

in the case where a fraction of people 𝐹(𝑛଴) do not work, 

(1)   
డ௅

డ௟೙
=  0  ↔  

்ᇲ(௭೙)

ଵି்ᇲ(௭೙)
 +   ∑ 𝑡௜

ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೎∗,೔

డ௟೙
=

(௩೤
೙ఏ೙)/ఎ

௡௙(௡)

(ି௟೙డ௨/డ௟)/డ௟೙

ିడ௨/డ௟௜ୀଵ...ூ  

(2)  
డ௅

డ௤೔
=  0  ↔   ∫ ∑ 𝑡௝𝑠௡

௜௝
௝ୀଵ…ூ

௡ത

௠ୀ௡
𝑑𝐹(𝑚) = ∫

(௩೤
೘ఏ೘)/ఎ

௠௙(௠)

௡ത

௠ୀ௡బ

డ௫೘
೔

డ௟೘
𝑙௠𝑑𝐹(𝑚) 
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where (2) holds for i = 1 ,..., I.   

Besides the income tax rate, labor wedges in this setting include an additional component arising 

from commodity taxation. The left-hand side (LHS) of (1) is called the marginal income wedge on 

labor income which type n faces, by Jacobs and Boadway (2014). We assume that 𝜃௡ ≥ 0 for all n, with 

strict inequality except at 𝑛  and 𝑛ത . Extending Seade (1982), this property holds under Atkinson-

Stiglitz (1976) weak separability when consumption goods are normal goods (an assumption we put 

below). Mirrlees (1976) showed that 𝜃௡ ≥ 0  is the case in his specific case of 𝑢 = 𝑈(𝑎(𝑥௡, 𝑛) +

𝑏(𝑛𝑙௡, 𝑛)), whereas, in the absence of the restrictions on the demand, Jacobs and Boadway (2014) 

implicitly assumed 𝜃௡ ≥ 0 in interpreting the optimal commodity taxes. We show below that 𝜃௡ ≥ 0 

serves as a reinforcing assumption that remains valid at the optimum. 

A caveat is that, unlike the total tax wedge on labor in (1), the right-hand side (RHS) (2) involves 

uncompensated derivative of the conditional demands. 4 

 

2.1 Labor Incentive Effects 

 Throughout this paper, in order to get clear-cut results, we assume that the sign of derivatives, such 

as that of ∑ 𝑡௜ୀଵ…ூ ௜
𝜕𝑥௡

௜ /𝜕𝑙௡  (good’s overall complementarity with labor supply) is invariant across 

ability types n. We first show the following: 

 
4 In the discrete model in Edwards et al. (1994) and Nava et al. (1996), the RHS of (2) represents the 

difference in commodity demands between type n and type n’s mimicker with less labor effort. The 

uncompensated derivative captures this demand difference arising from the mimicker’s reduced labor effort. 
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Lemma 1: At the optimal commodity tax, regardless of the sign of 𝑡௜ , the uncompensated labor 

derivative of commodity demand, ∑ 𝑡௜ୀଵ…ூ ௜
𝜕𝑥௡

௜ /𝜕𝑙௡ is negative for all n. 

Proof: Multiplying each equation of (2) by 𝑡௜ and summing up, we have: 

        ∫ ∑ 𝑡௜ ∑ 𝑠௡
௜௝

𝑡௝௝ୀଵ…ூ௜ୀଵ…ூ
௡ത

௠ୀ௡
𝑑𝐹(𝑚) = ∫

(௩೤
೘ఏ೘)/ఎ

௠௙(௠)

௡ത

௠ୀ௡బ
∑ 𝑡௜

డ௫೘
೔

డ௟೘
𝑙௠𝑑𝐹(𝑚)௜ୀଵ…ூ  

The LHS of the above formula is negative due to the negative definiteness of the Slutsky matrix. 

Assuming that the sign of 𝜕𝑥௡
௜ /𝜕𝑙௡ is the same for all n for each commodity, we have the desired result. 

QED 

 

This is an alternative expression of the classic Corlett-Hague (1953) type rule, in that taxes on goods 

that are complementary with leisure and subsidies on those that are relatively more substitutable for 

leisure are optimal.  

 

2.2 Income Effects 

Regarding the income effects of commodity taxes or subsidies, we establish the following result: 

 

Lemma 2: Suppose that commodity demands are homogeneous of degree one in post-tax income y. 

Then, the commodity tax payments per unit of post-tax income, ∑ ௧೔సభ…಺ ೔௫೙
೔

௬೙
, are decreasing in post-tax 

incomes (and thus the commodity taxes are regressive) if and only if labor supply increases with skill 
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levels.  

Proof: The uncompensated demand function is denoted by 𝑥௡
௜ = 𝑥௡

௜ (𝑞, 𝑦௡, 𝑙௡).  To show how 

∑ 𝑡௜𝜕𝑥௡
௜ /𝜕𝑦௡௜ୀଵ…ூ  varies with n: 

 (3)       
𝜕  

𝜕𝑛
൭ ෍ 𝑡௜

𝜕𝑥௡
௜

𝜕𝑦௡
௜ୀଵ…ூ

൱ =
𝜕  

𝜕𝑛
ቆ

∑ 𝑡௜ୀଵ…ூ ௜
𝑥௡

௜

𝑦௡
ቇ = ෍ 𝑡௜

௜ୀଵ…ூ

𝜕𝑥௡
௜

𝜕𝑙௡

𝑑𝑙௡

𝑑𝑛

1

𝑦௡
+ ෍ 𝑡௜ ቆ

𝜕𝑥௡
௜

𝜕𝑦௡
−

𝑥௡
௜

𝑦௡
ቇ

𝑑𝑦௡/𝑑𝑛

𝑦௡
௜ୀଵ…ூ

 

 = ∑ 𝑡௜
డ௫೙

೔

డ௟೙

ௗ௟೙

ௗ௡

ଵ

௬೙
௜ୀଵ…ூ    

We have shown that ∑ 𝑡௜
డ௫೙

೔

డ௟೙
௜ୀଵ…ூ < 0 . So the sign of డ  

డ௡
ቀ∑ 𝑡௜

డ௫೙
೔

డ௬೙
௜ୀଵ…ூ ቁ  is opposite to that of ௗ௟೙

ௗ௡
 . 

Notice that  𝑦௡ is increasing in n when 𝑙௡ is. Therefore, the desired conclusion holds.   QED 

 

The homogeneity assumption in Lemma 2 is in Mirrlees (1976).5   Mirrlees (1976, Section 5), on 

the top of weak separability of the utility with respect to labor supply, assumed that demands are 

homogeneous of degree one in 𝑦௡. In the specification of 𝑢 = 𝑈(𝑎(𝑥௡, 𝑛) + 𝑏(𝑛𝑙௡, 𝑛)), he shows that 

commodity tax payments per unit of post-tax income, 
∑ ௧೔సభ…಺ ೔௫೙

೔

௬೙
, are increasing in  𝑦௡  (eq. (113)). 

However, Crawford et al. (2011) showed that commodity demands are not separable from labor supply, 

with child care as a complement to labor supply. Here, we go back to the original uni-dimentional case 

without weak separability, a core case of the Corlett-Hague-Christiansen. 

 
5  Notice that this assumption is different from Deaton (1979) who maintains weak separability in 

preferences. We show here that homogeneity is compatible with non-separability between consumption 

and labor. Suppose, for example, that the consumption of each good relates to the  leisure time 𝑙 ̅ − 𝑙௡, and 

we have 𝑢 = ∑ 𝛼௜൫𝑙 ̅ − 𝑙௡൯
ఉ೔

൫𝑥௠
௜ ൯

ఊ
/𝛾 − 𝑙௡

ఊ೗

/𝛾௟
௜ . Some goods with 𝛽௜ < 0 are complementary to labor, like child 

care in Crawford et al. (2011). 
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Commodity taxes are employed for efficiency reasons, as redistribution is achieved through 

nonlinear income taxation.  At the first glance, labor supply looks like a signal of different skills, but at 

the same time, the goods which are complementary to labor are subsidized. As a result, when 

preferences are not weakly separable, the commodity tax system imposes a lower tax burden per unit 

of post-tax income on individuals who supply more labor. Assuming away the possibility that 

individuals reduce labor supply as wages rise, the commodity tax system is unambiguously regressive 

when tax burdens are measured relative to disposable income.   The lemma does not state if higher 

income people pay higher commodity taxes, i.e., the sign of ∑ 𝑡௜
డ௫೙

೔

డ௬೙
௜ୀଵ…ூ  is not certain. 

  Assumption A3 was adopted here since the optimally differentiated commodity taxes in the 

unidimensional case by Christiansen (1984), Jacobs and Boadway (2014) and others do not have 

definite results with respect to different income elasticities of the commodities. As one recent example, 

Nishimura (2026) considered the case of 𝑢 = 𝑢൫ℎ௔(𝑥௡
௔), 𝑥௡

௕, 𝑙௡൯ , with a set of partially separable 

commodities in group a exhibiting different income elasticities. Consumers choose the expenditure 𝑦௡
௔ 

on group a,6 where 𝑥௡
௜ (𝑞, 𝑙௡, 𝑦௡) = 𝑥෤௡

௜ (𝑞௔, 𝑦௡
௔(𝑞, 𝑦௡, 𝑙௡)). Nishimura (2026) shows that, if డ௫෤೙

೔

డ௬೙
ೌ is identical 

across  𝑛 ∈ ൣ𝑛, 𝑛ത൧ where income elasticities can differ,7 then it is optimal not to differentiate commodity 

taxes according to the differing income effects, and the tax rates depend on డ௬೙
ೌ

డ௟೙
, the change of total 

 
6 It is convenient to divide the optimization of labor supply and consumption into three stages. In the first 

stage, type n with labor supply 𝑙௡ earns labor income 𝑧௡ = 𝑛𝑙௡ and the after-tax income 𝑦௡ = 𝑧௡ − 𝑇(𝑧௡). 

In the consumption stage, (s)he first chooses 𝑦௡
௔ = ∑ 𝑞஺ ௜

௔
𝑥௡

௜   and 𝑦௡
௕ ≡ 𝑦௡ − 𝑦௡

௔  for the consumption of  

𝑥௔  and 𝑥௕ respectively. Then the consumption is decided in respective groups.  
7 Like the Linear Engel curve 𝑥෤௡

௜ = 𝜒௜ + 𝛾௜(𝑦௡
௔ − ∑ 𝑞௜

௔𝜒௜)/𝑞௜
௔

஺  (A means group a). 
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propensity to consume goods in group a with respect to labor supply. Here, డ௫೙
೔

డ ௬೙
=

డ௫෤೙
೔

డ௬೙
ೌ

డ௬೙
ೌ

డ௬೙
,  and this is 

a suggestive case since the LHS of (2) for the separated goods is proportional to ப௫෤೙
೔ (௤ೌ,௬೙

ೌ)

ப௬೙
ೌ  as well as 

ப௫೙
೔

ப௟೙
=

ப௫෤೙
೔

ப௬೙
ೌ

ப௬೙
ೌ

ப௟೙
 in the RHS. In words, those with higher income effects have both higher substitution 

effects and higher labor-incentive effects, which make the impacts to (2) neutral. As a result, ப௬೙
ೌ

ப௟೙
, group 

a’s complementarity or substitutability with labor, decides the tax rates regardless of the income 

elasticities of each good. 

 

3. The marginal burden on labor income of the low-income and the highest income 

 

The optimal total tax wedge on labor income in (1) is rewritten as a Diamond (1998)-Saez (2001) 

type of the ABC formula.  

Let ρ  be non-labor income, 𝜖௟
ூ = (1 − 𝑇′(𝑧௡))

డ ௭೙

డ ఘ
< 08  be the income effect of 𝑧௡ , 

𝜖௭்ᇲ
∗  = డ௟௡௭೙

೎∗

డ௟௡ ൫ଵି்ᇲ(௭೙)൯
> 0  be the compensated tax elasticity of 𝑧௡ , and 𝐴(𝑛) ≡ 1 +

ଵାఢ೗
಺

ఢ
೥೅ᇲ
∗ > 0 (Seade 

(1982)).  

Let 𝐶(𝑛)  be the inverse of the ability Pareto weight and 𝐶(𝑛) =
ଵିி(௡)

௡௙(௡)
 . For 𝑧௡ = 𝑛𝑙௡,  the optimal 

allocation generates the income distribution 𝐻(𝑧௡) = 𝐹(𝑛)  in the area where 𝑧௡  is increasing in n, 

assuming the Spence-Mirrlees condition 𝑧௡భ
≥ 𝑧௡మ

  for all 𝑛ଵ  and 𝑛ଵ > 𝑛ଶ , and 𝐶௭(𝑧௡) =

 
8  𝑦௡ = 𝑧௡−𝑇(𝑧௡) + 𝜌. The derivative is evaluated at 𝜌 = 0. 
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ଵିு(௭೙)

௭೙ௗு(௭೙)/ௗ௭೙
, 9  𝐴(𝑛)𝐶(𝑛) = ଵ

ఢ
೥೅ᇲ
∗ 𝐶௭(𝑧௡).  

   We have (Jacobs and Boadway (2014, Proposition 2), Mirrlees (1976, eq. (96))): 

(4)             𝒲𝓃 ≡
்ᇲ(௭೙)

ଵି்ᇲ(௭೙)
+   ∑ 𝑡௜ ൬

ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೔

డ௟೙
+

డ௫೙
೔

డ௬೙
൰௜ୀଵ...ூ = 𝐴(𝑛)𝐵(𝑛)𝐶(𝑛)                  

       For the term 𝐵(𝑛) , taxing 1 Euro from type 𝑚  reduces social marginal welfare by 𝑔௠ =

𝛹ᇱ(𝑣௠)𝑣௬
௠/𝜂,  normalized by the Lagrange multiplier 𝜂. The reduction of 𝑦௠ also reduces tax revenue 

by 𝜏௫
௠ = ∑ 𝑡௜

డ௫೘
೔

డ௬೘
௜ୀଵ…ூ , and income effects of the labor supply accumulates in an incentive-compatible 

manner by   𝐷௡௠ = 𝑒𝑥𝑝 ቈ∫
−𝜖𝑙

𝐼𝐴ቀ𝑚′ቁ

௠ᇲ

௠

௡
𝑑𝑚ᇱ቉ (tax-perturbation approach of Saez (2001)). Then 

(5)                            𝐵(𝑛) ≡ න (1 − 𝑔௠ − 𝜏௫
௠)

௡ത

௠ୀ௡

𝐷௡௠𝑑𝐹(𝑚)

1 − 𝐹(𝑛)
        

 is the average social marginal value of taxing 1 Euro from type 𝑚, taking into account its effect on 

the revenue through the income effects of labor supply and commodity demands.  

In (1) and (4), the term related to the commodity tax burden is decomposed by the Slutsky Equation 

ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೎∗,೔

డ௟೙
=

ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೔

డ௟೙
+

డ௫೙
೔

డ௬೙
 into total effects and income effects. Alternatively, it can be 

expressed as ௗ௫೙
೔

ௗ௭೙
=

ப௫೙
೔

ப௭೙
+

ப௫೙
೔

ப௬೙

ப௬೙

ப௭೙
=

ப௫೙
೔

௡ ப௟೙
+

ப௫೙
೔

ப௬೙
൫1 − 𝑇ᇱ(𝑧௡)൯ as a total effect of efficient-unit labor supply 

on commodity demands.  

Lemma 2 shows that several fundamental properties of optimal income taxation remain valid under 

non-separable preferences and in the presence of optimal commodity taxes and subsidies. We assume 

that there is no range in which higher-income individuals supply less labor, so that the income effect 

 
9 Income effect of total consumption is written as 

డ ௬೙

డ ఘ
= ൫1 − 𝑇ᇱ(𝑧௡)൯

డ ௭೙

డ ఘ
+ 1 = 𝜖௟

ூ + 1. The Agent 

Monotonicity condition by Seade (1982) is implied under normality of total consumption 
డ ௬೙

డ ఘ
≥ 0. 
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of commodity taxes 𝜏௫
௠ is decreasing in n:10 

We first note that if commodity demands are homogeneous of degree one in 𝑦௡, then the optimal 

marginal labor tax wedge is positive for all income levels. The proof of this property is standard.11 The 

limiting tax rates at 𝑧௡ = 0  and 𝑧௡ത   are derived later. As noted above, the assumption 𝜃௡ > 0  for all  

𝑛 serves as a reinforcing condition that holds at the optimum. 

 

Corollary 1: Suppose that commodity demands are homogeneous of degree one in 𝑦௡, and  
ௗ௟೙

ௗ௡
> 0.  

Assume also that the elasticities of labor supply (both the substitution and income effects) are constant. 

Then, total tax wedges on labor income are increasing when the skill distribution follows a Pareto form 

and when the income elasticity of labor is sufficiently small in its absolute value.  Moreover, above the 

critical skill level 𝑛஼ at which 𝑔௡಴
+ 𝜏௫

௡಴ = 1, total labor tax wedges on labor income are decreasing at 

the skill levels where 𝑛𝑓(𝑛)is rising.  

Proof:   We only need to prove that the first statement is true. Using an alternative definition of 

B(n)= ∫ ൫1 − 𝑔௠ − 𝜏௫
௠ − 𝒲௠𝜖௟

ூ൯
௡ത

௠ୀ௡
 

ௗி(௠)

ଵିி(௡)
 by Jacobs and Boadway (2014), it is increasing in n if: 

1 − 𝑔௡ − 𝜏௫
௡ < න ൫1 − 𝑔௠ − 𝜏௫

௠ − 𝒲௠𝜖௟
ூ൯

௡ത

௠ୀ௡

 
𝑑𝐹(𝑚)

1 − 𝐹(𝑛)
(1 + 𝐴(𝑛)𝐶(𝑛)𝜖௟

ூ) 

 

10 An alternative case when the result of Corollary 1 holds is when  ∑ 𝑡௜
డ௫೘

೔

డ௬೘
௜ୀଵ…ூ < 0 for all m (goods are 

overall subsidized) and 𝒲௡ത|𝑜𝑝𝑡𝑖𝑚𝑢𝑚 −
𝑇′

೙ഥ

1−𝑇′
೙ഥ

|𝑜𝑝𝑡𝑖𝑚𝑢𝑚,𝑡𝑖=0,𝑖=1…𝐼 > 0 along with A1-A4 that constitutes 

Proposition 2 below. 
11 The transversality condition implies that 𝐵൫𝑛൯ = ∫ ቀ1 − 𝛹ᇱ(𝑣௠)

డ௩೘

డ௬೙
/𝜂 − ∑ 𝑡௜

డ௫೙
೔

డ௬೙
௜ୀଵ…ூ ቁ 𝐷௡௠𝑑𝐹(𝑚) =

௡ത

௠ୀ௡

0, and our Lemma 2 shows that 1 − 𝑔௠ − 𝜏௫
௠ is non-decreasing in n. Therefore, as in Mirrlees (1971) and 

Seade (1982), 𝐵(𝑛) is increasing in n for low n, and decreasing for high n going towards 0 at 𝑛ത. 
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We have 1 − 𝑔௡ − 𝜏௫
௡ < ∫ (1 − 𝑔௠ − 𝜏௫

௠)
௡ത

௠ୀ௡

ௗி(௠)

ଵିி(௡)
 and the term in the last bracket is assumed to be 

positive (see footnote 13). QED 

 

As in Diamond (1998), the result hinges on conditions on skill distribution, elasticities and social 

objective. Those assumptions that warrant Lemma 2 and additional assumptions A4-A6 result in Diamond’s 

(1998) conclusion. More specifically, when the skill density 𝑓(𝑛)  rises above 𝑛஼  until the mode, the 

decreasing marginal tax rates apply from 𝑛஼  above the modal skill level. At least in this range, if  

𝑛൫1 − 𝑇ᇱ(𝑧௡)൯  increases,  
ௗ௟೙

ௗ௡
> 0  holds as reinforcing assumption.12  The Pareto distribution is often 

applied to the highest income, where Atkinson (1995) shows, in the absence of commodity taxes, 

constant marginal tax rates when 𝑔௠ = 0 for high incomes, including the Rawlsian social welfare 

function. In our case, the income effects 𝜏௫
௠ implies that the marginal income tax rates rise when the 

income elasticity of labor is sufficiently small in its absolute value. 

For the highest income level 𝑧௡ത, assuming that, as in Saez (2001), both the marginal income tax and 

the demand for goods asymptotically converge at the highest income level (therefore, we do not impose 

a no-distortion property as Jacobs and Boadway (2014) did), we employ an alternative definition of 

 
12 Using a usual decomposition, ∑ 𝑞௜𝑥௡

௜ ≤ 𝑛(1 − 𝑇ᇱ(𝑧௡))𝑙௡ − (𝑇(𝑧௡)௜ୀ଴...ூ − 𝑧௡𝑇ᇱ(𝑧௡))  is the budget 

constraint. If 𝑛(1 − 𝑇ᇱ(𝑧௡)) increases in n, assuming that 𝑇ᇱᇱ(𝑧௡) < 0 (expected in the range where 𝒲𝓃 is 

decreasing), then the substitution effect suggests that labor supply creases in n. The “virtual” non-labor 

income −𝑇(𝑧௡) + 𝑧௡𝑇ᇱ(𝑧௡)  varies across individuals by డ(−𝑇(𝑧𝑛)+𝑧𝑛𝑇′(𝑧𝑛))

డ௡
= 𝑇ᇱᇱ(𝑧௡)

𝑑𝑧𝑛

𝑑𝑛
.   ௗ௭೙

ௗ௡
≥ 0  due to the 

Spence-Mirrlees condition, then income effect (the non-labor income decreasing in n with −𝜖௟
ூ > 0 ) 

reinforces the substitution effect to have ௗ௟೙

ௗ௡
> 0. 
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the progressivity index 𝐵(𝑛)  by Jacobs and Boadway (2014), 𝒲௡ത𝐴(𝑛ത)ିଵ𝐶(𝑛ത)ିଵ = 𝐵(𝑛ത) =

𝑙𝑖𝑚௡→௡ത  ∫ ൫1 − 𝛹ᇱ(𝑣௠)𝑣௬
௠/𝜂 − 𝒲௠𝜖௟

ூ − 𝜏௫
௠൯

௡ത

௠ୀ௡

ௗி(௠)

ଵିி(௡)
 =  1 − 𝑔௡ത − 𝒲௡ത𝜖௟

ூ − 𝜏௫
௡ത , so we have:13 

                               𝒲௡ത =
1 − 𝑔௡ത − 𝜏௫

௡ത

𝐴(𝑛ത)ିଵ𝐶(𝑛ത)ିଵ + 𝜖௟
ூ 

In the case where a fraction of people 𝐹(𝑛଴) do not work, the optimal marginal income wedge for 

type 𝑛଴ is expressed by replacing A(𝑛଴) with 1 (or applying Piketty and Saez (2013, Appendix A.2)); 

                           𝒲𝓃బ
=

ଵ

஼(௡బ)
∫ (1 − 𝑔௠ − 𝜏௫

௠)
௡ത

௠ୀ௡బ

஽೙బ೘ௗி(௡బ)

ଵିி(௡బ)
                

We compare (4) for each type n, in two cases with and without commodity taxation. In doing so, 

similar to Mirrlees (1976, pp. 351-352), we assume that the terms involving elasticities, namely 

𝐴(𝑛)and 𝐷௡௠, do not change at n after the introduction of commodity taxes.14 

 

4 The Effects of Commodity Taxes on Labor Tax Wedges 

 

We now derive whether the introduction of commodity taxes/subsidies increases the commodity-tax 

inclusive labor wedge 𝒲𝓃. We show the following: (i) under the Rawlsian SWF in which the changes 

in 𝑔௡ (𝑛 > 𝑛) are negligible, the introduction of commodity taxes (subsidies) decreases (increases) 

marginal income wedges. (ii) Also under the Rawlsian objective, the absolute impact is larger for lower-

income individuals. (iii) We then demonstrate that result (i) extends to a general social welfare 

 
13  For (𝐶௭(𝑧௡ത))ିଵ > 1, 𝜖௭்ᇲ

∗ + 𝜖௟
ூ > 0 is sufficient for 𝐴(𝑛ത)ିଵ𝐶(𝑛ത)ିଵ + 𝜖௟

ூ = 𝜖௭்
∗ [(𝐶௭(𝑧௡ത))ିଵ − 1] + (𝜖௭்

∗ + 𝜖௟
ூ) 

to be positive (e.g., Saez (2001, Eq. (9)).  
14  Given that there is no natural clue on the change of the elasticity parameters of the same person in 

different allocations, our exercise is similar to Mirrlees (1976) who examined how the term with the 

distributional effect (our B(n)) changes, before and after the commodity taxation. 
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function. We discuss the changes of both 𝒲𝓃  and 𝑇ᇱ
௡ = 𝑇ᇱ(𝑧௡) 15  with the introduction of the 

commodity taxes. 

 

4.1 Lower Marginal Income Wedge under the Rawlsian Objective 

Define: 

(6)                  𝒲௡|௢௣௧௜௠௨௠ − ೙்
ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௨௠,௧೔ୀ଴,௜ୀଵ…ூ ≡  Δ𝒲௡                               

                                         = 𝐴(𝑛)𝐶(𝑛) ∫ ቀ−𝜏௫
௠ − Δ𝑔௠ቁ

஽೙೘ௗி(௠)

ଵିி(௡)

௡ത

௠ୀ௡
  

= 𝐴(𝑛)𝐶(𝑛) න 𝑣௬
௡/𝑣௬

௠(𝜏௫
௠ + Δ𝑔௠)

𝑆௠௡𝑑𝐹(𝑚)

1 − 𝐹(𝑛)

௡

௠ୀ௡

  

as the increase/decrease in the total labor wedges that type n faces after the introduction of the 

commodity taxes. The last line is from an alternative representation of the optimal tax formula (see, 

for example, Tuomala (1990, Chapter 6)), where 𝑆௠௡ ≡ 𝑒𝑥𝑝 ቈ∫
௟

೘ᇲ௩೤೗
೘ᇲ

௠ᇲ௩೤
೘ᇲ

௡

௠
𝑑𝑚ᇱ቉ = 𝑣௬

௠/𝑣௬
௡(𝐷௠௡)ିଵ  (Saez 

(2001, Eq. (26)) is an expression of the term 𝐷௠௡ in the traditional mechanism-design approach.  

The term  ೙்
ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௨௠,௧೔ୀ଴,௜ୀଵ…ூ  represents the optimal marginal tax on labor incomes when 

commodities are not taxed or subsidized at all. The differences are represented by (i) the commodity 

tax/subsidy and (ii) the change in marginal utilities of total consumption. As we see, the second term 

reflects the changes in labor supply and consumption associated with the tax changes. We first take a 

look at (i): 

Proposition 1: Consider the first term 𝜏௫
௠ = ∑ 𝑡௜

డ௫೘
೔

డ௬೘
௜ୀଵ…ூ   in (6). The introduction of commodity taxes 

 
15 Here, we compare the tax wedge of each type n. Regarding income levels, we can reasonably say that 𝑧௡’s 

will increase at least on average after the introduction of optimal commodity taxes, by the encouragement 

of work efforts in the commodity tax system.   
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decreases the optimal total labor wedges 𝒲𝓃 for all positive income levels if and only if the commodities 

are overall taxed, in the sense that a unit increase in income raises total tax receipts.  

Furthermore, the absolute effect is larger for lower-income individuals in the range where the inverse 

of the income Pareto weight, 𝐶௭(𝑧௡), is decreasing in 𝑛. 

Proof: Given our assumption that the sign of the income effects is the same for all individuals, 𝜏௫
௠ > 0 

will decrease the total tax wedge of all working individuals. To show that the term  

−𝐴(𝑛)𝐶(𝑛) ∫ τ௫
௠ ஽೙೘ௗி(௠)

ଵିி(௡)
= −

஼೥(௭೙)

ఢ
೥೅ᇲ
∗ ∫ τ௫

௠ ஽೙೘ௗி(௠)

ଵିி(௡)

௡ത

௠ୀ௡

௡ത

௠ୀ௡
  is greater for lower incomes, we note: in 

addition to 𝐶௭(𝑧௡), the weight 𝐷௡௠ = 𝑒𝑥𝑝 ቈ∫
ିఢ೗

಺𝐴ቀ𝑚′ቁ

௠ᇲ

௠

௡
𝑑𝑚ᇱ቉ is decreasing in n. In addition, as long as 

the labor supply increases in n, from Lemma 2, the conditional average of the income effects above n 

in (6) is decreasing in incomes, too. QED 

   

Incentive-based taxation that penalizes individuals with low labor supply would need to be 

accompanied by offsetting targeted transfers or appropriate adjustments to the income tax schedule. 

Proposition 1 guides such tax reform: low-income individuals face a lower (higher) marginal income 

tax burden when commodity taxation (subsidization) is optimal. In the case of taxing commodities, the 

tax mix alleviates the labor tax burdens. In the case of subsidization, the stimulation of labor results in, 

surprisingly, a higher tax on labor at the margin. As such, Proposition 1 shows how the income effects 

of the supplementary taxes are allocated across income classes. This conclusion can be applied to the 

regressive sin taxes (Allcott et al., 2019) where consumption of the taxed good is concentrated among 
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poorer households. Our answer to this equity-efficiency trade-off is to reduce income tax burdens 

progressively. 

 

4.2 Lower Marginal Income Wedge under the General Bergson-Samuelson SWF 

Now we turn to the welfare component including 𝑔௠ = 𝛹′(𝑣௠)𝑣௬
௠/𝜂 . Using Proposition 1 as a 

benchmark, our focus here is to analyze how incorporating distributional concerns affects the total tax 

wedge. Specifically, we examine whether the introduction of commodity taxes (resp. subsidies) 

increases (resp. decreases) the optimal wedge once welfare effects are taken into account.   

We focus on the case in which 𝜏௫
௠ > 0, since the argument is symmetric when commodities are 

subsidized (𝜏௫
௠ < 0). Furthermore, we examine Δ𝒲௡ for individuals with 1 − 𝑔௡ > 0. This condition 

indicates that the social marginal utility (in money-equivalent terms) of transferring one unit of income 

to type 𝑛 is strictly less than one. In other words, the planner assigns a lower welfare weight to these 

individuals than the marginal cost of public funds. As in Diamond (1998), an interesting case arises 

when 1 − 𝑔௡ > 0 holds for a large fraction of the working population: the potential welfare recipients 

lie far below the average of the income distribution.16  

Plugging −Δ𝑔௠ − τ௫
௠ (𝑚 ≥ 𝑛 or 𝑚 ≤ 𝑛) derived in Appendix B into (6), Δ𝒲௡  is determined by 

taking into account the cumulative effects of taxes imposed on higher- or lower-income classes. Under 

 
16  From the transversality condition, when 𝜏௫

௠ > 0,  we have ∫ (1 − 𝑔௠)𝐷௡௠𝑑𝐹(𝑛) > 0
௡ത

௠ୀ௡
 and 𝐷௡௠ > 1 is 

increasing in m. Therefore, 𝑔௠ < 1 for the majority of the population. The condition of 𝑔௠ < 1 is more 

stringent in the case of a subsidy in which ∫ (1 − 𝑔௠)𝑑𝐹(𝑚) < 0
௡ത

௠ୀ௡
. 
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a Rawlsian social welfare function (where 𝑔௠ = 0 for all 𝑚 > 𝑛
‾
), for example, 

Δ𝒲𝓃బ
=

ଵ

௡బ௙(௡బ)
∫ (−𝜏௫

௠)
௡ത

௠ୀ௡బ
𝐷௡బ௠𝑑𝐹(𝑛଴)       

        =
ଵ

௡బ௙(௡బ)
ቀΔ𝑔௡ + 𝜏௫

௡బ𝐹(𝑛଴)ቁ.     

The first line shows 𝒲𝓃బ
< 0 when 𝜏௫

௠ > 0, and 𝒲𝓃బ
> 0 when 𝜏௫

௠ < 0, as in Proposition 1. 

For further illustration with general Social Welfare Functions, below we show that Δ𝒲௡ < 0 is likely 

for 𝑛 < 𝑛ത when 𝜏௫
௡ > 0. We assume:  

 

 A1: 𝛹′(𝑣௡)𝑆௡௠ and −
௩೤೤

೙

௩೤
೙  are decreasing in n, and ିఅᇱᇱ(௩೙)௩೙

అᇱ(௩೙)

௩೤
೙

௩೙
 is non-increasing in n. 

 A2: Commodity demands are normal goods with homogeneous of degree 1 in y.  

 A3:  
௩೤೗

೙

௩೗
೙ ≤

ିఅᇱᇱ(௩೙)௩೙

అᇱ(௩೙)
 

 A4:Δ𝜂 >  0 when 𝜏௫
௠ > 0. 

 

The last part of A1 includes Atkinson’s CRRA-type SWFs 𝛹′(𝑣௡) = (𝑣௡)ିௗ  (𝑑 < 1)  and the 

Utilitarianism (𝛹′′(𝑣௡) = 0), and the decreasing absolute risk aversion includes the changes of labor 

supply across types. We continue to assume A2. A4 is a natural condition from Δ𝐵൫𝑛൯ =

𝐴(𝑛)𝐶(𝑛) ∫ ቀ−𝜏௫
௠ − Δ(𝛹′(𝑣

𝑚
)𝑣𝑦

𝑚/𝜂)ቁ
஽೙೘ௗி(௠)

ଵିி(௡)

௡ത

௠ୀ𝑛
= 0. The version of the next proposition without 

A4 is available upon request to the author. 

We show the following in Appendix C: 

Proposition 2 Suppose that commodities are overall taxed so that 𝜏௫
௠ > 0.  Assume that 𝛥𝒲௡ത < 0 and 
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let type 𝑛ଵ denote the highest skill level for which 𝛥𝒲௡ ≥ 0. Assume further that 1 − 𝑔௡భ
> 0. Then, 

with respect to 𝑠𝜖௚௬
௠ = ∂ln 𝑔௠/𝜕𝑦௠ and 𝑠𝜖௟

ூ ≡ 𝜕𝑧𝑛/𝜕𝜌/𝑧௡, either of the following (7.1) or (7.2) or 

(7.3) must hold:  

(7.1)      
Δ𝑣௡భ

𝑣௬
௡భ

> න 𝛹′(𝑣௠)𝑠𝜖௚௬
௠ 𝑆௠௡భ

൥
Δ𝑣௠

𝑣௬
௠ ൩

𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

൫𝛹′(𝑣௡భ
)𝑠𝜖௚௬

௡భ൯
ିଵ

 

(7.2)      ൫1 − 𝑇௡భ
ᇱ ൯Δ𝑧௡భ

> න
−𝑠𝜖௟

ூ

𝜖௭்ᇲ
∗ 𝛹′(𝑣௠)𝑆௠௡భ

(1 − 𝑇௠
ᇱ )Δ𝑧௠

𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

(
−𝑠𝜖௟

ூ

𝜖௭்ᇲ
∗ 𝛹′(𝑣௡భ

))ିଵ 

    (7.3)  න න
𝜕  

𝜕𝑛
ቆ

∑ 𝑡௜𝜕௜ 𝑥௡
௖∗,௜

𝜕𝑣௡

(1 − 𝑔௡)𝑆௡௡భ
ቇ

௡భ

௡ୀ௠

𝑑𝑛
𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)
<  0

௡భ

௠ୀ௡మ

 

for the compensated demand 𝑥௡
௖∗ , where 𝑛ଶ  is the skill level that satisfies 𝑔௡మ

= 1  after the 

introduction of commodity taxes. 

 If we cannot find such 𝑛ଵ that satisfies either of them, so Δ𝒲௡ < 0 for all n < 𝑛ത  with 1 − 𝑔௡ > 0. 

 

We discuss below that it is not likely to be able to find such 𝑛ଵ < 𝑛ത that satisfy (7.1)-(7.3) as long as 

1 − 𝑔௡భ
> 0. So the consequence of Proposition 1, Δ𝒲௡ < 0, holds. 

(7.1) says how Δ𝑣௠/𝑣௬
௠  is distributed. First, following Kreiner and Verdelin (2012), after the 

income tax schedule is adjusted in response to the introduction of commodity taxes, let Δ𝑇ത௠ denote 

the mechanical change in income tax payments, that is, the increase (or decrease, if negative) in taxes 

if labor income 𝑧௠ were held constant. The change in the income tax burden by type m, Δ𝑇௠, is given 

by: 

                                      Δ𝑇௠ ≈ Δ𝑇ത௠+𝑇ᇱ(𝑧௠) ⋅ Δ𝑧௠               

We show in Appendix B the following: 
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(8)Δ𝑣௠ = 𝑣௬
௠൫−Δ𝑇ത௠ − ∑ 𝑡௜𝑥௠

௜
௜ ൯  

The decrease in income tax burden (−Δ𝑇ത௠) in excess of type m’s commodity tax payment (∑ 𝑡௜௜ 𝑥௠
௜ ) 

represents a (possible) dividend arising from a revenue-neutral tax changes. (7.1) says that type 𝑛ଵ 

receives −Δ𝑇ത௡భ
  above ∑ 𝑡௜௜ 𝑥௡భ

௜   that exceed a weighted average17   of Δ𝑣௠/𝑣௬
௠   for all lower incomes 

(the weights given by the elasticity of social marginal utility). There is no justification for favoring a 

particular individual over all lower incomes this manner. 

(7.2) says that type n_1 increases the retained income (1 − 𝑇ᇱ(𝑧௠))𝑧௠(the net-of-tax rates are those 

in post-commodity tax regime) greater than the weighted average of all lower incomes.  

  As for (7.3), the term ∑ ௧೔డ೔ ௫೙
೎∗,೔

డ௩೙
(1 − 𝑔௡) represents the marginal increase of the commodity-tax 

revenue, multiplied by the gross social value of taxing one additional Euro 1 − 𝑔௠ = 1 − 𝛹ᇱ(𝑣௠)𝑣௬
௠/η. 

(7.3) states that this value is decreasing in 𝑛; that is, the tax is regressive in that sense.  

For  𝜖௜௟ ≡
డ௟௡ ௫೙

೔

డ௟௡ ௟೙
, 𝜖௭௡ ≡

డ௟௡ ௭೙

డ௟௡ ௡
= 1 + 𝜖௟௡ , 𝛼௡ ≡ 1 −

௩೤೗
೙ ௩೤

೙/௩೗
೙

௩೤೤
೙ ∝ −𝜖௟

ூ > 0 , 𝜉௡ ≡  
అᇱ (௩೙)௩೤

೙

అᇱ(௩೙)
/

௩೤೤
೙

௩೤
೙ ≥ 0 , and 

𝜎௡ ≡
ଵି்ᇲ(௭೙)

ଵି்(௭೙)/௭೙
,  we have (Appendix C):  

(7.3)ᇱ          
𝜕  

𝜕𝑛
ቆቈ

∑ 𝑡௜𝜕௜ 𝑥௡
௖∗,௜

𝜕𝑣௡

(1 − 𝑔௡)቉ 𝑆௡௡భ
ቇ 

=
(1 − 𝑔௡)𝜖௟௡

𝑛𝑣௬
௡𝑦௡

෍ 𝑡௜𝑥௡
௜ ቆϵ௜௟ +

ϵ௭௡

𝜖௟௡
𝜎௡

−𝑦௡𝑣௬௬
௡ /𝑣௬

௡

1 − 𝑔௡
൤𝛼௡ + (1 − α௡ + ξ௡)

𝑔௡

ϵ௭௡
൨ቇ 𝑆௡௡భ

௜

 

If (7.3)’ is negative, then for taxed goods, conditional labor elasticity of demand 𝜖௜௟ =
డ௟௡ ௫೙

೔

డ௟௡ ௟೙
 must be 

sufficiently large relative to ஫೥೙

ఢ೗೙
,   multiplied by the coefficient of residual income progression. However, 

 
17 In fact, ∫ 𝛹′(𝑣௠)𝑠𝜖௚௬

௠ 𝑆௠௡భ

ௗி(௠)

ଵିி(௡భ)

௡భ

௠ୀ௡
൫𝛹′(𝑣௡భ

)𝑠𝜖௚௬
௡భ൯

ିଵ
> 1 is multiplied to the right hand side, so that 

the gap is even larger. 
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for this condition to be satisfied,  𝜖௜௟ got to be unrealistically high; with a reasonable income tax burden 

and even a slightly high tax elasticity of compensated labor-supply elasticity, for example, if 𝜖௭்ᇲ
∗ =0.55, 

ି௬೙௩೤೤
೙

௩೤
೙ = 1.2, 𝜖௟

ூ = −0.1,  𝑇ᇱ(𝑧௡) =0.3, and 𝑇(𝑧௡)/𝑧௡ = 0.2 , 𝑔௡ = 0.6, 18 𝜉௡ = 0.25 (𝛼௡ becomes 0.17), 

𝜖௜௟  has to be lower than − 5.23. The lower substitution and income effects imply even larger (in 

negative) threshold values. If this condition is not satisfied, subsidized goods must have unrealistically 

high 𝜖௜௟  to make up with. 

Proposition 2 for the case of a subsidy, 𝜏௫
௡ < 0, is stated as follows. If Δ𝒲௡ത > 0, the necessary 

conditions for type 𝑛ଵ’s Δ𝒲௡భ
≤ 0 are as follows: (C.3) of Appendix C shows that, either the value 

−
Δ௩೙భ

௩೤
೙భ = Δ𝑇ത௡భ

+ ∑ 𝑡௜𝑥௡భ
௜

௜ (the total tax increase or the welfare loss) or −  ቀ1 − 𝑇𝑛1

′
ቁ Δ𝑧𝑛1

  (the 

reduction in gross income) must exceed the weighted average of these terms for all lower-skilled types,  

Such an outcome is generally implausible and violates incentive compatibility. In essence, it is neither 

desirable nor feasible for a single type to bear a disproportionate tax burden relative to all lower-income 

individuals. By contrast, the condition corresponding to (7.3) necessarily holds as long as డ ௟೙

డ ௡
  >0. 

Therefore, when 𝜏௫
௡ < 0, we conclude that Δ𝒲௡ > 0 for all 𝑛 < 𝑛̄ with 1 − 𝑔௡ > 0.  When 𝜏௫

௡ < 0, we 

have   ∑ 𝑡௜
ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೔

డ௟೙
௜ୀଵ...ூ  +𝜏௫

௡<0  in (4). Thus, it is surprising that the marginal labor tax rate rises 

even though the labor wedge includes negative terms from the commodity subsidy. Consequently, our 

 

18 Appendix C shows that the term −Δ𝑔௡భ
− τ௫

௡భ  in (7.2)’ has to be positive for the premise Δ𝒲௡భ
> 0, so 

the value of 𝑔௡భ
(< 𝑔௡) has to be sufficiently high. For 𝑔௡భ

=0.6, −Δ𝑇ത௡భ
/ ∑ 𝑡௜𝑥௡భ

௜
௜ > 1.53. If the required value 

of −Δ𝑇ത௡భ
/ ∑ 𝑡௜𝑥௡భ

௜
௜  is lower, then we can have a higher 𝑔௡భ

 which demands smaller threshold value of 𝜖௜௟.  
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conclusion that the total tax wedge 𝒲𝓃 increases is stronger than stating that the marginal income tax  

𝑇′௡may rise. 

 

4.3 Marginal Income Wedges at the Highest Skill 

For the highest skilled 𝑛ത , if the social weight 𝑔௡ത   is sufficiently small so that, in (6), its possible 

variation after the introduction of commodity taxes, Δ𝑔௡ത  , is smaller in the absolute value than the 

commodity tax’s income effect 𝜏௫
௡ത. Then we obtain Δ𝒲௡ത < 0 when goods are taxed. 

 A possible exception to the above scenario arises when the choice of the numeraire affects the sign 

of 𝜏௫
௠. Specifically, consider a regime 𝑎  in which 𝜏௫

௠,௔ > 0  and another regime 𝑏  in which  𝜏௫
௠,௕ < 0 

within the same economy. This implies that a good that is taxed in regime 𝑎 (denote it by 𝑖∗, with 𝑡௜∗
௔ >

0) becomes untaxed in regime 𝑏. Such a situation occurs in the simplest case where 𝐼 + 1 = 2 and  𝑡ଵ
௔ > 

0. Then the relative prices are made consistent across regimes:   
்ᇲೌା௧೔∗

ೌ

ଵା௧೔∗
ೌ = 𝑇ᇱ௕, 𝑡௜

௕ =
௧೔

ೌି௧೔∗
ೌ

ଵା௧೔∗
ೌ . 

Appendix D shows that:  

𝒲𝓂
௔ = 𝒲𝓂

௕
1

1 + 𝑡௜∗
௔  

so 0 > 𝒲𝓂
௔ − ೙்

ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௨௠,௧೔ୀ଴,௜ୀଵ…ூ  (from the tax regime) and 𝒲𝓂

௕ − ೙்
ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௨௠,௧೔ୀ଴,௜ୀଵ…ூ > 0 

(from the equivalent subsidy regime) are compatible. At the same time, it is also possible that 𝒲𝓂
௕  has 

the same sign as 𝒲𝓂
௔ . This latter scenario is consistent with Proposition 2. For example, for the saving 

taxation in the two-period model, with 𝐼 + 1 = 2  goods representing consumption in each period. 

Suppose that taxing retirement consumption as the leisure complement in regime 𝑎—that is, taxing 
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capital income—reduces the effective tax burden on labor income.  Then, the equivalent subsidy in 

regime 𝑏 , which subsidizes young-period consumption, the labor wedge may either: (i) increase 

relative to the case without commodity taxation, or (ii) decrease, but by a smaller amount than Δ𝒲𝓂
௔ . 

 

4.4 Marginal Income Tax 

In cases where Δ𝒲௡ is negative (positive) under a commodity tax (subsidy), we refer back to (1) to 

examine whether the addition of the commodity tax (the second term) increases or decreases the 

marginal income tax. Namely,  

    ೙்
ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௔௟ ௧೔

− ೙்
ᇲ

ଵି ೙்
ᇲ |௢௣௧௜௠௨௠ ௪௜௧௛ ௧೔ୀ଴ ≡ Δ ೙்

ᇲ

ଵି ೙்
ᇲ 

                       = Δ𝒲௡ − ∑ 𝑡௜ ൬
ଵ

൫ଵି்ᇲ(௭೙)൯௡

డ௫೙
೔

డ௟೙
+

డ௫೙
೔

డ௬೙
൰௜ୀଵ...ூ           

Recall ∑ 𝑡௜
డ௫೙

೔

డ௟೙
௜ୀଵ...ூ < 0  by Lemma 1. Then the case of the subsidy is unambiguous: Δ𝒲௡ > 0 

concludes that Δ ೙்
ᇲ

ଵି ೙்
ᇲ>0. Our next proposition deals with the case of taxes. 

 

Proposition 3: Suppose that the commodities are subsidized and 𝛥𝒲௡ > 0. Then the marginal income 

tax rates increase for all income levels. 

When the commodities are taxed and 𝛥𝒲௡ < 0, the marginal income tax rates decrease if: (i) the 

absolute values of uncompensated elasticities of commodity demands with respect to labor are 

sufficiently low, and (ii) the income elasticities of demands are high, and (iii) the coefficient of residual 

income progression 𝜎௡ =
ଵି்ᇲ(௭೙)

ଵି்(௭೙)/௭೙
 is high.  

These comparisons are performed using weighted sums, where the weights are given by the tax rates. 
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Proof: We only need to prove for the case of the taxes. Given Δ𝒲௡ < 0, from (1),  

Δ ೙்
ᇲ

ଵି ೙்
ᇲ ≤ − ∑ 𝑡௜

௫೙
೔

௬೙
ቀ

ఢ೔೗

ఙ೙
+

డ௫೙
೔

డ௬೙

௬೙

௫೙
೔ ቁ௜ୀଵ...ூ        

The sign of the above formula depends on: (i) −𝜖௜௟  (absolute values of elasticities of commodity 

demands with respect to labor), (ii) ௬೙
೔

௫೙
೔

డ௫೙
೔

డ௬೙
 (the income elasticities of demands). (iii) the coefficient of 

residual income progression. QED 

 

  We only used  − ∑ 𝑡௜
௫೙

೔

௬೙
ቀ

ఢ೔೗

ఙ೙
+

డ௫೙
೔

డ௬೙

௬೙

௫೙
೔ ቁ௜ୀଵ...ூ   in the proof of Proposition 3, but the term  

−𝐴(𝑛)𝐶(𝑛) ∫ τ௫
௠ ஽೙೘ௗி(௠)

ଵିி(௡)
= −

஼೥(௭೙)

ఢ
೥೅ᇲ
∗ ∫ τ௫

௠ ஽೙೘ௗி(௠)

ଵିி(௡)

௡ത

௠ୀ௡

௡ത

௠ୀ௡
   used in Proposition 1 may also be useful, 

especially when the redistributive objective isis close to the Rawlsian. 

 

5. Conclusion  

 

This paper derived the features of the optimal income taxation in a practical scenario in which 

Atkinson and Stiglitz’ (1976) weak separability does not hold. The departure from the optimality of 

uniform commodity taxes raises highly policy-relevant questions, given that many countries adopt non-

uniform consumption taxes (such as Value Added Tax).  

Optimal commodity taxes are driven primarily by efficiency considerations, aiming to reduce tax 

burdens on individuals who supply more labor. Consequently, the commodity tax burden per unit of 

post-tax income decreases with post-tax income. This regressivity strengthens an increasing average 

social marginal value of taxing income at higher income levels, supporting higher marginal labor 

income taxes for high-income individuals. It also leads to lower marginal labor tax rates for middle and 
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low-income levels. Our result and intuition carry to the case of regressive sin taxes (Allcott et al., 2019) 

where consumption of the taxed good is concentrated among poorer households. Such clear-cut 

analytical results are obtained due to the uni-dimensionality. This pattern will remain with taste 

heterogeneity. 

If goods are complementary to labor, the commodities are subsidized, which raises marginal labor 

tax wedges, as the subsidies increase the social marginal value of taxing income. Conversely, when 

goods are overall substitutes for labor, lower income taxes stimulate labor supply, thereby increasing 

commodity tax revenue. 

  Our methodological framework can also be applied to marginal tax reform, complementing the recent 

analysis of Boadway and Smart (2025), who similarly employ the Slutsky decomposition to study policy 

reforms involving differential subsidies for child care. The tax-perturbation approaches of Saez (2001) 

and Jacquet et al. (2013) remain applicable in our setting, ensuring that our results extend to tax reform 

analysis.19 

 

Appendix A: Behavioral Elasticities 

 

Term Definition alternative expression 

 
19  The tax reform analysis is more complicated than in Laroque (2005) and Kaplow (2006) where 

commodity tax reform and compensated change of post-tax income 𝑦௡, since labor supplies 𝑙௠ (including 

those with 𝑚 ≠ 𝑛) have to be adjusted for incentive-compatibility. 
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Conditional labor elasticity of 

commodity demand (compensated) 
𝜕𝑙𝑛 𝑥௡

௜,௖∗

𝜕𝑙𝑛 𝑙௡
 

=
𝑧௡

𝑥௡
௜

ቆ
𝜕𝑥௡

௜

𝑛𝜕𝑙௡
+ ൫1 − 𝑇ᇱ(𝑧௡)൯

𝜕𝑥௡
௜

𝜕𝑦௡
ቇ

=
𝑧௡

𝑥௡
௜

ቆ
∂𝑥௡

௜

∂𝑧௡
+

∂𝑥௡
௜

∂𝑦௡

∂𝑦௡

∂𝑧௡
ቇ ≷ 0 

Conditional labor elasticity of 

commodity demand (uncompensated) 
𝜖௜௟ ≡

𝜕𝑙𝑛 𝑥௡
௜

𝜕𝑙𝑛 𝑙௡
   ≷ 0 

Compensated tax elasticity of labor 

supply 
𝜖௭்ᇲ

∗ ≡
𝜕𝑙𝑛𝑧௡

௖∗

𝜕𝑙𝑛 ൫1 − 𝑇ᇱ(𝑧௡)൯
 =

−𝑣௟
௡/𝑙௡

−𝑣௟௟
௡ + 2𝑣௬௟

௡ 𝑣௟
௡/𝑣௬

௡ − ൫𝑣௟
௡/𝑣௬

௡൯
ଶ

𝑣௬௬
௡

> 0 

Income elasticity of labor supply (𝜌 is 

non-labor income: see footnote 8 for 

𝜌.) 

𝜖௟
ூ ≡ (1 − 𝑇′(𝑧௡))

𝜕 𝑧௡

𝜕 𝜌
 =

(𝑣௬௬
௡ − 𝑣௬௟

௡ 𝑣௬
௡/𝑣௟

௡)൫𝑣௟
௡/𝑣௬

௡൯
ଶ

−𝑣௟௟
௡ + 2𝑣௬௟

௡ 𝑣௟
௡/𝑣௬

௡ − ൫𝑣௟
௡/𝑣௬

௡൯
ଶ

𝑣௬௬
௡

< 0 

Uncompensated tax elasticity of labor 

supply,  

1 +
డ௟௡ ௭೙

డ௟௡ ൫ଵି்ᇲ(௭೙)൯
> 0 by Seade (1982) 

𝜕𝑙𝑛 𝑧௡

𝜕𝑙𝑛 ൫1 − 𝑇ᇱ(𝑧௡)൯
 =

൫ଵି்ᇲ൯

௭೙
ቀ

డ௭೙
೎∗

డ(ଵି்ᇲ)
+ 𝑧𝑛

డ ௭೙

డ ఘ
ቁ = 𝜖௭்ᇲ

∗ + 𝜖௟
ூ  

Uncompensated wage elasticity of labor 

supply 
𝜖௟௡ ≡

𝜕𝑙𝑛 𝑙𝑛

𝜕𝑙𝑛 𝑛
 =

𝑛(1 − 𝑇ᇱ)

𝑙௡

𝜕𝑙௡

𝜕൫𝑛(1 − 𝑇ᇱ)൯
=

𝜕𝑙𝑛 𝑧𝑛

𝜕𝑙𝑛(1 − 𝑇ᇱ)
 

Uncompensated elasticity of earnings 

supply 
𝜖௭௡ ≡

𝜕𝑙𝑛 𝑧௡

𝜕𝑙𝑛 𝑛
 =

𝑛

𝑛𝑙௡
൬𝑙௡ + 𝑛

𝜕𝑙௡

𝜕𝑛
൰ = 1 + 𝜖𝑙𝑛 > 0 

  

Appendix B 

 

We first show the following:  

(𝐵. 1)                − Δ𝑔௠ − τ௫
௠ = −(1 − 𝑔௠)𝜏௫

௠ + 𝑔௠ ቆ
Δ𝜂

𝜂
+ 𝑠𝜖௚௬

௠
Δ𝑣௠

𝑣௬
௠ +

−𝜕𝑧௠/𝜕𝜌/𝑧௠

𝜖௭்ᇲ
∗ (1 − 𝑇௠

ᇱ )Δ𝑧௠ቇ 

where 𝑠𝜖௚௬
௠ ≡ −𝑣௬௬

௠ /𝑣௬
௠ − 𝛹′′(𝑣௠)𝑣௬

௠/𝛹′(𝑣௠)>0 is a semi-elasticity of social marginal utility 𝑔௠. The 

income effect of labor 𝜖௟
ூ = (1 − 𝑇′(𝑧௠))

డ ௭೘

డ ఘ
 and a compensated elasticity 𝜖௭்ᇲ

∗  were introduced above, 

where the former is written in its semi-elasticity form.  
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Derivation of (B.1): For type n’s marginal utility of post-tax income y, its change by the introduction 

of optimal commodity taxes is written as, with respect to the commodity taxes 𝑡௜ (𝑖 = 1 … 𝐼), the post-

tax income 𝑦௡ and gross income 𝑧௡,  

Δ𝑣௬
௡ ≈ ∑ 𝑣௤೔௬

௡ 𝑡௜௜ୀଵ…ூ + 𝑣௬௬
௡ Δ𝑦௡ + 𝑣௬௟

௡ /𝑛Δ𝑧௡  

(notice that the status-quo is no commodity taxes, so there is no Δ  sign for 𝑡௜ ’s). From Roy’s 

identity, ∑ ∂𝑣௤೔
௡ / ∂𝑦௡ 𝑡௜௜ୀଵ…ூ  = − ∑ ∂൫𝑣௬

௡ 𝑥௡
௜ ൯/ ∂𝑦௡𝑡௜௜ୀଵ…ூ = − ∑ ൫𝑣௬௬

௡ 𝑥௡
௜ + 𝑣௬

௡𝑥௡,௬
௜ ൯ 𝑡௜௜ୀଵ…ூ =

−𝑣௬௬
௡ ∑ 𝑡௜𝑥௡

௜
௜ୀଵ…ூ − 𝑣௬

௡𝜏௫
௡. For 𝑔௡  ≡  𝛹′(𝑣௡)𝑣௬

௡/𝜂, 

Δ(𝛹′(𝑣௡)𝑣௬
௡/𝜂) ≈ 𝛹′(𝑣௡)Δ𝑣௬

௡/𝜂 + 𝛹′′(𝑣௡)𝑣௬
௡/𝜂Δ𝑣௡ − 𝛹′(𝑣௡)𝑣௬

௡/𝜂ଶΔ𝜂 

         = 𝑔௡(−𝜏௫
௡ + 𝑣௬௬

௡ /𝑣௬
௡(Δ𝑦௡ − ∑ 𝑡௜𝑥௡

௜
௜ୀଵ…ூ ) + 𝑣௬௟

௡ /(𝑛𝑣௬
௡)Δ𝑧௡ + 𝛹′′(𝑣௡)𝑣௬

௡/𝛹′(𝑣௡)൫−Δ𝑇ത௡ −

∑ 𝑡௜𝑥௡
௜

௜ ൯) − 𝑔௡Δ𝜂/𝜂.  

So we have: 

(𝐵. 2)           − Δ𝑔௠ − τ௫
௠

= −(1 − 𝑔௠)𝜏௫
௠ + 𝑔௠Δ𝜂/𝜂 − 𝑔௠[𝑣௬௬

௠ /𝑣௬
௠(Δ𝑦௠ − ෍ 𝑡௜𝑥௠

௜

௜

) +
𝑣௬௟

௠

𝑚𝑣௬
௠ Δ𝑧௠

+ 𝛹′′(𝑣௡)𝑣௬
௠/𝛹′(𝑣௡)(−Δ𝑇ത௠ − ෍ 𝑡௜𝑥௠

௜

௜

))] 

The part of −𝑣௬௬
௠ /𝑣௬

௠൫Δ𝑦௠ − ∑ 𝑡௜𝑥௠
௜

௜  ൯ − 𝑣௬௟
௠/൫𝑚𝑣௬

௠൯Δ𝑧௠ in the above formula is rearranged to: 

(𝐵. 3) − 𝑣௬௬
௠ /𝑣௬

௠ ൭Δ𝑦௠ − ෍ 𝑡௜𝑥௠
௜

௜

൱ −
𝑣௬௟

௠

𝑚𝑣௬
௠ Δ𝑧௠ = ൫−𝑣௬௬

௠ + 𝑣௬௟
௠𝑣௬

௠/𝑣௟
௠൯൫1 − 𝑇ᇱ(𝑧௠)൯Δ𝑧௠/𝑣௬

௠ 

+𝑣௬௬
௠ /𝑣௬

௠ ൭Δ𝑧௠ − Δ𝑦௠ − 𝑇ᇱ(𝑧௠)Δ𝑧௠ + ෍ 𝑡௜𝑥௠
௜

௜

൱

= −𝑣௬௬
௠ /𝑣௬

௠ ൭−Δ𝑇ത௠ − ෍ 𝑡௜𝑥௠
௜

௜

൱ + ൫−𝑣௬௬
௠ + 𝑣௬௟

௠𝑣௬
௠/𝑣௟

௠൯/𝑣௬
௠൫1 − 𝑇ᇱ(𝑧௠)൯Δ𝑧௠ 

where we used 𝑚൫1 − 𝑇ᇱ(𝑧௠)൯ = −𝑣௟
௠/𝑣௬

௠, Δ𝑧௠ − Δ𝑦௠ = Δ𝑇௠ ≈ Δ𝑇ത௠+𝑇ᇱ(𝑧௠) ⋅ Δ𝑧௠in the text.  
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For  non-labor income ρ , let 𝜖௟
ூ ≡ ൫1 −  𝑇ᇱ(𝑧௡)൯

డ ௭೙

డ ఘ
= (𝑣௬௬

௡ − 𝑣௬௟
௡ 𝑣௬

௡/𝑣௟
௡)൫𝑣௟

௡/𝑣௬
௡൯

ଶ
/(−𝑣௟௟

௡ +

2𝑣௬௟
௡ 𝑣௟

௡/𝑣௬
௡ − ൫𝑣௟

௡/𝑣௬
௡൯

ଶ
𝑣௬௬

௡ )< 0 be the income effect of (retained) earnings. 𝑦௡ = 𝑧௡  −  𝑇(𝑧௡) + 𝜌 

so  డ ௬೙

డ ఘ
= 𝜖௟

ூ + 1, so 0 > 𝜖௟
ூ > −1 for normality of consumption and leisure. For 𝜖௭்ᇲ

∗ = (−𝑣௟
௠/𝑙௠)/

(−𝑣௟௟
௠ + 2𝑣௬௟

௠𝑣௟
௠/𝑣௬

௠ − ൫𝑣௟
௠/𝑣௬

௠൯
ଶ

𝑣௬௬
௠ ),  

(B. 4)  − (𝑣௬௬
௠ − 𝑣௬௟

௠𝑣௬
௠/𝑣௟

௠)/𝑣௬
௠ = −𝜖௟

ூ൫𝑣௬
௠/−𝑣௟

௠൯(−𝑣௟௟
௠ + 2𝑣௬௟

௠𝑣௟
௠/𝑣௬

௠ − ൫𝑣௟
௠/𝑣௬

௠൯
ଶ

𝑣௬௬
௠ )/(−𝑣௟

௠)

=
−𝜖௟

ூ

𝜖௭்ᇲ
∗

1

(1 − 𝑇௠
ᇱ )𝑧௠

=
−𝜕𝑧௠/𝜕𝜌/𝑧௠

𝜖௭்ᇲ
∗  

Plugging (B.3) into (B.2) derives (B.1).  

QED  

Derivation of (8):   Since the welfare increase is written as, using −𝑣௟
௠/𝑣௬

௠ = 𝑚൫1 − 𝑇ᇱ(𝑧௠)൯ and  

Δ𝑇௠ ≈ Δ𝑇ത௠+𝑇ᇱ(𝑧௠) ⋅ Δ𝑧௠ and Δ𝑦௠ = (1 − 𝑇ᇱ(𝑧௠))Δ𝑧௠ + (−Δ𝑇ത௠): 

Δ𝑣௠ = ෍ 𝑣௤೔
௠𝑡௜

௜

+ 𝑣௬
௠Δ𝑦௠ + 𝑣௟

௠/𝑚Δ𝑧௠

= −𝑣௬
௠ ෍ 𝑡௜𝑥௠

௜

௜

+ 𝑣௬
௠ ቀ൫1 − 𝑇ᇱ(𝑧௠)൯Δ𝑧௠ − Δ𝑇ത௠ቁ + 𝑣௟

௠/𝑚Δ𝑧௠

= 𝑣௬
௠ ൭−Δ𝑇ത௠ − ෍ 𝑡௜𝑥௠

௜

௜

൱, 

QED 

Appendix C 

Derivation of (7.1) and (7.2) for Δ𝜂 >  0:    

Substituting (B.1) into (6), we can write the distributional effect as, for 𝜓௠ = 𝑔௠/𝑣௬
௠:  
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Δ𝐵(𝑛) = න 𝑣௬
௡ ቌ(1 − 𝑔௠)

1

𝑣௬
௠ 𝜏௫

௠ − 𝜓௠

Δ𝜂

𝜂
− 𝜓௠𝑠𝜖௚௬

௠ (−Δ𝑇ത௠ − ෍ 𝑡௜𝑥௠
௜ )

௜

௡

௠ୀ௡

− 𝜓௠

−𝜕𝑧௠/𝜕𝜌/𝑧௠

𝜖௭்ᇲ
∗ (1 − 𝑇௠

ᇱ )Δ𝑧௠ቍ
𝑆௠௡ 𝑑𝐹(𝑚)

1 − 𝐹(𝑛)
 

Suppose that 𝑛ଵ < 𝑛ത. Δ𝒲௡ < 0 before 𝑛ଵ and Δ𝒲௡భ
≥ 0,  soΔ𝑔௡భ

+ 𝜏௫
௡భ ≥ Δ𝐵(𝑛ଵ) must be the case:  

(𝐶. 1)         ൫1 − 𝑔௡భ
൯

1

𝑣௬
௡భ

𝜏௫
௡భ − 𝜓௡భ

൥ 
Δ𝜂

𝜂
+ 𝑠𝜖௚௬

௡భ ൭−Δ𝑇ത௡భ
− ෍ 𝑡௜𝑥௡భ

௜

௜

൱ +
−𝜕𝑧௡భ

/𝜕𝜌/𝑧௡భ

𝜖௭்ᇲ
∗ ൫1 − 𝑇௡భ

ᇱ ൯Δ𝑧௡భ
൩ 

≥ න ቌ(1 − 𝑔௠)
1

𝑣௬
௠ 𝜏௫

௠
௡భ

௠ୀ௡

− 𝜓௠ ൥ 
Δ𝜂

𝜂
+ 𝑠𝜖௚௬

௠ (−Δ𝑇ത௠ − ෍ 𝑡௜𝑥௠
௜ ) +

−𝜕𝑧௠/𝜕𝜌/𝑧௠

𝜖௭்ᇲ
∗ (1 − 𝑇௠

ᇱ )Δ𝑧௠

௜

൩ቍ
𝑆௡భ௠𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)
 

As the first possibility for (C.1) to hold, ିడ௭೘/డఘ/௭೘

ఢ
೥೅ᇲ
∗ = −(𝑣௬௬

௠ − 𝑣௬௟
௠𝑣௬

௠/𝑣௟
௠)/𝑣௬

௠ ≡ 𝛽௠𝑠𝜖௚௬
௠  (see (B.4)) 

derives, with Δ𝑣௠/𝑣௬
௠ = −Δ𝑇ത௠ − ∑ 𝑡௜𝑥௠

௜
௜ , 𝜇௠ = Δ𝑣௠/𝑣௬

௠ + ൫1 − 𝑇ᇱ(𝑧௠)൯Δ𝑧௠, 

(𝐶. 2)       𝑠𝜖௚௬
௡భ ൭−Δ𝑇ത௡భ

− ෍ 𝑡௜𝑥௡భ
௜

௜

൱ +
−𝜕𝑧௡భ

/𝜕𝜌/𝑧௡భ

𝜖௭்ᇲ
∗ ൫1 − 𝑇௡భ

ᇱ ൯Δ𝑧௡భ

= 𝑠𝜖௚௬
௡భ ቆ𝛽௡భ𝜇௡భ

+ (1 − 𝛽௡భ)
Δ𝑣௡భ

𝑣௬
௡భ

ቇ 

> න 𝑠𝜖௚௬
௠ ቆ𝛽௠𝜇௠ + (1 − 𝛽௠)

Δ𝑣௠

𝑣௬
௠ ቇ

𝜓௠

𝜓௡భ

𝑆௠௡భ
𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

 

 𝛽௡భ ≤  1 under A3, 
௩೤೗

೙భ

௩
೗
೙భ ≤ −𝛹′′(𝑣௡భ

)𝑣௬
௡భ/𝛹′(𝑣௡భ

)). 

The Case of Subsidy  𝜏௫
௡ < 0: Suppose that Δ𝜂 <  0, complementary to A4. With the same procedure, 

if 𝑛ଵ  is the highest skill level that has Δ𝒲௡భ
≤ 0, with −Δ𝑣௠/𝑣௬

௠ = Δ𝑇ത௠ + ∑ 𝑡௜𝑥௠
௜

௜  , −𝜇௠ = −
Δ௩೘

௩೤
೘ −

൫1 − 𝑇ᇱ(𝑧௠)൯Δ𝑧௠, the following must hold: For  𝑘௡భ
= ∫ 𝛹′(𝑣௠)𝑠𝜖௚௬

௠ 𝑆௠௡భ

ௗி(௠)

ଵିி(௡భ)

௡భ

௠ୀ௡
൫𝛹′(𝑣௡భ

)𝑠𝜖௚௬
௡భ൯

ିଵ
, 
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(𝐶. 3)         − 𝛽௡భ𝜇௡భ
− (1 − 𝛽௡భ)

Δ𝑣௡భ

𝑣௬
௡భ

> 𝑘௡భ
න 𝜓௠𝑠𝜖௚௬

௠ 𝑆௠௡భ
ቈ−𝛽௠𝜇௠

௡భ

௠ୀ௡

− (1 − 𝛽௠)
Δ𝑣௠

𝑣௬
௠ ቉

𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)
ቆන 𝜓௠𝑠𝜖௚௬

௠ 𝑆௠௡భ

𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

ቇ

ିଵ

 

Either −
Δ௩೙భ

௩೤
೙భ  or −𝜇௡భ

 must exceed the weighted average of the corresponding value multiplied by 

𝑘௡భ
> 1. This condition can be decomposed to (7.1) and (7.2). 

Derivation of (7.3) and (7.3)’: The second possibility for (C.1) to hold is the following.  

൫1 − 𝑔௡భ
൯

1

𝑣௬
௡భ

𝜏௫
௡భ − න ൭(1 − 𝑔௠)

𝜏௫
௠

𝑣௬
௠൱

𝑆௠௡భ
𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

≤   𝜓௡భ

Δ𝜂

𝜂
− න 𝜓௠

Δ𝜂

𝜂

𝑆௠௡భ
𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)

௡భ

௠ୀ௡

 

The RHS of the above formula is not positive. For m such that 𝑔௠ > 1 , ൫1 − 𝑔௡భ
൯

ଵ

௩೤
೙భ 𝜏௫

௡భ >

 (1 − 𝑔௠)
ଵ

௩೤
೘ 𝜏௫

௠ , ൫1 − 𝑔௡భ
൯

ଵ

௩೤
೙భ 𝜏௫

௡భ − (1 − 𝑔௠)
ఛೣ

೘

௩೤
೘ 𝑆௠௡భ

> 0 . For the compensated demand 𝑥௡
௖∗ , 

డ௫೙
 ೔/డ௬೙

௩೤
೙ =

డ௫೙
೎∗,೔

డ௩೙
 from the Slutsky Equation, so we have (7.2) as a necessary condition: 

න න
𝜕  

𝜕𝑛
ቆ[(1 − 𝑔௡)

𝜏௫
௡

𝑣௬
௡]𝑆௡௡భ

ቇ
௡భ

௡ୀ௠

𝑑𝐹(𝑚)

1 − 𝐹(𝑛ଵ)
< 0

௡భ

௠ୀ௡మ

 

Under A2: 

𝜕  

𝜕𝑛
ቆቈ(1 − 𝑔௡)

𝜏௫
௡

𝑣௬
௡቉ 𝑆௡௡భ

ቇ ൫𝑆௡௡భ
൯

ିଵ
 

=
𝜕  

𝜕𝑛
ቌቆ

1

𝑣௬
௡ − 𝜓௡ቇ ෍ 𝑡௜

௜

𝑥௡
௜

𝑦௡
ቍ + ቈ(1 − 𝑔௡)

𝜏௫
௡

𝑣௬
௡቉

𝜕𝑆௡௡భ
 

𝜕𝑛
൫𝑆௡௡భ

൯
ିଵ

 

= ෍ 𝑡௜

௜

𝜕𝑥௡
௜

𝜕𝑙௡

𝜕𝑙௡

𝜕𝑛

1 − 𝑔௡

𝑦௡𝑣௬
௡ + ෍ 𝑡௜ ቆ

𝜕𝑥௡
௜

𝜕𝑦௡
−

𝑥௡
௜

𝑦௡
ቇ

௜

𝜕𝑦௡

𝜕𝑛

1 − 𝑔௡

𝑦௡𝑣௬
௡

+
𝜏௫

௡

𝑣௬
௡ ൭

−𝑣௬௬
௡

𝑣௬
௡ (1 − 𝑇′(𝑧௡))

𝜕𝑧௡

𝜕𝑛
− 𝛹′′(𝑣௡)/𝜂𝑣௬

௡
−𝑣௟

௡𝑙௡

𝑛
−

𝑣௬௟
௠

𝑣௬
௡

𝜕𝑙௡

𝜕𝑛
−

𝑣௬௟
௡

𝑣௬
௡𝑛

𝑙௡(1 − 𝑔௡)൱ 



33 

 

For α௠ = 1 −
௩೤೗

೘௩೤
೘/௩೗

೘

௩೤೤
೘ ,

௡

௟೙

డ௟೙

డ௡
= 𝜖௟௡, 𝜖௭௡ ≡

௡

௭೙

డ௭೙

డ௡
= 1 + 𝜖௟௡,  since (1 − 𝛼௡)൫1 − 𝑇ᇱ(௭೙)൯𝑛 = −

௩೤೗
೙

௩೤೤
೙ , so 

−
ఛೣ

೙

௩೤
೙

௩೤೗
೙

௩೤
೙௡

𝑙௡(𝜖௟௡ + 1 − 𝑔௡) =
ఛೣ

೙

௩೤
೙

௩೤೤
೙

௩೤
೙௡

൫1 − 𝑇ᇱ(𝑧௡)൯𝑧௡(1 − 𝛼௡)(𝜖௭௡ − 𝑔௡).  Therefore, for 𝜖௜௟ ≡
௟೙

௫೙
೔

డ௫೙
೔

డ௟೙
  and  

డ௬೙

డ௡
= ൫1 − 𝑇ᇱ(𝑧௡)൯

డ௭೙

డ௡
 we have:  

𝜕  

𝜕𝑛
ቆቈ(1 − 𝑔௡)

𝜏௫
௡

𝑣௬
௡቉ 𝑆௡௡భ

ቇ ൫𝑆௡௡భ
൯

ିଵ

= ෍ 𝑡௜

𝑥௡
௜

𝑦௡

1

𝑣௬
௡𝑛

௜

൭(1 − 𝑔௡)𝜖௜௟𝜖௟௡ +
−𝑣௬௬

௡

𝑣௬
௡ ൫1 − 𝑇ᇱ(𝑧௡)൯𝑧௡𝛼௡𝜖௭௡

+ 𝑔௡ ቆ
−𝑣௬௬

௡

𝑣௬
௡ (1 − 𝛼௡) +

−𝛹′′(𝑣௡)𝑣௬
௡

𝛹′(𝑣௡)
ቇ ൫1 − 𝑇ᇱ(𝑧௡)൯𝑧௡൱ 

For (1 − 𝑇ᇱ(𝑧௡))𝑧௡ = 𝑦௡
ଵି்ᇲ(௭೙)

ଵି்(௭೙)/௭೙
, the above formula is (7.2)’. From (B.4), α௡ =

ିఢ೗
಺

ఢ
೥೅ᇲ
∗ ቀ

ଵି்ᇲ(௭೙)

ଵି்(௭೙)/௭೙
𝑦௡൫−𝑣௬௬

௡ ൯/𝑣௬
௡ቁ

ିଵ

. 

QED 

 

Appendix D: 

Consider regime a, and transform it to regime b with an equivalent allocation in which one of the 

taxed goods (denote it by  𝑖∗ with 𝑡௜∗
௔ >0) becomes untaxed regime b. Then the relative prices are made 

consistent across regimes:   
்ᇲೌା௧೔∗

ೌ

ଵା௧೔∗
ೌ = 𝑇ᇱ௕, 𝑡௜

௕ =
௧೔

ೌି௧೔∗
ೌ

ଵା௧೔∗
ೌ . 

  Since 𝑦௠
௕ = 𝑦௠

௔ /(1 + 𝑡௜∗
௔ ), డ௫೘

೔,್

డ௬೘
್ ቆ൬

ଵା௧೔
ೌ

ଵା௧೔∗
ೌ ൰

௜ୀଵ,...,ூ

, 𝑙௠,
௬೘

ೌ

ଵା௧೔∗
ቇ

ଵ

ଵା௧೔∗
=

డ௫೘
೔,ೌ((ଵା௧೔

ೌ)೔సభ,...,಺,௟೘,௬೘
ೌ )

డ௬೘
ೌ , so 

∑
௧೔

ೌି௧
೔∗
ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,್

డ௬೘
್௜ = ∑ 𝑡௜

௔ డ௫೘
೔,ೌ

డ௬೘
ೌ + ∑ 𝑡௜∗

௔ 𝑡௜
௔ డ௫೘

೔,ೌ

డ௬೘
ೌ௜ୀଵ...ூ௜ − 𝑡௜∗

௔  , meaning that 

൫1 − 𝑇ᇱ௕൯ ෍
𝑡௜

௔ − 𝑡௜∗
௔

1 + 𝑡௜∗
௔

𝜕𝑥௠
௜,௕

𝜕𝑦௠
௕

௜

= (1 − 𝑇ᇱ௔) ෍ 𝑡௜
௔ 𝜕𝑥௠

௜,௔

𝜕𝑦௠
௔ − ൫1 − 𝑇ᇱ௕൯𝑡௜∗

௔

௜

 

డ௫೘
೔,್

డ௟೘
=

డ௫೘
೔,ೌ

డ௟೘
 implies that  ∑

௧೔
ೌି௧೔∗

ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,್

డ௟೘
= ∑

௧೔
ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,ೌ

డ௟೘
௜ୀଵ...ூ௜ୀଵ...ூ + ∑ 𝑡௜

௔ ௧೔∗
ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,ೌ

డ௟೘
௜ୀଵ...ூ = ∑ 𝑡௜

௔ డ௫೘
೔,ೌ

డ௟೘
௜ୀଵ...ூ . 

So 1 − 𝑇ᇱ௕ − ∑
௧೔

ೌି௧೔∗
ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,್

௡డ௟೘
− ൫1 − 𝑇ᇱ௕൯ ∑

௧೔
ೌି௧೔∗

ೌ

ଵା௧೔∗
ೌ

డ௫೘
೔,್

డ௬೘
್௜௜ୀଵ...ூ  
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 = 1 − 𝑇ᇱ௕ − ∑ 𝑡௜
௔ డ௫೘

೔,ೌ

௡డ௟೘
௜ୀଵ...ூ − (1 − 𝑇ᇱ௔) ∑ 𝑡௜

௔ డ௫೘
೔,ೌ

డ௬೘
ೌ + ൫1 − 𝑇ᇱ௕൯𝑡௜∗

௔
௜  

= 1 − 𝑇ᇱ௔ − ෍ 𝑡௜
௔ 𝜕𝑥௠

௜,௔

𝑛𝜕𝑙௠
௜ୀଵ...ூ

− (1 − 𝑇ᇱ௔) ෍ 𝑡௜
௔ 𝜕𝑥௠

௜,௔

𝜕𝑦௠
௔

௜

 

  Therefore, 𝒲𝓂
௕ (1 − 𝑇ᇱ௕) = 𝒲𝓂

௔ (1 − 𝑇ᇱ௔) = 𝒲𝓂
௔ (1 − 𝑇ᇱ௕)(1 + 𝑡𝑖∗

𝑎 ). QED 
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