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Abstract

This paper examines how borrowing constraints faced by young individuals shape the
political allocation of public spending between pensions and education. We develop a three-
period overlappinggenerations model with human capital formation in which individuals fi-
nance tertiary education privately through credit markets subject to borrowing limits. Fiscal
policy—comprising pension benefits, non-tertiary education expenditures, public funding of
tertiary education, and the labor income tax rate—is determined through probabilistic vot-
ing. Calibrating the model to Japan and the United States, we find that relaxing borrowing
constraints lowers pension spending and the share of public funding for tertiary education
while increasing tertiary education spending and economic growth; the response of non-
tertiary education spending is monotonic in Japan but hump-shaped in the United States.
Based on projected declines in population growth, both countries are predicted to experience
increases in pension spending and in the share of public funding for tertiary education, as well
as decreases in spending on both non-tertiary and tertiary education and slower economic
growth.
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1 Introduction

Declining birth rates and the associated slowdown in population growth have been observed
in most member countries of the Organization for Economic Cooperation and Development
(OECD) in recent decades. This demographic trend leads to an increasing share of older adults
in the voting population (OECD, 2016), and is projected to persist over the coming decades
(Rouzet et al., 2019). As a consequence, each working-age individual is expected to bear a
growing fiscal burden to support pension benefits for older adults, while government spending on
programs that do not directly benefit this demographic—such as public education—may decline
(Gonzalez-Eiras and Niepelt, 2012). However, older adults may not necessarily oppose education
spending, as it can enhance productivity and thereby generate higher fiscal revenues to support
future pension provision (Gradstein and Kaganovich, 2004). These conflicting incentives raise
the issue of how governments allocate their limited budgets between pensions for older adults
and education for younger generations in the context of declining population growth rates.

Recent studies on this issue include Gonzalez-Eiras and Niepelt (2012), Lancia and Russo
(2016), Ono and Uchida (2016), Bishnu and Wang (2017), and Uchida and Ono (2024b). These
studies overlook the role of borrowing constraints faced by the young in financing their edu-
cation. Specifically, these studies either assume the absence of private financing of education
(Gonzalez-Eiras and Niepelt, 2012; Ono and Uchida, 2016; Uchida and Ono, 2024b) or treat pri-
vate and public education investments as perfect substitutes, resulting in complete crowding-out
of private financing by public provision (Lancia and Russo, 2016; Bishnu and Wang, 2017). Such
assumptions may hold for many European countries where the private share of tertiary education
costs is low and tuition fees are either waived or kept at minimal levels (OECD, 2024). How-
ever, these assumptions do not apply to Japan and the United States, where the private share
is comparatively high, as illustrated in Figure 1. In these countries, private expenditures for
tertiary education—particularly tuition fees—are substantial, making it common for individuals
to finance their tertiary education expenditures through education loan markets. Nevertheless,
borrowing constraints often bind, preventing individuals from borrowing sufficiently to cover
these expenditures (Soares, 2003; Avery and Turner, 2012; Diris and Ooghe, 2018).

Several early studies have examined the impact of borrowing constraints on policy prefer-
ences and the resulting economic outcomes. Among the earliest contributions are Fernandez and
Rogerson (1995, 1996), who analyze settings in which individuals face borrowing constraints that
prevent them from financing education expenditures through future earnings. They show that
such borrowing constraints are central to the political and economic consequences of education
systems. Building on this insight, Soares (2003) develops a political economy model in which
support for education funding arises from self-interest under borrowing constraints. However,
his model abstracts from intergenerational conflict over multiple policy instruments due to its
exclusive focus on education policy. In contrast, Bellettini and Ceroni (1999) abstract from

education policy and instead focus on redistribution through lump-sum income transfers, and
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Figure 1: The shares of private spending in total expenditure for (a) primary and secondary
education, and (b) tertiary education.

Note. During the period 2010-2012, Japan and the United States ranked first and second,
respectively, among OECD member countries in terms of the share in Panel (b), and since 2013,
both countries have consistently ranked within the top two to four.

Source: The United Nations World Population Prospects (see Appendix E for data sources).

therefore remain limited to a single policy instrument. Camargo and Stein (2022) partially over-
come this limitation by introducing multiple policy instruments (education and transfers), but
their simplified two-period framework still does not fully account for intergenerational tensions
or the long-run effects on economic growth.

The present study overcomes the limitations of the aforementioned studies by examining
the following three questions: (i) How does the strength of borrowing constraints influence the
government’s intergenerational allocation of spending between pensions and education, and what
are the implications for economic growth? (ii) When partial public funding of tertiary education
is introduced to alleviate borrowing constraints, how are economic growth and intergenerational
resource redistribution affected? (iii) In advanced economies with well-developed education loan
markets, how do two key factors—the relaxation of borrowing constraints faced by the young and
the rising population share of older adults—affect public expenditures on pensions and education,
and how do they influence economic growth? Through this analysis, the paper argues that
borrowing constraints play a pivotal role in shaping the future trajectory of intergenerational
redistribution policies—namely, pensions and education—and their implications for economic
growth in the context of declining population growth.

To investigate these questions, this study employs a three-period overlapping-generations
model with physical and human capital (see, e.g., Boldrin and Montes, 2005; Docquier et al.,
2007; Del Rey and Lopez-Garcia, 2013, 2017). In the model, individuals in each generation live
through three life stages: youth, middle age, and older adult age. During youth, individuals
borrow in credit markets to finance private expenditures on tertiary education against their
labor income in middle age, thereby enhancing their labor productivity during that stage of

life. Due to borrowing constraints, individuals are unable to raise sufficient funds during youth



to fully finance their desired expenditures, but the constraints are relaxed by partial public
funding of tertiary education. In middle age, individuals choose labor supply and allocate their
after-tax income between consumption and savings. In older adult age, they receive returns on
their savings as well as pension benefits, both of which are used for consumption. Government
spending, consisting of pay-as-you-go pension benefits, full funding of non-tertiary education,
and partial funding of tertiary education, is financed through a labor income tax on the middle-
aged and is determined each period through probabilistic voting (Lindbeck and Weibull, 1987;
Persson and Tabellini, 2002), which maximizes the political objective function, that is, the
weighted sum of generational utilities.

Within the above framework, we first derive the policy functions for pensions and non-tertiary
education expenditures, the portion of public funding of tertiary education, and the labor income
tax rate. We find that in each period, the government—representing the middle-aged and older
adult generations—selects these policy instruments such that the marginal utility of each type
of expenditure, per unit increase in spending, is equalized to the marginal disutility of labor
income taxation, per unit increase in tax revenue, referred to as the marginal cost of taxation
(MCT). Based on this characterization, we find that the ratios of pension and non-tertiary
education expenditures to GDP, the portion of public funding of tertiary education, and the
labor income tax rate remain constant over time and depend solely on structural parameters,
such as the degree of borrowing constraints and the population growth rate.

Based on the derivation of the policy functions, we first focus on the case of fully private
funding of tertiary education, for which qualitative comparative statics analysis is tractable, and
examine how a relaxation of the borrowing constraint—interpretable as resulting from institu-
tional or legal changes—affects the policy functions. A relaxation of the borrowing constraint
increases private tertiary education expenditures during youth. This, in turn, raises savings in
older adult age through asset market equilibrium and strengthens the perceived tax burden on
older adults, as the associated decline in labor supply reduces the interest rate. Furthermore,
higher private tertiary education spending increases loan repayments and thereby reduces net
after-tax income during middle age. Consequently, M CT increases, leading to a lower labor
income tax rate.

With respect to the pension expenditure-to-GDP ratio, increased savings reduce the need
for pension benefits, leading to a decline in their marginal benefit and, ultimately, a reduction
in pension spending. Regarding the non-tertiary education expenditure-to-GDP ratio, the effect
of relaxing the borrowing constraint depends critically on the relative weight of the older adults
in the government’s objective function. When the relative weight is large, the government has a
stronger incentive to increase public non-tertiary education expenditures to offset the declining
marginal utility of pensions driven by higher savings, leading to an increase in the public non-
tertiary education expenditure-to-GDP ratio. In contrast, when the relative weight is small, the

negative income effect of increased private tertiary education expenditures dominates, prompting



a cut in public non-tertiary education expenditures and a reduction in the ratio. Consequently,
the response of the public non-tertiary education expenditures to a loosening of the borrowing
constraint is positive when the relative weight is high, negative when it is low, and exhibits an
inverse U-shaped pattern in intermediate cases.

A decline in the population growth rate increases the relative weight of the older adults
in the political objective function, thereby amplifying the importance of pension benefits and
raising the pension expenditure-to-GDP ratio. With respect to the labor income tax rate, two
opposing effects emerge. On one hand, the greater political weight of older adults heightens the
perceived tax burden on them, exerting downward pressure on the tax rate. On the other hand,
the reduced relative weight of the middle-aged lowers the political cost associated with taxing
their consumption, thereby placing upward pressure on the tax rate. On net, the latter effect
dominates, and a decline in the population growth rate ultimately leads to an increase in the tax
rate. Furthermore, the public non-tertiary education expenditures increase the return on savings
of the middle-aged. As the relative weight on these returns diminishes with a lower population
growth rate, the public non-tertiary education expenditure-to-GDP ratio also declines.

To explore the effects of partial public funding of tertiary education in economies with bor-
rowing constraints, the model is calibrated to Japan and the United States, two countries with
well-developed education loan markets. Despite the introduction of partial public funding, the
qualitative effects on tax rates, public non-tertiary education expenditure, and pension expen-
ditures remain consistent with the benchmark case without partial public funding of tertiary
education. In particular, relaxing borrowing constraints reduces both the tax rate and the pen-
sion expenditure-to-GDP ratio in both countries. In addition, the public non-tertiary education
expenditure-to-GDP ratio responds differently: it increases in Japan and initially rises and then
falls in the U.S., reflecting variations in political demographics. Furthermore, as borrowing con-
straints are relaxed, private tertiary education expenditure increases, which raises the fiscal cost
associated with public co-funding and thereby reduces the publicly financed share, resulting in a
decline in the public tertiary education expenditure-to-GDP ratio. Nonetheless, the net impact
of relaxing borrowing constraints is an increase in total tertiary education expenditures and, im-
portantly, a rise in the steady-state growth rate of GDP per middle-aged individual, driven by
improved human capital accumulation despite a mild decline in physical capital accumulation.

A decline in the population growth rate exerts several important effects on fiscal policy and
economic growth. The tax rate and pension expenditure-to-GDP ratio both rise, while the public
non-tertiary education expenditure-to-GDP ratio declines, consistent with earlier comparative
statics results. These changes influence the government’s optimal choice of the public funding
portion of tertiary education expenditures. Specifically, a lower population growth rate raises
the tax rate and reduces disposable income, thereby decreasing private borrowing for tertiary
education. The resulting decline in private education expenditure reduces the fiscal cost of public

co-funding, prompting the government to raise the public funding portion. However, even as the



public funding portion rises, the overall level of tertiary education expenditures falls, resulting
in an ambiguous effect on the public tertiary education expenditure-to-GDP ratio. In Japan,
this ratio increases monotonically with falling population growth, while in the U.S., it exhibits
a hump-shaped pattern. Importantly, the decline in population growth promotes both physical
and human capital accumulation—leading to an overall increase in the GDP growth rate per
middle-aged individual-—because the positive effects of increased savings and relaxed borrowing
constraints outweigh the negative effects of rising taxes and pension liabilities.

Using demographic projections from the United Nations World Population Prospects (see
Appendix E for the data source), the model tracks the evolution of fiscal variables and growth
outcomes through 2100 for Japan and the United States. Japan is projected to experience
negative population growth until around 2080, followed by a slight recovery, while the U.S.
maintains positive but declining growth. These projections imply that Japan will see rising tax
rates and pension expenditures, along with falling public non-tertiary education expenditures
until 2080, after which these trends reverse. The public funding portion of tertiary education
expenditures is expected to increase until 2080 and decline thereafter. In the U.S., the public
funding portion increases more steadily. Despite the increasing public funding portion, the
public tertiary education expenditure-to-GDP ratio remains relatively stable in both countries,
as the rise in the public share is offset by a decline in overall tertiary education expenditures.
Regarding growth, both countries experience declines in labor supply growth due to rising taxes.
Japan’s growth rate of physical capital per middle-aged individual continues to decline, while
human capital growth also slows. The U.S. shows similar trends but with more moderate
declines. Overall, economic growth remains positive but decelerates in both nations, with Japan
experiencing a sharper downward trajectory.

We conclude the introduction by noting that this paper also contributes to the literature on
optimal pension and education policy. Krueger and Ludwig (2016), Andersen and Bhattacharya
(2017), Bishnu and Wang (2017), Bishnu et al. (2021, 2023), and Amol et al. (2023) propose
pension-education policy packages that achieve Pareto-improving or optimal allocations across
periods. While our study shares their concern with intergenerational resource allocation, it
differs in its treatment of the government’s time horizon. Their analyses rely on the implicit
assumption of an infinitely lived government capable of calculating and committing to inter-
generationally optimal policies. In contrast, our study assumes that intergenerational resource
redistribution must be implemented by a short-lived government that represents only the over-
lapping generations alive in the current period. Accordingly, resource reallocation is constrained
to the current period and cannot rely on long-term commitment.

Section 2 presents the model, including individuals’ education, labor, and savings choices,
firms’ profit maximization, the government budget constraint, and asset market clearing. Section
3 analyzes voting over fiscal policy, derives the resulting fiscal policy, and conducts compara-

tive statics with respect to borrowing constraints and population growth. Section 4 presents



a quantitative analysis by calibrating the model to Japan and the United States. Section 5

concludes.

2 Model

The discrete time economy starts in period 0 and consists of overlapping generations. Indi-
viduals are identical within a generation and live through three life stages: youth, middle age,
and older adult age. Each middle-aged individual has 1+n children. The middle-aged population
for period t is Ny and the population grows at a constant rate of n(> —1): Nyy1 = (1 + n)Ny.

2.1 Individuals

Consider an individual born in period t—1. In youth, the individual receives publicly financed
non-tertiary education (i.e., primary and secondary education) and subsequently pursues tertiary
education. The individual invests e;_1 units in tertiary education, of which a fraction o;_1 is
publicly financed. Thus, out of the total investment e; i, the share o;_1 is covered by the
government, while the remaining share 1 — o;_1 is financed privately via borrowing in the asset
market (described below). Put differently, once the individual chooses the level of tertiary
education investment e;_1, the government subsidizes a fraction o;_1 of that amount.

The budget constraints in middle and older adult ages are expressed as:

ce+ st + R (1 —o0p1)ep—1 < (1 — 1) wihely, (1)
dit1 < Ryy15¢ + by (2)

In middle age, the individual is endowed with one unit of time for labor and h; units of human
capital. They supply I; € [0, 1] units of labor to firms and earn an effective labor income of
wehyly, where w; denotes the wage rate per unit of effective labor. The individual pays labor
income tax in the amount mywihl; where 74 is the labor income tax rate. The after-tax income
is allocated to consumption c¢;, savings s;, and repayment of the privately financed portion of
the tertiary education investment undertaken in youth, Ry (1 — 04—1) €;—1, where Ry is the gross
interest rate between periods ¢t — 1 and t. In older adult age, the individual receives a gross
return on savings, Ry4+15¢, as well as a pay-as-you-go public pension benefit, b.y1, both of which
are devoted to consumption dy.

The preferences of the middle-aged in period t are represented by the following lifetime utility

function:

o (¢ — wthe (W5
Ty 141/

) + BIndiyq, (3)

where 3 € (0, 1) denotes the subjective discount factor. The disutility of labor supply is specified

(l )1+1/v
{+1/v

known as the Greenwood-Hercowitz-Huffman (GHH) preference specification (Greenwood et al.,

, where v > 0 parameterizes the Frisch elasticity of labor supply. This formulation is
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1988). In addition, the disutility of labor is multiplied by the term wh;/1) where ¥(> 0) is a
parameter representing an inverse weight on labor supply disutility. In the present endogenous-
growth framework, omitting this term would imply a sustained increase in hours worked over
time, eventually violating the time constraint. Including the term ensures the existence of a
balanced-growth path with constant labor supply (Queralto, 2020).

In youth, individuals may borrow in the asset market to finance their investment in tertiary
education. However, because they have no collateral at the time of borrowing, their borrowing
capacity is assumed to be subject to the following constraint:

(1 — Tt) wthtlt

(I1—o0i—1)e—1 < ¢ R ,

(4)

where the parameter ¢ € [0,1] represents the degree of borrowing flexibility in the market.
Each individual is allowed to borrow up to a fraction ¢ of the present value of their after-tax
labor income in middle age. A lower value of ¢ indicates a tighter borrowing constraint. The
borrowing limit is determined not by the present value of lifetime after-tax income, but solely by
after-tax income earned in middle age. This follows the assumption that future pension benefits
cannot be used as collateral for loan repayment, which is standard in the literature (Andersen
et al., 2021, 2024).

Let h; denote the human capital of a period-t representative middle-aged individual. We
assume that human capital is determined by the stock inherited from parents and expenditures
on non-tertiary and tertiary education. Specifically, human capital evolves according to the

following production function:
he = D (he—1) ™" (wr-1)" (er1)" (5)

Here, hy_1 is the human capital inherited by the period-t middle-aged individual from their
parents; z;_1 is the expenditure on non-tertiary education per young individual in period t —
1; and e;_; is the tertiary education expenditure per young individual in period ¢t — 1. The
parameters D, n, and p with D > 0, n € (0,1), u € (0,1), and n+ p € (0, 1) are the productivity
of human capital production, elasticity of the non-tertiary education expenditure, and elasticity
of the tertiary education expenditure, respectively.

The human capital production function has two distinguishing features. First, parental
human capital exerts an external effect on the formation of children’s human capital—that is,
an intergenerational transmission of human capital. We include the previous generation’s human
capital stock in the human capital production function because empirical evidence shows that
a child’s educational achievement is positively influenced by that of their parents (see, e.g.,
Solon, 1999; Black et al., 2005). Since this transmission is not perfect, we allow human capital
to depreciate at the rate 1 —n — pu. Second, non-tertiary education and tertiary education are
modeled as imperfect substitutes in the production of human capital: non-tertiary schooling

primarily imparts general skills, whereas tertiary education provides specialized skills. The
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combination of general skills acquired early and specialized training later drives overall human
capital formation. In reality, some individuals progress to tertiary education while others do
not; however, because the model assumes identical individuals, we interpret the representative
individual’s tertiary education expenditure as the economy’s average private expenditure on
tertiary education.

We assume the following regarding the funding of education expenditures. Expenditures
on non-tertiary education are assumed to be fully publicly financed, reflecting the fact that
in the target countries of this study (Japan and the United States), a substantial share of
these expenditures is financed by local and central governments (see Figure 1(a)). In contrast,
we assume that expenditures on tertiary education are financed through a mix of public and
private sources, reflecting the pattern observed in Figure 1(b) and consistent with empirical
evidence from these countries (see Soares, 2005; Diris and Ooghe, 2018). Letting o denote the
policy variable, the shares of public and private funding in tertiary education expenditures are
represented by ¢ and 1 — o, respectively.

The decision-making process of an individual born in period ¢t — 1 proceeds as follows. In
youth, taking the level of public non-tertiary education expenditure x;—; and the portion of
public finance for tertiary education o;_1 as given, the individual chooses the level of tertiary
education expenditure e;_1. In middle age, given the previously chosen e;_1, the individual
determines labor supply [; and savings s;. The corresponding levels of consumption, ¢; in
middle age and d;11 in old age, are determined so as to satisfy the budget constraints. This

two-stage optimization problem is solved by backward induction.

2.1.1 Problem of the Middle-aged

The problem of the period-¢t middle-aged is to choose {s;,[;} to maximize the lifetime utility in
(3) subject to the budget constraints in middle age and older adult age, (1) and (2), respectively,
given the predetermined variables, {h;,e;—1}, the factor prices, {w;, Ry, Ri+1}, and the set of
policy variables, {7, 0¢—1,bi+1}. Solving the problem leads to the following labor supply and

saving functions:

lt:l(Tt)E[l/}(].—Tt)]v. (6)
b L/v bit1
5t =7 T3 {1 /v (1 =71)l () why — Ry (1 — 0—1) €41 — 3R } ) (7)

Equation (6) indicates that the borrowing constraint does not directly affect labor supply.
However, such constraints may influence labor supply decisions, as individuals may substitute
leisure for work to mitigate the negative impact of limited consumption (see Lochner and Monge-
Naranjo, 2012: Section 2.3). In the present model, this incentive is not explicitly incorporated;
thus, the labor supply in (6) remains independent of ¢. Instead, we focus on the indirect effects
of these constraints on labor supply through the tax rate. Equation (7) indicates that savings

depend on middle-aged after-tax income net of loan repayments from youth. Furthermore, since
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older-adult-age pension benefits serve as a substitute for savings, they tend to discourage saving
behavior.

Using the labor supply and saving functions in (6) and (7), respectively, with the budget
constraints in (1) and (2), we can express the consumption functions in middle age and older

adult age as:

Ct = ]__':l_ﬁ { (]. + ﬂ — B]_ i/f/,L)) (]. — Tt) l (’Tt) wtht — Rt (1 — O'tfl) €t_1 + g;rrll } s (8)
p

_ 1/v bii1
dt+1 = 1 T 5Rt+1 { 1 n 1/7) (1 Tt) l (Tt) wtht Rt (1 O't_l) €1 + Rt+1 } 5 (9)

and the consumption in middle age net labor supply disutility as:

. wtht ) (lt)lJrl/v o 1 ]./’U
Y 14+1/v  1+8 | 1+1/v

b
Ct (1—7’,5)[(7}) wihy — Ry (1 _Ut—1>et—1+ A } (10)

Rt
2.1.2 Problem of the Young

We next consider the utility maximization problem of the period-t — 1 young to derive the
optimal level of tertiary education expenditure e;_;. The problem is to choose e;_; that maxi-
mizes the sum of the terms in the lifetime utility function that contain e;—1, (1 — 7¢) wihil (7¢) —
Ri(1—o041)e—1— WtTht . %, subject to the borrowing constraint in (4) and the human
capital production function in (5), given the labor supply in (6). The first-order condition yields

the following solution:

w l T; 1+1/v . v
o [(1 — 1) wihel (1) — :[;ht : ((12)1/1; ] 1f“141r/1/v < 9,

¢ % otherwise.

(1—o0t-1)er—1 =

Assumption 1: “1!171; > .

Since our objective is to examine how the degree of borrowing constraints affects policy
outcomes, in the following we impose Assumption 1 and focus on the case in which the young
face a binding borrowing constraint. In this case, private tertiary education expenditure is given
by:

(1 — 1) wehel (7¢)

(1—ot-1)et1 =10 R,

(11)

2.2 Firms

There is a continuum of identical firms that are perfectly competitive profit maximizers and
produce the final output Y; with a constant-returns-to-scale Cobb-Douglas production function,
Y = A(K)* (L)', where A(> 0) denotes total factor productivity, which is assumed to
be constant over time; K; is aggregate physical capital, Ly = Hyl; is aggregate effective labor,
H; = hyN, is aggregate human capital, and « € (0,1) is a constant parameter representing the

share of physical capital in production.



In each period, firms choose physical capital and effective labor to maximize its profit,
A (Ky)* (Lt)l_a — R:K; — wiLy, where R; is the gross return on physical capital and w; is
the real wage per unit of effective labor. Profit maximization yields the following first-order

conditions:

Kyt Ry = oA (K)" (L)' = ad (k) (h)' ™ ()77, (12)
Lt W = (1 — O[) A (Kt)a (Lt)_a = (1 — O[) A (k‘t)a (ht)_a (lt)_a 5 (13)

where k; = Ky/N; and h; = H;/N; denote physical and human capital per middle-aged individ-
ual, respectively.
Let y; = Y;/N; denote output per middle-aged individual. The corresponding per-middle-

aged individual production function is y = A (k) (he)*™* (i)™, which can be rewritten as:

Ye =y (kt, he, 1) = 9§ (ke he) 2 (1) (14)

where ¢ (k¢, ht) and z (1) are defined by:

G (ke he) = A (k)™ (he)' ™, (15)
2(m) = [ (1 —m)"0) (16)

The term g (k¢, ht) represents the output per middle-aged individual under inelastic labor supply,
and the term z (7) captures the contribution of labor supply to production. When v = 0, labor

supply is inelastic and tax distortions disappear, implying z (-) = 1.

2.3 Government Budget

The government expenditures inlcude investment in non-tertiary education, subsidies for
private investment in tertiary education, and pension payments. They are financed by taxes
on labor income. The government budget constraint in period ¢ is Nyyi (z + orer) + Ny—1by =
Nyrywehily, where Nyyixy is the aggregate investment on non-tertiary education, N;410.e; is the
aggregate subsidy expenditure for private tertiary education, INy_1b; is the aggregate pension
payment, and Nyrywiehil; is the aggregate labor income tax revenue. The constraint on a per
middle-aged individual basis is:

b
(1—|—n) (5Ut+0t€t)+1+7tn = T+W (kt,ht,Tt) htl (Tt). (17)

2.4 Economic Equilibrium

An asset market operates in this model economy, facilitating borrowing and lending activities.
In this market, the middle-aged supply funds N;s;, which are borrowed by firms for investment
in physical capital, K;;1, and by the young for investment in human capital, Ny1 (1 — 0y) e;.
The asset market clearing condition is K1 + Nytyq (1 — 0y) ep = N¢sy, which is reformulated as
follows:

(L4 n) (ka1 + (1 —oy) €r) = st (18)
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The timing of events in period ¢ is as follows. Initially, the voting stage takes place given
the state variables k; and h; with the predetermined private tertiary education expenditures,
(1 — 04—1) e4—1. The government determines a set of fiscal policies, 74, x¢, by, and o, (described in
Section 3). Subsequently, the economic decision stage follows given the fiscal policies. Individuals
and firms make their decisions, leading to market clearing. Thus, an economic equilibrium,
characterizing optimizing behavior of individuals and firms and the resulting market clearing

for a given set of fiscal policies, is defined as follows:

Definition 1 Given a sequence of policies, {1, x¢, by, 04}, an economic equilibrium is a se-
quence of allocations {ct, dy, st, e, key1, hey1}og and prices {wy, Re}o with initial conditions
ko(> 0) and ho(> 0) and the pre-determined private tertiary education expenditures (1 —o_1)e_q,
such that (i) given (hgy,wy, Ry, Ryy1, 7, ber1) and (1 — oy—1) er—1, (¢, diy1, Se) solves the wutility-
mazximizing problem of the middle-aged; and given (hy,wy1, Ri+1, %, 04, Ter1), € solves the util-
ity mazimization problem of the young; (ii) given (wy, Ry), ki solves the firm’s profit mazximiza-
tion problem; (iii) given (hi, wy, e, 1), (T¢, @, by, 04) satisfies the government budget constraint;

and (iv) the asset market clears.

Given the borrowing constraint faced during youth, the individual’s utility maximization
yields the labor supply in (6), saving in (7), consumption in (8) and (9), and tertiary education
expenditure in (11). The firm’s profit maximization yields the physical capital demand in (12)
and labor demand in (13). Combining the labor supply in (6) and the labor demand in (13),

the equilibrium wage that clears the labor market is given by:
we = w (ke, hey i) = (1 — @) § (key he) 2 (1) =7 /g, (19)

Based on the labor supply function in (6) and the physical capital demand function in (12), the

gross interest rate (representing the rental price of physical capital) is determined as follows:
Rt :R(kt,ht,ﬁ) EOé’g (kt,ht)Z(Tt) /kt (20)

Using (19) and (20), we write the saving in (7) and tertiary education expenditure in (11)

as functions of the state and policy variables as follows:

s¢ = 8(1e, ke, hey (1 — 04—1) €1, Teg1, be1, ki1, Pegr)

B { . bey1 }
= —— ST (m, ke, (1 —op—1) ep— ki hy) 2z — , 21
1+ 8 (¢, Ky ( Ot 1) t 1)y( t t) (Tt) BR (s, herts Tert) ( )
1 11—«
er = €(0¢, Teg1, key1) = ¢ (1 —741) Kit1, (22)

o 1— Ot
where I (-), representing the after-tax income of the middle-aged net of labor costs and youth
loan repayment, evaluated per unit of output, is defined as follows:

1/v
1+1/v

I(ey ke, (1— 0y 1) er_1) = 1-7)(1-a)—(1 —at,l)et,lk%. (23)
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Next, we derive the physical and human capital accumulation equations in the economic
equilibrium. We first rewrite the asset market clearing condition (18). Combining (18) with the

saving function (21) and the tertiary education expenditure function (22) yields:

(L4 n) (kg1 + (1 — or) e(or, Te41, kig1))

= 5(7e, kt, hey (1 — 0t—1) €41, Te1, be1, ke, hesr)- (24)
Using the human capital production function in (5) together with (22), we obtain:
hept = D (he) ™77 (20)" (€0, o1, k)" (25)
Substituting (25) into (24) and solving implicitly for k1 yields:
kiv1 =K (10,0024, ke, hey (1 — 04—1) €1, Tea1, beg1) - (26)

Because (1 — 0y_1) e;—1 is predetermined in period ¢t —1, it is treated as a predetermined variable
when solving for equilibrium in period t.

Substituting (26) into (25) gives the corresponding human capital accumulation equation:

>

"(1ey 01, ey ks by, (L — 04—1) €01, Tet1, bes1)

(he) 7 ()" (e(or, Te1, K (e, 00, e, ke, by, (1 — 04m1) €—1, g1, beg1))) . (27)

hi1 =

Il
-

Equations (26) and (27) therefore describe the law of motion for next-period physical and human
capital, respectively, conditional on current-period physical and human capital, the predeter-
mined variable (1 — 0y_1) e;—1, and the set of fiscal policy variables.

Using the physical and human capital accumulation equations in (26) and (27), the saving

function (21) and the tertiary education expenditure function (22) can be rewritten as:

st = 5(T¢,0¢, T, key hey (1 — 04—1) €41, Te41, beg1)

B . b1
= 2 ke, (1= 0 1) es1) § (es h S . (28
115 (76, ke, (1 —ov-1) er-1) § (ke ha) 2 (72) TICIOR A E™) (28)
et = e (Te, 04,24, ke, hey (1 — 04-1) €41, Te41, bey1)
1 l—a-
= 1 _O_t¢(1 —Tt+1) k' (Tt,O't,fUt,kt;htv(l _Ut—l)et—177't+1,bt+1). (29)

Accordingly, savings s; and tertiary education expenditure e; in period ¢ can be expressed as
functions of the policy variables {74, oy, z¢, 7441, bt+1}, the current state variables {k;, hy}, and
the predetermined variable (1 — oy_1) e;—1. The government budget constraint (17) can also be
rewritten, using (6), (19), and (29), as:

by
1+n

(1+n)(x+oe()) + =7 (1 —a)y (ke he) z (12) . (30)

Finally, we derive the consumption functions in the economic equilibrium and, based on

them, the corresponding indirect utility functions of the middle-aged and older adults. We

12



begin with consumption in middle age, ¢(-). From (8), together with the factor prices in (19)

and (20) and the physical and human capital accumulation equations in (26) and (27), we obtain:

ct = c (1,00, @4, ke, hyy (1 — 04—1) €41, Te1, bes1)

L 1/v X
Hﬁ{<1+ﬁ_51+1/v) (1 =7) (1 =) g (kt, he) 2 (72)

_ (1 — Ut—l) et_lgj (k‘t, ht) z (Tt) ]% + 7 (E/ () bti;l() Tt+1) } : (31)

Using (19), (20), (26), and (27) together with the middle-aged consumption in (31), we can

/v
reformulate the consumption in middle age net labor disutility, ¢; — “’ipht . (l{);;/lv in (10), as
follows:

o wtht . (lt)l-i-l/”u

Ty 141w

= L I(Tt,kt,(l —at_l)et_l)ﬁ(kt,ht)z(n) + = bt_—’_l . (32)
1+6 R(K (), () Te41)

Consumption in older adult age, d’ (), in (9), is reformulated, using (19), (20), (26), and
(27) as follows:

div1 = d (1e, 0, @4, ki, hey (1 — 04-1) €4-1, Tet1, bey1)
— B 7./ 7./
= 1+6R(k ()7h ()aTt+1)
AT (ks (1 — 00 1) er1) g Ghy ) 2 (72) + —m 01 . (33)
R(k/(')7h/('),7't+1)

With (32) and (33), we can write the indirect utility of the middle-aged, V;*, as follows:

M M
Vit =V (1, 00, 4, ke, hey (1 — 04—1) €i—1, Tg1, bes1)

=(1+4)ln {I(Tt,kt, (I —or1)er-1) g (ke he) 2 () + * (.)b;‘;l(.) Tir1) }
+5m3@%qﬁ%%nﬂj+<m1iﬁ+ﬁm1fﬁ>, (34)

The indirect utility of the older adults is given by VtO = In(R¢s¢—1+bt) = In(14n) ( ﬁRtStq
+ﬁbt). Using the asset market clearing condition from one period earlier in (18), we can

rewrite V.0 as
VO = VO (14, by, by, by, (1= 04—1) ei—1) = Ind (74, by, ke, he, (1 — 0v—1) e1—1) (35)

where

by
1+n

d(Tt, bt, k‘t, ht, (]_ — O'tfl) 615,1) = (]. + TL) R (k‘t, ht,Tt) (k)t + (]. — O'tfl) et,l) + (36)
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3 Political Equilibrium

This section considers voting on fiscal policies. In each period, the young, middle-aged,
and older adults have an incentive to vote. While the young may benefit from current public
expenditure on tertiary education, we assume that they do not participate in voting. We impose
this assumption, which is often used in the literature (Saint-Paul and Verdier, 1993; Bernasconi
and Profeta, 2012; Lancia and Russo, 2016; Bishnu and Wang, 2017) for tractability. However,
the assumption could be partly justified by the fact that a large number of the young are
ineligible to vote due to age restrictions.

We employ probabilistic voting in the spirit of (Lindbeck and Weibull, 1987; Acemoglu and
Robinson, 2005), in which there is electoral competition between two political parties. In each
period, each party announces a set of fiscal policies to maximize its expected vote share given
the policy announcement by the other party. The two parties’ platforms converge in equilibrium
to the same set of fiscal policies that maximize the political objective, namely, the weighted sum
of utility of voters (Persson and Tabellini, 2002; Acemoglu and Robinson, 2005). The objective
is given by wV,® + (14n) (1 — w) V;*, where w € (0,1) and 1 —w are the political weights placed
on the older adults and middle-aged, respectively. The weight on the middle-aged is adjusted
by the gross population growth rate, 14 n, to reflect their share of the population. Dividing the
objective function by (1 + n) (1 — w) yields the following expression, denoted by €2;:

the= (1+n)w(1 —w)VtOJthM’
where the coefficient w/(1 4+ n) (1 — w) represents the relative political weight assigned to the
older adults.

We employ the Markov-perfect political equilibrium concept, in which today’s fiscal policy
depends on the current payoff-relevant state variables.! In the current framework, the payoff-
relevant state variables in period t are the physical capital, k;, and the human capital, h;.
Consequently, the expected tax and provision of public pension in period t + 1, 7441 and b1,
could be given by the functions of the period ¢+ 1 payoff-relevant state variables, kiy1 and hyy1:
Tip1 = T (key1, heyr) and by = B (kg1 heyr).

Using the notation, with z_; and 2z’ denoting the pervious period and the next period of z,

!The concept enables us to demonstrate voters’ forward-looking decision-making and the resulting feedback
mechanism between current and future redistributive policies, mediated through physical and human capital
accumulation. Studies that account for this mechanism include, for example, Beauchemin (1998), Forni (2005),
Bassetto (2008), Mateos-Planas (2008), Gonzalez-Eiras and Niepelt (2012), Song (2011), Song et al. (2012), Chen
and Song (2014), Arai et al. (2018), Arcalean (2018), and Uchida and Ono (2021, 2024a,b).
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respectively, we can write the government problem as follows:

{mzzx}Q(T o,x,b,k, h, ( 1*0',1)6,1,7'/,17,)

w

(1+7n)(1-w)
n)

VO (Ta b7 kv h7 (1 - 0’71) 671) + VM (7-7 0,7, kv h> (1 - 0-71) €-1, Tla b/)

t. (14 [:L'—l—ae(raa; koh,(1—o0_1)e_1,7 V)] + 1jlzn:r(1—a)g)(k,h)z(7'), (37)
(7’ o,z k,h,( 0_1)6_1,Tl,b/), (38)
W (r, 0,2,k h,(1—0_1)e_1,7,V), (39)

with 7/ = T (k',1’) and b = B (k',h’), where (37) is the government budget constraint from
(30), (38) is the physical capital accumulation equation from (26), and (39) is the human cap-
ital accumulation equation from (27). A Markov-perfect political equilibrium in the present

framework is defined as follows:

Definition 2 A Markov-perfect political equilibrium is a siz-tuple, (T, 3, X, B, S’,E’), where T :
3?2 — [0,1] is the taz rule, 7 = T (k,h); S : R% — [0,1] is the public funding rule, o =

S (k,h); X - R2 — Ry is the public non-tertiary education expenditure rule, v = X (k,h);
B : R2 — R, is the pension expenditure rule, b = B(k:,h); S [0, 1] x RY — Ry is the
saving rule, s = S (7‘, o,x,k,h, (1 —o0_1)e_1 | T,B) cand F - [0, 1]2 X ﬂ?i — R is the tertiary
education expenditure rule, e = E (7’, o,x,k,h, (1 —0_1)e_1 | T, B), such that (i) for a given
T,0,x,k,h, (1 —o_1)e_q, T and B, the optimal private saving and tertiary education expenditure

rules are the maps, S and E, respectively, that solve

S(T,a,x,k,h,(l—a_l)e_l y:ﬁ,B) :S(T,U,x,k,h,(l—0_1)6_1,T(S(-),E(-)> B(S() E(-))),
E(T,a,x,k‘,h,(l—a,l)eq |T,B) :e<7',a,:v,k:,h, (1—071)671,T(S’('),E(-)) B (S(),E'())),

where 7' = T (K1) and ¥ = B (KK with k' = K (T, o,k h, (1 —o_1)e_r,T, B), W=
' ('r, o,x,k,h, (1 —0_1) e_1,T, B’) and (1 —o_1)e_1=¢(1—71)(1 —a)k/a; (ii) given the set

of initial conditions (k,h) with (1 —o_1)e_1 and the political objective function

= VO(rb(1—o 1) e, kh)+ VY (r,0,2,k h (1—0_1)eq,7,V)

Q(Taxbkh(l—a e_1,7, b’)
(1+n)(1—-w) )

where 7' = T (K, 1) and b = B (K, 1) with k' = ¥ (T, o,k h, (1 —o_1)e_r,T, B) and b/ =

B(
n (T, o,x,k,h,(1—0_1)e_1,T T B) (a) the equilibrium fiscal policies solve

(T(k,h),i(k,h),X(k,h),B(k,h)) — arg maXQ(TUx bk, h, (1 —o_1) e | T, B)

T,0,,b

subject to the government budget constraint (14+n)(x+oe)+b/(1+n) =71 —a)y(k,h)z (1),

(b) the tertiary education expenditure function satisfies

(1—o_1)e_1=¢ (1 — T (k, h)) (1-a)k/a,
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and (c) the government budget constraint satisfies

(1+n) (X (k,h) + 5 (k, h) B <T,a,x,k,h,¢(1 1 (k1) ]L?Tak | T,E?)) + Bl(_]i’:)

:(1—a)g(k,h)z(T(k,h)>.

Part (i) defines the functional equations that map current tax, portion of public funding
in tertiary education, public non-tertiary education expenditure, physical and human capital
stocks, and the borrowing in youth to optimal private saving and tertiary education expenditures,
s=25 (T, o,z kh,(1—o_1)e 1| T, B) and e = E (T,J,x,k,h, (1—o_1)e_1 | T, B) This set
of rules describes the private sectors’ response to changes in 7, o, and = under the expectation
that future tax and pensions will be set according to the equilibrium rules T (k,h) and B (k,h),
respectively. Part (ii) describes the government’s problem. In each period, the government sets
fiscal policies subject to its budget constraints and the private sectors’ response, consistent with
the expectation that future governments follow the Markov-perfect political equilibrium rules.
Treating (1 —o_1)e_1 as given, we first solve the government’s problem. We then substitute
(1—o_1)e_1 = ¢(1—7)(1 —a)k/a into the solution, thereby expressing 7,3, X and B as

functions of k and h.

3.1 Characterization of Political Equilibrium

To obtain the set of policy functions, we conjecture the following policy functions of tax and

pension benefits in the next period:

\]\
|
=

(40)
"

1+n D
)2 () “

where T (> 0) and B (> 0) are constant. Given these conjectures, we can reformulate (38) and

(39) as follows (see Appendix A for the derivation) :

1 sl (rk, (1—01)e 1) i (kh) 2 (7)

14+n 1+¢(1_T);a+i£

K=k (r,k,h,(1—0-1)e_1,T,B) =

W =W (r,0,2,kh (1 - 0_1) e, T, B) = D (k)" (2)" < L yo-m) =% (.)>“,

where k' and h' are related to the net after-tax income, I (-) 9 (k,h) z (7).
Using the indirect utility functions of the middle-aged and older adults in (34) and (35),
respectively, together with (42) and (43), the political objective function 2 is expressed by

w

b
O ——mk——1 —_— 1l—0o_1)e_
(1+n)(1_w) nd<7-7 1+n)k7h7( g l)e 1)

1+n

+(1+68)In {1 (7.k (1= 0—1) e1) § (ky h) 2 () + ——BE (.)} +8mER (K ()1 (),T),
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where the first term is derived from V?; the second and third terms are jointly derived from
VM. and the politically irrelevant terms are omitted from the expression. Under the conjecture
n (41), we have b /R’ = (1+n)Bk' (-) /o; this appears in the second term of (44), implying that
the present value of the pension benefit, b’/ R/, is determined solely by the current labor income
tax rate, 7.

Below, we consider the choice of (14+n)x and b/(1+n) rather than x and b for the convenience
of the following analysis and interpretation of the results. We obtain the corresponding policy

functions and verify that the conjectures in (40) and (41) are indeed consistent.

Proposition 1 The policy functions in the Markov-perfect political equilibrium are expressed by

_ _ _ b _

r=T. 0=% (L+n)e/j()2() =X, =/i()z()=B,

where T, ¥, X, and B are constant and depend on parameters only. Given the initial condition,

ho/ko, the associated sequence of human-to-physical capital ratio, {h/k}, stably converges to a

unique steady state.

Proof. See Appendix A.
To interpret the results established in Proposition 1, we explore the first-order condition

with respect to b/(1 +n), (1 + n)x, o and 7. These conditions are given as follows:

b w () /oy
T T s e TA R (45)
(1mya: p2OREDT 5 (46)
o ﬁaR;%/,a‘T — —\A=0 (47)
(1+n)[e() +o2] ’
T:MCT —X=0, (48)

where A is the Lagrange multiplier associated with the government budget constraint in (37).

The marginal cost of taxation (MCT) is defined as follows:

W 0d()/or G e s
T a) T 1+H) 10stmar 2 T w (49)
(1=a) (14728 ) gk h) 2 (7) + (=1) (L +n) 0 3

!
z

MCT = (-1)

The first terms on the left-hand sides of (45) and (46) represent the marginal utilities asso-
ciated with increases in pension benefits b/(1 4+ n) for the older adults and public non-tertiary
education expenditures (1 + n)z for the young, respectively, both evaluated per unit increase
in government spending. In the former case, the marginal utility arises from the direct increase
in consumption of the older adults, while in the latter, it results from the rise in next-period
human capital, h’, which raises the future interest rate, R’, and increases the consumption of

the middle-aged in their older adult age, d’. Because a one-unit increase in either b/(1 + n)
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or (1 + n)x corresponds to a one-unit increase in government expenditure, the second terms in
both equations could be expressed as 1 x A, where “1” denotes the unit of additional spending.
Similarly, the first term in (47) captures the marginal utility of raising the portion of public
funding for tertiary education, o, which increases total education expenditures e, enhances fu-
ture human capital, and thereby raises the interest rate and future consumption. This marginal
utility is normalized by the resulting increase in publicly funded tertiary education expenditures,
yielding the marginal utility per unit of public funding. Lastly, the first term in (48) denotes
the marginal disutility of taxation per unit increase in tax revenue, reflecting the welfare cost of
raising additional funds through taxation.

Finally, combining the government budget constraint in (37) with the physical capital accu-
mulation equation in (42), we obtain

B

o - 1 —« 1+8 . b
(1+n)a:+m¢(l—T) - 1+¢(1_T)1_a+1+5ﬁa—’(')y(k7h)2(7)+

=7(1—a)g(k,h)z(7). (50)

Q‘m‘

Thus, given the conjecture for 7" in (40) and ¢’ in (41), the system consisting of the four optimality
conditions, (45) through (48), and the government budget constraint (50) characterizes the
policy functions b/(1 4 n), (1 +n)z, 7, and o and the Lagrange multiplier \.

MCT in (49), representing the marginal disutility of taxation evaluated in terms of changes in
the net tax revenue, has the following properties. An increase in the tax rate negatively affects
the consumption of both the older adults and middle-aged, as indicated by the numerator
in (49). Conversely, the increase in the tax rate leads to a rise in tax revenue and reduces
expenditure on tertiary education by alleviating pressure on the government budget, as shown
in the denominator of (49). Therefore, the expression in (49) shows the ratio of costs to benefits
of taxation, thereby representing the marginal cost of taxation.

To enhance understanding of M CT, we analyze the effects of the labor income tax rate 7 on

each component of MCT, as defined in (49). First, we focus on the first term of the numerator,

w _od(-)/or
Orn)(1—w) — d()

given by (36). An increase in 7 leads to a decrease in the labor supply [ (7), thereby decreasing

, which reflects the impact of 7 on the consumption of the older adults, d(-),

the marginal productivity of physical capital. Consequently, the interest rate R declines. As
a result, a rise in 7 reduces the return on savings and, hence, the consumption of the older
adults: 0d (-) /Ot < 0. This effect is amplified by the relative political weight of the older
adults, (Hnsdm

Next, we turn to the second and third terms of the numerator in (49). They capture
the impact of the labor income tax rate 7 on the indirect utility of the middle-aged in (34),
VM (), expressed by the second and third terms of (44). The tax rate 7 thus influences VM (.)
through three components: I (7,k, (1 —o_1)e_1)9(k,h)z(7), ¥/R = (1 +n)BEK (-) /o, and
R =R (I;:’ (-, B () ,T). In the following, we analyze how the tax rate affects each of these

components.
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The term I (7,k,(1 —o0_1)e_1)y(k,h)z(7) represents the net after-tax income, which is
reformulated as:

1/v

I(1,k,(1 —0o-1)e-1)§(kh)z(T) = § +1/v

(I1—=7)w(k,h,7)hl (1) — R(k,h,7) (1 —0_1)e_1.

An increase in 7 reduces the labor supply [ (7), though this reduction is partially offset by an
increase in the wage rate w (k, h, 7). The overall effect on w (k, h, 7) hl (7) is negative. Given the
direct negative impact of 7 through the term (1 — 7), a rise in 7 leads to a decline in after-tax
labor income: 9 (1 — 7)w (k,h,7)hl (1) /OT <O0.

The term R (k,h,7)(1 —o0_1)e_1, representing youth loan repayments, decreases with an
increase in 7: OR (k,h,7) (1 —o_1)e_1/01 < 0. A rise in 7 reduces labor supply [ (7), which
subsequently lowers the marginal productivity of physical capital. As a result, the interest rate
R declines, leading to a reduction in youth loan repayments. Thus, an increase in 7 exerts two
opposing effects on I (7,k, (1 —o_1)e_1) 9 (k,h)z (1), but the overall impact is negative:

oI (1,k,(1—0_1)e_1)y(k,h)z(T)
or

< 0. (51)

The term &' /R’ = (14 n)BE' (-) /o represents the present value of pension benefits, which is

reformulated as follows:

_ 5
Tro(1-T) 52+ 1

5= (L E ()=

v B
«

et

71 () gk h)z(7), (52)
Ba

where the second equality is derived from (42). The expression in (52) shows that the term
b’ /R’ is linearly related to the net after-tax income, I (-) g (k,h)z (7). An increase in 7 reduces
I(-)y(k,h)z(7) as shown in (51). This, in turn, decreases the level of physical capital in the
next period k': 9k’ (1) /0T < 0. As a result, an increase in 7 works to lower the present value of
the pension benefit: 9 [b'/R'] /oT < 0.

The term R (lz:’ (), h () ,T) =aA (lz:’ (-))ai1 (fz’ (-))17& z (T) represents the gross interest
rate. An increase in 7 reduces the physical capital stock % (+), thereby putting upward pressure
on the interest rate. A rise in the interest rate, in turn, lowers the borrowing limit faced by
the young, reduces their tertiary education expenditures, and consequently diminishes their
human capital level in middle age. This decline in human capital works to depress the interest
rate. Hence, there are two opposing effects on the interest rate, and the net impact is positive:
OR (/2;' (), () ,T) /01 > 0.

Finally, consider the two terms in the denominator of (49). The first term (1 + 72’ (7) /2 (7))

X (1 —a)y(k,h)z(7) indicates that a rise in 7 increases tax revenue. The second term
(=1) (1 +n) a% captures a decline in tertiary education expenditure. A rise in 7 leads to a
decrease in the private tertiary education expenditures of the young as explained in the previous
paragraph. Therefore, the denominator in (49), which includes these two terms, represents the

net increase in revenue from labor income taxation.
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3.2 Fully Private Funding of Tertiary Education

In Proposition 1, we derive four policy functions—r, o, (1 + n)z, and b/(1 + n)—but we
are unable to explicitly express the underlying parameters T, £, X, and B that determine each
policy function. This limitation makes it difficult to clearly identify how the two parameters of
interest in this study, ¢ and n, affect the policy functions and, consequently, economic growth.
To address this issue, we begin by focusing on a special case in which there is no public funding
for tertiary education (i.e., o = 0). This simplified case allows us to derive the policy functions in
closed form, thereby clarifying the channels through which ¢ and n influence policy choices and
economic growth. The insights gained from this special case serve as the basis for interpreting
the results of the more general analysis with public funding for tertiary education, which is

presented in the following section.

Proposition 2 Under fully private funding of tertiary education (o = 0), the policy functions

i the Markov-perfect political equilibrium are given by:

— 1 1
l-r=1-T| _y=7——|0-9)+ L
[1+ﬁ<1—<1—a><1—um< i;,l/”¢+v<1_a)>
T+1/v B
- oy TA0=a)n +v (1 a)_
(53)
i_g‘ :Mmf}gzo(l_a)—5(1—a)na(1+¢(1_T’U:O)ITTQ)
g (k,h)z(7) o=0 = e Si—a |
(54)
(1+n)x — ﬁ(l—a)n |: ( B 1_a> i
Bz == e all+o(1-1T| _ +7| _(1-a
GO R s gy (1-T|,s) L (1—a)
(55)

Proof. See Appendix B.

The ¢s appeared in (53), (54), and (55) represent the borrowing constraint faced by the
middle-aged in their youth. In contrast, the borrowing constraint faced by the young in the
current period appears only in the second term of the denominator in the MCT of (49) and
vanishes when tertiary education is fully privately funded. Therefore, the results in the following
proposition capture only the effects of the borrowing constraints that the current middle-aged

faced when they were young.

Proposition 3 Under fully private funding of tertiary education (o = 0), relaxing borrowing

constraints (i.e., an increase in ¢) has the following effects on policy variables. (i) The tax

rate T is decreasing in ¢ : g—; < 0; (1) The pension expenditure-to-GDP ratio Hin/g) (k,h)z(7)
d145 /9(k,h)=(7)

1s decreasing in ¢ : —s < 0; and (i) For v > 0, the public non-tertiary educa-
tion expenditure-to-GDP ratio (1 + n)x/y (k,h)z(T) is decreasing in ¢ if m < %
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1481~ (1) (1= )] ~8 (1 — ) n; inereasing in 6 if (—or'yox = 1)1+ #(1 — (1= ) (L= )]~
B(l—a)n < M"m; and exhibits an inverse U-shape otherwise; for v = 0, the ratio is in-

dependent of ¢.

Proof. See Appendix C.

To interpret the results of Proposition 3, we recall the government’s objective function in (44).
Under full private funding of tertiary education (o = 0), the objective function can be written
using the physical capital accumulation equation in (42) and the human capital accumulation

equation in (43) as follows (for the derivation, see (A.7) in Appendix A) :

w b
O~ — 1 —_— _
(1+n)(1-w) nd | 1+n’k’h’&,.lz
_— (¢1)
(n.1)
+1+80-1—-a)(I—p)|Inl |k, eq |gk,h)z(T)+8(1—a)nlnz. (56)
(9-2)

Notice that e_y = €(0,7,k) = ¢ (1 —7) I?Tak is taken as given at the voting stage; changes in
¢ and n do not directly affect e_; during voting. However, the young determine their tertiary
education expenditures, e_i, based on expectations about the labor income tax rate 7 in their
middle age, which itself influenced by the parameters ¢ and n. Consequently, in equilibrium,
there are additional indirect effects of ¢ and n on e_; that operate through their impact on the
labor income tax rate 7.

The first term on the right-hand side of (56) denotes the older adults’ utility, weighted by

their relative political weight 0 < and the second and third terms represent the lifetime

T+n)(1—w)
utility of the middle-aged. In p;rt)i(cula)r, the second term includes the lifetime income plus the
component of the interest rate R’ that captures the labor income effects via savings and private
tertiary education expenditure. The third term comprises the remaining part of the interest
rate, capturing the effect of public non-tertiary education expenditure x through human capital
accumulation.

The terms (¢.1) and (¢.2) capture the impact of the borrowing constraint through the private
tertiary education expenditure, e_1, we consider here. The term (n.1) captures the effect of the
population growth rate from the previous period to the current period, which we will consider
next. As we see from (50), there are no direct imapcts of ¢ and n on the government budget
constraint when o = 0. Therefore, we examine here the impacts of ¢ through the terms (¢.1) and
(¢.2) and the impact of n through the term (n.1), all of which appear in the political objective
function in (56).

First, let us examine how the borrowing constraint ¢ affects the labor income tax rate 7.
The private tertiary education expenditure, e_1, is predetermined and therefore treated as given

in the political decision on 7. We begin by taking 7 embedded in e_; as given and investigating
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the direct effect of ¢ on the choice of 7. We then consider the repercussion effect of 7 through
e_1.

When ¢ increases, thus loosening the borrowing constraint, the private tertiary education
expenditure in the previous period, e_1, expands, as shown in (29). This expansion generates
two effects through the terms (¢.1) and (¢.2). The term (¢.1) indicates that the increase in
private tertiary education expenditure raises demand in the asset market. As a result, savings
from the previous period, s_1, increase to restore the asset market equilibrium. This, in turn,
strengthens the adverse effect of labor income taxation on older adults’ consumption, as the
associated decline in labor supply reduces the interest rate. Consequently, M CT increases. The
term (¢.2) indicates that the increase in private tertiary education expenditure, e_;, reduces
adjusted after-tax income I (7, k,e_1) of the middle-aged, which in turn raises the marginal cost
of taxation, MCT. Due to these two effects that increase M CT, a rise in ¢ leads to a decline
in the labor income tax rate 7.

A decline in 7 increases the private tertiary education expenditure, as e_1 = €(0,7,k) =
¢ (1 —7) =2k holds in economic equilibrium (see (29)). This increase amplifies the negative
effects of ¢ on 7 through terms (¢.1) and (¢.2) of (56), as discussed in the preceding paragraph.
The interaction between this indirect effect and the direct effect of ¢ ultimately results in a
decline in the labor income tax rate 7 in the political equilibrium.

Next, we examine the effect of the borrowing constraint ¢ on the pension expenditure-to-
GDP ratio, H—Ln /4 (k,h) z (7). When ¢ increases, thereby loosening the borrowing constraint, the
private tertiary education expenditure in the previous period e_; rises. As discussed above, this
increase leads to higher savings in the previous period s_;. Since increased saving s_; reduces
the need for pension benefits H—Ln among the older adults, the marginal benefit of pension benefits
1%@ declines. In addition, a decline in 7 caused by relaxed borrowing constraint increases the
private tertiary education expenditure, as ey = €(0,7,k) = ¢ (1 — 1) 1jTO‘k: holds in economic
equilibrium, which also lowers the need for pension benefits. With this additional negative effect
on pension benefits, which is included in term (¢.1), an increase in ¢ ultimately leads to a decline
in the pension expenditure-to-GDP ratio in the political equilibrium.

Finally, we examine the effect of the borrowing constraint ¢ on the public non-tertiary educa-
tion expenditure-to-GDP ratio, (1 + n)z/y (k,h) z (7). As discussed earlier, when the borrowing
constraint is relaxed, private tertiary education expenditures in the previous period e_; increase.
This, in turn, raises savings through the asset market equilibrium condition, leading to a de-
cline in the marginal utility of pensions for older adults. To maintain the balance between the
marginal utilities of pensions in (45) and public non-tertiary education expenditure in (46), the
government reduces pensions, b/(1 + n), while increasing public non-tertiary education expen-
diture, (1 + n)z. The larger the relative political weight, m, the stronger the incentive
to expand public non-tertiary education expenditure.

Conversely, a relaxation of the borrowing constraint induces the current middle-aged generation—

22



when young-to increase their private tertiary education expenditure; this higher investment
during youth subsequently reduces their after-tax income in middle age and thereby amplifies
MCT. To balance MCT in (48) with the marginal utility of public non-tertiary education
expenditure in (46), the government has an incentive to lower the labor income tax rate to
mitigate this effect while simultaneously reducing public non-tertiary education expenditure.
The smaller the relative political weight of older adults, the greater the political influence of
the middle-aged, thereby strengthening the government’s incentive to reduce public non-tertiary
education expenditure.

Based on these findings, we find that when the relative political weight is large, the pressure
to increase (1 + n)x is stronger, resulting in d[(1+ n)x/y (k,h)z(7)] /O0p > 0. In contrast,
when the relative political weight is small, the tendency to reduce (1 + n)z dominates, leading
to O[(1+n)x/y(k,h)z(1)] /0P < 0. In intermediate cases, there exists a threshold level of ¢
at which the opposing forces balance, giving rise to an inverse U-shaped relationship. Notably,
when v = 0 (i.e., labor supply is inelastic), the two opposing effects offset each other, resulting
in no impact on (1 4+ n)x/y(k,h)z (7). In other words, under this condition, the borrowing
constraint does not affect the public non-tertiary education expenditure-to-GDP ratio.

Next, we consider the effects of a change in the population growth rate on the policy variables,

as summarized in the following proposition.

Proposition 4 Under fully private funding of tertiary education (0 = 0), a change in the
population growth rate (n) has the following effects on policy variables. (i) The tax rate T
is decreasing in n: OT/0n < 0; (ii) the pension expenditure-to-GDP ratio Hin/g) (k,h)z (1)
is decreasing in n: 0 (H_Ln/g) (krjh)z(T)) /On < 0; and (iii) the public non-tertiary education
expenditure-to-GDP ratio (1+n)x/§ (k,h) z (1) is increasing in n: d(1+n)x/g (k,h)z (1) /On >
0.

Proof. See Appendix D.

A change in the population growth rate n affects the political objective function in (56)
through the term (n.1). The effects of n through the terms b/(1 + n) and (1 + n)z in the
political objective function and the government budget constraint are offset by adjustments in
the associated policy variables, leaving the impact of the population growth rate only in the
term (n.1). Accordingly, the following analysis examines how a decline in the population growth
rate n, a common phenomenon in most developed countries, affects each policy variable through
the term (n.1).

A decline in the population growth rate n increases the relative political weight of the older
adults in the political objective function (56), as captured by the term (Hn)wm This shift
implies a greater weight on the cost of taxation borne by the older adults through the return on
their savings, which tends to reduce the tax rate 7. At the same time, it increases the weight

on the benefit from pensions b/(1 + n), which creates an incentive to raise the level of pension
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benefits. Moreover, the tax rate 7 also affects the consumption utility of the middle-aged. An
increase in the relative political weight of the older adults necessarily implies a decrease in the
relative weight of the middle-aged, thereby reducing the weight placed on the disutility from
taxation experienced by the middle-aged. This, in turn, tends to raise the tax rate 7. In
summary, given e_i, a decline in n has two opposing effects on 7: a negative effect through the
savings return channel for the older adults, and a positive effect through the reduced disutility
of taxation for the middle-aged.

To capture the net effect of middle-aged individuals’ consumption utility on the determina-
tion of the tax rate 7, we focus on the condition that equalizes marginal utilities (or marginal
disutilities) in terms of a change in expenditure or revenue. Based on the political objective func-
tion  in (56), we obtain the following marginal utility equalization condition for each policy

variable:

ad(-)/or w -1 oI()g(k,h)z(T)/OT
040) /0w _ A+ [amtra] 14800 ) (- )] R
d() (1=a) (1+23) 5 (k) 2 (7) + (~1) (1 + n) o ¢

B I e
(1+n)(1-w) (1+n)x '

(57)

This condition shows that, through optimization, M CT, the marginal utility of pensions, and
the marginal utility of public non-tertiary education expenditure are equalized. From the first
equality, it follows that a decline in n reduces the marginal cost of taxation on the right-hand
side. In other words, given e_1, the net effect of a decline in n on 7 is positive. Moreover,
because the marginal cost of taxation decreases with a lower n, the equalization of marginal
utilities and disutilities requires that the marginal benefit from pensions on the left-hand side
also decrease. This leads to an increase in pension benefits.

Given e_1, a decline in n increases the tax rate 7. In economic equilibrium, we have e_; =
e(0,7,k) = ¢ (1 — 1) L=2k, so an increase in the labor income tax rate 7 reduces e_;, which,
from the perspective of the asset market equilibrium, also lowers s_1. This reduction in savings
increases the marginal benefit of b/(1 + n), thereby further raising the level of b/(1 + n); in
other words, the increase in pension benefits is amplified. Moreover, the decline in s_; reduces
the marginal cost of taxation through its impact on the consumption d (-) of the older adults,
reinforcing the upward pressure on 7. Additionally, the decrease in e_ increases the disposable
income of the middle-aged, which further reduces the marginal cost of taxation and amplifies
the upward effect on 7. Thus, a decline in n ultimately results in a higher tax rate 7. Finally,
focusing on the second equality in (57), a decrease in n lowers the (relative) weight on the
marginal utility of (1 + n)z, which leads to a reduction in the expenditure on (1 4 n)z. That is,

the ratio (1 +n)z/y (k,h) z (7) declines.
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4 Quantitative Analysis

In Section 3, we derived a closed-form solution for fiscal policy functions under the assump-
tion of fully private funding of tertiary education (o = 0) and conducted a comparative static
analysis with respect to ¢ and n. Since a closed-form solution is not attainable in the case of par-
tial public funding (o > 0), we address this scenario using a quantitative approach. Specifically,
we calibrate the model such that its steady-state equilibrium replicates key statistics for Japan
and the United States over the period 2010-2020. We focus on these two countries because they
possess well-developed loan markets for private tertiary education expenditures, which markedly
distinguishes them from other advanced economies (Soares, 2003; Diris and Ooghe, 2018). Table
1 summarizes the calibrated parameter values and the empirical target for calibration. Appendix

E describes the sources of data used in calibration

4.1 Calibration

We take one period in the model to correspond to 30 years in the data. This assumption is
standard in quantitative analyses of two- or three-period overlapping generations models (e.g.,
Song et al., 2012; Gonzalez-Eiras and Niepelt, 2012; Lancia and Russo, 2016). We adopt the
same values for a and 7 in both countries. Specifically, we set o = 0.3, a value commonly used
in the literature (e.g., Gonzalez-Eiras and Niepelt, 2012). The range of estimates for 7 is quite
broad, and the conclusions in the literature are mixed. Although somewhat dated, Card and
Krueger (1996) survey the literature on the economic returns to school quality and find that 25
estimates of the elasticity of earnings with respect to per-pupil spending range from 0.01 to 0.29.
In this study, we follow Blankenau and Simpson (2004), who set n = 0.1, as our framework —
particularly the specification of the human capital production function — closely mirrors theirs.

For population growth rates, we use population data from the World Population Prospects
provided by the United Nations. Let N;; denote the population of country 7 in year j, where
1 = JP and US denote Japan and the United States, respectively. Because one period in the

model is 30 years in length, the population growth rate of country ¢ in the model, n;, is calculated

30
n (Ni,2020> 1/10 _q
’ N; 2010 ’

where (N 2020 /Nmom)l/ 10, representing the annual gross population growth rate, is 0.9980 for

as

Japan and 1.0079 for the United States. Using this approach, we obtain population growth rates
of nyp &~ —0.0583 for Japan and nyg ~ 0.2663 for the United States.

Next, we identify the five parameters, u;, v, 5;, ¢;, and w;, by targeting the following five
ratios, with the values in parentheses indicating the corresponding targets for Japan and the
United States, respectively: the ratio of public non-tertiary (i.e., public primary and secondary)
education expenditure to GDP, x;;N; 1+1/Yi 4, with (0.0250,0.0328); the ratio of public tertiary
education expenditure to GDP, o; se; 1 N; 1+1/Yi, with (0.0047,0.0095); the ratio of private ter-
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Table 1: Parameter values

Parameter Interpretation Value

Ezxogenously calibrated parameters

o Physical capital 0.3
share in production

n FElasticity of edu- 0.1

cation  technology
w.r.t. public expen-

diture

n Population  growth —0.0583 (JP),
rate 0.2663 (US)

A Scale parameter in fi- 1

nal goods production

Parameters calibrated in equilibrium

L Elasticity of edu- 0.057 (JP),
cation  technology 0.141 (US)
w.r.t. private expen-

diture

v Frisch elasticity of la-  0.108 (JP),
bor supply 0.091 (US)

Ié] Discount factor 0.938 (JP),

0.617 (US)

10) Degree of borrowing 0.024 (JP),
constraint 0.050 (US)

w Relative ~ political 0.505 (JP),
weight on  older 0.547 (US)
adults

P Inverse weight on the 3.245 x 1077
disutility of labor (JP),

3.872 x 107®
(US)

D Scale parameter in 3.960 (JP),
human capital pro- 7.744 (US)
duction

Empirical Target

Gonzalez-Eiras and Nie-
pelt (2012)

Blankenau and Simpson
(2004)

Annual gross popula-
tion growth rate: 0.9980
(JP), 1.0079 (US)
Gongzalez-Eiras and Nie-
pelt (2012)

Public education spend-
ing (primary to post-
secondary non-tertiary)
/ GDP: 0.0250 (JP),
0.0328 (US)

Public  spending on
tertiary education /
GDP: 0.0047 (JP),
0.0095 (US)

Private spending on
tertiary education /
GDP: 0.0093 (JP),
0.0165 (US)

Public pension spend-
ing / GDP: 0.0943 (JP),
0.0697 (US)

Gross domestic savings
/ GDP: 0.212 (JP),
0.174 (US)

Share of hours worked
in total yearly hours
(24 x 365)

Annual GDP per capita
growth rate: 1.005
(JP), 1.010 (US)

Note 1: JP and US denote Japan and the United States, respectively.

Note 2: The five parameters u, v, 8, ¢, and w are jointly estimated by solving the five equations,

targeting the ratios listed on the same lines of u, v, 8, ¢, and w.

Note 3: The saving-to-GDP ratio in Japan is 0.242; however, using this value as a target results in
B > 1. To address this issue, we allow for a deviation of approximately 3% from the observation and

conduct the calibration using 0.212 as the target value.
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tiary education expenditure to GDP, (1 — 0;+) €; +N;++1/Yi+, with (0.0095,0.0165); the ratio of
public pension expenditure to GDP, b; tN; +—1/Y; ¢+, with (0.0943,0.0697); and the ratio of gross
domestic savings to GDP, s; 4 N; 1/ Y; +, with (0.212,0.174). In the present model, these five ratios
include pu;, v;, Bi, ¢i, and w; as well as «, 1, and n;, but do not depend on v, A, and D. For each
ratio in each country, we compute the average data for the sample period 2010-2020 and solve
the system of five equations to determine p;, v;, B, ¢;, and w;. From this approach, we obtain
the parameter values for Japan as (pyp,vsp, Brp, ¢sp,wsp) = (0.057,0.108,0.938,0.024, 0.505)
and for the United States as (uys,vus, fus, dus,wus) = (0.141,0.091,0.617,0.050, 0.547).
Finally, we determine v, A, and D for each country. First, ¢ is determined using data
on the proportion of total annual hours (24x365 hours) spent on labor. The average annual
working hours from 2010 to 2020 were 1703 hours in Japan and 1822 hours in the United States.
Accordingly, we obtain 1 ;p = 3.245 x 1077 and ¥pyg = 3.872 x 1078, The scale parameter A in
the production function is normalized to A = 1, following Gonzalez-Eiras and Niepelt (2012).
Finally, the scale parameter D in the human capital formation function is estimated by targeting
the average per middle-aged individual GDP growth rate in each country over the period 2010-
2020. The average growth rates for Japan and the United States are 1.01293° and 1.01463°,
respectively. Solving for y'/y = 1.005%° and y//y = 1.010%° for D;p and Dyg, respectively
(while using previously calibrated values for other parameters), we obtain D;p = 3.960 and
Dyg = 7.744. For both Japan and the United States, the parameter values obtained through

calibration satisfy Assumption 1.

4.2 Effects of Borrowing Constraints

We investigate the effects of the borrowing constraint ¢ on the tax rate and the public funding
portion (7 and o), as well as on the ratios of pension expenditures (bN_;/Y’), public non-tertiary
education expenditures (zN'/Y’), public tertiary education (ceN'/Y'), private tertiary education
((1—0)eN'/Y), and tertiary education expenditure (eN'/Y) to GDP, and the growth rate of
output per middle-aged individual (y'/y). Figures 2 and 3 plot the first seven variables and
the last one, respectively, for Japan and the United States. The parameter ¢, plotted on the
horizontal axis, represents the borrowing constraint and takes values from 0 to the upper bound
specified in Assumption 1. The upper bound is 0.0515 for Japan and 0.1292 for the United
States.

4.2.1 Tax Rate and Ratios of Pension and Public Non-tertiary Education Expen-
ditures to GDP

Figure 2 shows that the effects of the borrowing constraint on the tax rate (Figure 2(a)),
the pension expenditure-to-GDP ratio (Figure 2(b)), and the public non-tertiary education
expenditure-to-GDP ratio (Figure 2(c)) are qualitatively similar to those observed under fully
private funding of tertiary education, as demonstrated in Proposition 3: relaxing the borrowing

constraint (i.e., an increase in ¢) lowers both the tax rate and the pension expenditure-to-GDP
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Figure 2: The effects of the borrowing constraint, ¢, on (a) the tax rate, 7, (b) the pension-to-
GDP ratio, bN_1/Y, (¢) the public non-tertiary education expenditure-to-GDP ratio, zN'/Y,
(d) the tertiary education expenditure-to-GDP ratio, eN’/Y, (e) the public funding portion, o,
and (f) the public tertiary education expenditure-to-GDP ratio, ceN'/Y .

Note. The left (right) vertical axis in each panel shows the corresponding values for Japan (the
United States). The same convention applies to the following figures.

ratio. Japan and the United States exhibit contrasting outcomes in the public non-tertiary
education expenditure-to-GDP ratio; yet, these results are consistet with Proposition 3. In
Japan, relaxing the borrowing constraint leads to a monotonic increase in the ratio, whereas in
the United States, it initially increases before subsequently declining. These contrasting results
arise because the relative political weight of the older adults is high in Japan, whereas it is

moderate in the United States.

4.2.2 Tertiary Education Expenditures

Figure 2 illustrates the effects of the borrowing constraint, ¢, on the tertiary education
expenditure-to-GDP ratio, eN’/Y, the portion of public funding for tertiary education, o, and
the public tertiary education expenditure-to-GDP ratio, ceN’/Y. Owing to the specifications
of the functions, ¢ influences the choice of o only through its appearance in the government’s
budget constraint via public tertiary education expenditure, (1 + n)oe (-).

The mechanism underlying this relationship becomes clear upon examining the first term on
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the left-hand side of the first-order condition for ¢ in (47), which can be reformulated as follows:

del .
AtmeO)toge]  (14%) A +n)e()
(x0.1)
——
B—a)p
_ l1—0o
s | i~ o | LoD -k )z ()
~ | —— —~—
1 .1 - *d.3 *4. *4.
(1+1UU>1 O-&(l_T) aa ( ) (xi.4) B (xi.5)
- - — =\ 11—«
(+d.1)  (xi.1) 1+ ¢ (1 - T)T + % Ba
(x0.2) N~ N——— 60&
(xd.2)  (xi.2) ~
(%1.3)
(x0.3)
(58)
where the equality in the first line follows from 0’% = 1Z-¢(-), and the equality in the second
line follows from 8R1/%/,80 = (111()2“ and (1 4+ n)e = ¢ (1-T) =21 + n)k'(-). The term

(¥0.1) captures the marginal utility associated with increasing the public funding portion for
tertiary education, o; the term (x0.2) represents the portion of the resulting increase in tertiary
education expenditures that is proportional to (1 + n)e(-); and the term (*0.3) denotes the
remaining part, corresponding to the tertiary education expenditure.

The term (x0.3) includes direct and indirect effects of the borrowing constraint, ¢, on tertiary
education expenditures, (1 + n)e(-). On the one hand, the terms (xd.1), (xd.2), and (*d.3)
illustrate the direct effects of the borrowing constraint ¢ on tertiary education expenditures
and, hence, the fiscal burden on the government. On the other hand, the terms (xi.1), (*i.2),
(x1.3), (*i.4), and (xi.5) illustrate the indirect effects operating through the labor income tax
rate and pension expenditures. In particular, a change in k', stemming from the terms (xd.2),
(%d.3), and (xi.2) — (xi.5), leads to a change in (1 + n)e () through the interest rate R’. This
mechanism constitutes a key transmission channel in the following analysis and interpretation
of the results.

We first explore the direct effects of the borrowing constraint. A relaxation of the current-
period borrowing constraint increases private tertiary education spending, which in turn raises
public tertiary education expenditures, thereby increasing the fiscal burden on the government
(term (*d.1)). However, the rise in private tertiary education spending crowds out physical
capital accumulation through the asset market equilibrium, leading to a rise in the future interest
rate R'. This lowers the current borrowing limit, resulting in reduced private and public tertiary
education expenditures, and thus a decrease in the government’s fiscal cost (term (xd.2)). In
addition, a relaxation of the borrowing constraint in the previous period reduces current-period
disposable income available for savings, leading to a lower physical capital stock, a higher future

interest rate, again implying a reduction in the government’s fiscal burden as in (xd.2) (term
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(%d.3)). In summary, term (*d.1) captures the negative effect of ¢ on the tertiary education
expenditures, while terms (xd.2) and (xd.3) capture its positive effects.

We next turn to the indirect effects. A relaxation of the current-period borrowing constraint
lowers the next-period tax rate, 7', which in turn increases the current private tertiary education
expenditures and the corresponding public expenditures, thereby raising the fiscal burden on the
government (term (xi.1)). In addition, an increase in private tertiary education expenditures
crowds out physical capital accumulation through the asset market equilibrium, leading to a rise
in the future interest rate R’. This tightens the current borrowing constraint, resulting in reduced
private and public tertiary education expenditures, and thus a decrease in the government’s fiscal
cost (term (x:.2)). Meanwhile, a relaxation of the current-period borrowing constraint reduces
the future pension expenditures, B, which encourages saving and promotes physical capital
accumulation. This, in turn, lowers the future interest rate R’, thereby producing the opposite
effect from that in (%i.2) on the government’s fiscal burden (term (xi.3)).

A relaxation of the borrowing constraint in the previous period also affects the current fiscal
costs. It lowers the current labor income tax rate 7, increases the current savings, promotes
physical capital accumulation, and thus lowers the future interest rate R’. This raises the current
borrowing limit, leading to increased private and public tertiary education expenditures and a
higher fiscal burden on the government (term (%i.4)). At the same time, the lower labor income
tax rate boosts labor supply and thus output y () = ¢ (k, h) z (7), further promoting physical
capital accumulation. The resulting decline in the future interest rate R’ raises the current
borrowing limit, thereby exerting the same effect on the government’s fiscal cost as in (*i.4)
(term (*i.5)). In summary, term (%i.2) captures the negative effect of ¢ on public tertiary
education expenditures, while terms (xi.1), (xi.3), (xi.4), and (*i.5) capture its positive effects.

The numerical results indicate that the direct and indirect effects jointly exert a positive net
impact on tertiary education expenditure per middle-aged individual, (1 + n)e, as represented
by term (x0.3). Specifically, a relaxation of the borrowing constraint dampens physical capital
accumulation (as will be shown below), which raises the interest rate R’, thereby exerting a
negative effect on (1 + n)e as captured by terms (xd.2), (xd.3), and (i.2) — (xi.5). However,
the same relaxation also has positive effects on (1 + n)e through terms (*d.1) and (*i.1), which
dominate the aforementioned negative effects. Consequently, the relaxation of the borrowing
constraint results in a rise in (14+n)e, leading to an increase in the tertiary education expenditure-
to-GDP ratio (see Figure 2(d)). This, in turn, makes public funding for tertiary education more
costly, prompting the government to opt for a smaller share of public financing (see Figure
2(e)). As a result, the private tertiary education expenditure-to-GDP ratio, (1 —o)eN'/Y,
increases unambiguously. At the same time, a relaxation of the borrowing constraint entails two
opposing effects on the public tertiary education expenditure-to-GDP ratio, ceN'/Y": a positive
one via the increase in the overall tertiary education expenditure-to-GDP ratio and a negative

one through the reduction in o. The numerical results indicate that the latter effect dominates,
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yielding a negative net outcome (see Figure 2(f)).

4.2.3 Growth Rates

The growth rate of GDP per middle-aged individual is

IO T

Equation (59) indicates that the growth rate y’/y depends on three components: the growth

rates of labor supply and physical and human capital. The first component can be rewritten as

G- @

1—17

Since the tax rate depends solely on parameters, it remains constant over time, implying that
the gross growth rate of labor supply equals one.

Next, consider the growth rates of physical and human capital. With the use of (42) and
(43), we obtain:

K 1 7 A\
A =2 Al = 61
E 14z (k) ’ (61)
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where Zy, Z1, and Z5 are defined as follows:

Zo=1+¢(1-T) 12 1555%’
B 1/v

n=is (G -e)a-na-a).

Zy= D (X)" <1i0¢(1_:f)1‘0‘>”.

«

We should note that ¢ appeared in Zy and Zs represents the borrowing constraint faced by
the current young; ¢ appeared in Z; represents the borrowing constraint faced by the current
middle-aged when they were young.

The term Zy and Z; come from the physical capital accumulation equation in (61). The three
terms in Zj represent, in turn, investment for physical capital, borrowing for private tertiary
education expenditure of the young, and the present value of pension benefits for the middle-
aged. The term Z; represents the adjusted after-tax labor income of the middle-aged, devoted
to saving. The term Z, corresponds to human capital accumulation equation in (62), in which X
and ﬁqﬁ (1 — T) fTo‘ represent public non-tertiary education expenditures and private tertiary
education expenditures, respectively.

As showin in Proposition 1, there is a unique and stable steady state of the human-to-

physical capital ratio, h/k. Using (61) and (62), the steady-state growth rate, denoted by
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y'/y(=k'/k = 1’ /h) becomes:

a(ntp) 1—o

n+up
y7'_ 1 T—a(l-n—pn) é T—a(l-n—p) é Iz _ Ta(—n—p)
;= () o4 2(7) co - (63

(k) (+h)

where the terms (xk) and (xh) come from the growth rates of physical and human capital per
middle-aged individual in (61) and (62) with the population growth effect subtracted, respec-
tively. Figure 3 illustrates the effect of ¢ on (Z,/Zy) z (1) A in (xk) (Figure 3(a)), Zz (Z1/Zo)" (z (1) A)"TH
in (xh) (Figure 3(b)) and the steady-state growth rate, y'/y (Figure 3(c)).

To understand the impact of borrowing constraints on steady-state growth rates, we sequen-
tially examine the effect of ¢ on the (xk) and (xh) terms. The term (Z1/Zp) z (1) A included in
(k) captures physical capital accumulation. As discussed after (58), an increase in ¢ influences
physical capital accumulation through (xd.2), (xd.3), (xi.2) — (xi.5), with a net negative effect
(see Figure 3(a)). The term Z, (Z1/Zy)" (z (t) A)"* included in (*h) represents human capital

accumulation equation, which is reformulated as follows:

" H
H _
2 (2) cmati=p| X 2ma| | Lowa-1) 12 mal . o
A ~ 1—0c a 2y
(xh.3) (xh.4)

The expression in (64) indicates that relaxing the borrowing constraints influences human capital
accumulation through two sets of terms: (xh.1) and (xh.2), which represent public non-tertiary
education expenditures, and (xh.3) and (xh.4), which represent tertiary education expenditures.

The impact through public non-tertiary education expenditures is as follows. As discussed in
Section 4.2.1, public non-tertiary education expenditure increases in Japan, while in the United
States, it initially rises but subsequently declines (term (xh.1)). In addition, the relaxation
of borrowing constraints reduces the tax rate, and so encourages greater labor supply among
middle-aged individuals, thereby increasing GDP per middle-aged individual. This, in turn,
expands public non-tertiary education expenditures, exerting a positive effect on human capital
accumulation (term (xh.2)).

The impact of relaxing borrowing constraints through tertiary education expenditures is as
follows. Easing borrowing constraints lowers the public funding portion, leading to a decline
in tertiary education expenditures. This has a negative effect on human capital accumulation
(term (xh.3)). In addition, as discussed after (58), a relaxation of the borrowing constraint—
an increase in ¢—raises tertiary education expenditures, thereby stimulating human capital
accumulation (term (xh.4)).

In light of these effects operating through public non-tertiary and tertiary education expen-
ditures, we find that the net effect on human capital accumulation is positive (see Figure 3(b)).
Taken together, the analysis thus far indicates that while relaxing borrowing constraints hinders

physical capital accumulation, it promotes human capital accumulation. Combining these two
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forces, the overall impact of borrowing-constraint relaxation on GDP per middle-aged individual

is positive, as illustrated in Figure 3(c).
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Figure 3: The effects of the borrowing constraint, ¢, on (a) (Z1/Zy)z(7)A in (xk), (b)
Zy (Z1]Zo)" (2 (1) A)"™ in (xh), and (c) the steady-state growth rate of GDP per middle-aged
individual, y'/y.

4.3 Effects of Population Growth Rate Decline

4.3.1 Tax Rate and Ratios of Pension and Public Non-tertiary Education Expen-
ditures to GDP

Figure 4 illustrates that the effects of a decline in the population growth rate on the tax
rate, as well as on the ratios of pension and public non-tertiary education expenditures to GDP,
are qualitatively similar to those observed under fully private funding of tertiary education, as
demonstrated in Proposition 4. Specifically, a decrease in the population growth rate (i.e., a
decline in n) increases both the tax rate (Figure 4(a)) and the pension expenditure-to-GDP
ratio (Figure 4(b)) while reducing the public non-tertiary education expenditure-to-GDP ratio
(Figure 4(c)). The underlying mechanism driving these results is the same as that described in

Section 3.2.

4.3.2 Tertiary Education Expenditures

The population growth rate affects the determination of ¢ only through the term (1 + n) oe,
which represents public tertiary education expenditures in the government budget constraint.
This is analogous to the property discussed after (58) in Section 4.2.2, where the borrowing
constraint ¢ influences the determination of ¢ only through its effect on public tertiary education
expenditures in the government budget constraint. Specifically, a decrease in n raises T' and B,
thereby generating indirect effects on physical capital accumulation that run counter to those
of an increase in ¢. As a result, a lower n impedes physical capital accumulation through
terms (xi.2) — (%i.5) in (58), which in turn raises the interest rate R’ and thereby lowers tertiary
education expenditures. At the same time, a decline in n reduces tertiary education expenditures
through term (*i.1). Consequently, a decline in the population growth rate leads to a decrease

in the tertiary education expenditure-to-GDP ratio, eN’/Y (see Figure 4(d)).
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Figure 4: The effects of the population growth rate, n, on (a) the tax rate, 7, (b) the pension-to-
GDP ratio, bN_1 /Y, (c¢) the public non-tertiary education expenditure-to-GDP ratio, N'/Y,
(d) the tertiary education expenditure-to-GDP ratio, eN’'/Y, (e) the public funding portion, o,
and (f) the public tertiary education expenditure-to-GDP ratio, ceN'/Y.

Given this decline in tertiary education expenditure, the fiscal burden associated with pub-
lic co-funding correspondingly decreases. Thus, the government chooses to raise the portion
o (see Figure 4(e)). Consequently, the private tertiary education expenditure-to-GDP ratio,
(1 —0)eN'/Y, decreases unambiguously. At the same time, a decline in the population growth
rate exerts two opposing effects on the public tertiary education expenditure-to-GDP ratio,
ceN'/Y: a positive effect through an increase in o and a negative effect through a decrease in
the tertiary education expenditure-to-GDP ratio eN’/Y. The numerical results illustrate that
Japan and the United States exhibit distinct patterns in this regard (see Figure 4(f)). In Japan,
a decline in the population growth rate leads to a monotonic increase in the ratio: within the
examined range of n, the positive effect of a higher ¢ outweighs the negative effect of a lower
tertiary education expenditure-to-GDP ratio. In contrast, in the United States, there exists a
level of n at which these two opposing effects offset each other, resulting in a non-monotonic

pattern.

4.3.3 Growth Rates

We now examine how a decline in the population growth rate affects the growth rate of
GDP per middle-aged individual, as specified in (63). A lower population growth rate influences
physical capital accumulation, represented by term (xk) in (63), through the four factors specified
in (58), (%2.2) — (*i.5). The net effect is negative (see Figure 5(a)), as discussed in Section 4.3.2.
It also affects human capital accumulation, represented by term (xh) in (63), through the four
factors in (64): (xh.1) — (xh.4).
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Figure 5: The effects of the population growth rate, n, on (a) (Z1/Z)z(1)A
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(1/ (14 n))"™ " Zy (Z1)Zo)" (2 (1) A)"™, and (e) the steady-state growth rate of GDP
per middle-aged individual, 3/ /y.

The details of the effects through (xh.1) — (xh.4) are as follows. First, as discussed in Section
4.3.1, public non-tertiary education expenditures decrease, as captured by term (xh.1). Second,
since a lower population growth rate raises the tax rate, it reduces the labor supply of the
middle-aged, thereby lowering GDP per middle-aged individual. This, in turn, decreases public
non-tertiary education expenditures, exerting a negative effect on human capital accumulation
(term (xh.2)). Third, lower population growth raises the share of public funding for tertiary
education o, leading to an increase in tertiary education expenditures that positively influences
human capital (term (xh.3)). Fourth, the associated rise in the tax rate and pension expenditures
discourages tertiary education expenditures (term (xh.4)). The net effect on human capital
accumulation turns to be negative (see Figure 5(b)).

Apart from the negative effects through terms (xk) and (xh) in (63), a decline in the pop-
ulation growth rate induces capital deepening as represented by the term (1/(1 + n))%
in (63). In particular, the term includes the following two positive effects on the growth rate:
the stimulated accumulation of physical capital through increased equipment per middle-aged
individual and the stimulated accumulation of human capital through an increase in non-tertiary
and tertiary education expenditures per young individual. Given these positive deepening effects
on both physical and human capital, we conclude that the overall impact of a decline in the

population growth rate on GDP per middle-aged individual is positive.
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4.4 Analysis Based on Demographic Projections

To facilitate our analysis, we utilize a model-based time series approach to predict how fiscal
policies, associated expenditures, and growth rates will evolve in response to projected changes
in population growth rates. We draw on population growth data for Japan and the United
States from the United Nations World Population Prospects (see Appendix E for data sources)
to provide quantitative estimates of the predicted effects. In what follows, we explicitly denote
the forecast year by attaching the time subscript ¢ to each variable.

Our analysis constructs three sequences of model predictions, each spanning 30 years: (i)
2010, 2040, 2070, and 2100; (ii) 2020, 2050, and 2080; and (iii) 2030, 2060, and 2090. Since
population forecasts for the 30 years following the final year of each sequence are unavailable,
we assume that the population growth rate remains the same as in the preceding 30-year period.
To present the time series predictions in 10-year intervals, we merge the three sequences into a
single time series following the procedure outlined by Gonzalez-Eiras and Niepelt (2012).

The population projection data in Figure 6 indicate the following trends in population growth
rates for Japan and the United States. In Japan, the growth rate is projected to decline contin-
uously until 2080, with negative growth rates expected particularly after 2030. However, around
2080, while the growth rate remains negative, it is anticipated to begin recovering. In contrast,
the population growth rate in the United States is projected to decline over the forecast period
but remain positive throughout. Moreover, the pace of decline is expected to moderate after

2050.
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Figure 6: Projected population growth rates. The population growth rate in period t, n;, satisfies
N¢ = (1 + ny)N;—1, where N; denotes the population in year t.

Note. The horizontal axis in the figure reports years from 2000 in ten-year intervals; this
convention also applies to the following figures.

4.4.1 Policy Variables and Associated Expenditure-to-GDP Ratios

Figure 7 presents model predictions—based on the population forecasts—for the labor income
tax rate, the portion of public funding for tertiary education and the associated expenditure-

to-GDP ratios. These results align with the comparative static analysis results of population
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growth rate decline in Section 4.3. In Japan, as the population growth rate continues to decline
until 2080, both the labor income tax rate (7;) and the pension-to-GDP ratio (b:N;_1/Y;) are
projected to rise, while public non-tertiary education expenditure-to-GDP ratio (z;N;41/Y}) is
projected to decrease. After 2080, when the population growth rate is expected to improve,
these three policy variables are projected to move in the opposite direction. In the United
States, the downward trend in population growth rate is associated with an increase in the
labor income tax rate, an increase in the pension expenditure-to-GDP ratio, and a decrease
in the public non-tertiary education expenditure-to-GDP ratio. Importantly, as the degree of
decline in population growth rate is projected to lessen after 2050, changes in these three policy

variables also become less pronounced.
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Figure 7: Model predictinos for (a) the tax rate, 7, (b) the pension-to-GDP ratio, b;N;_1/Y3,
(¢) the non-tertiary education expenditure-to-GDP ratio, x;N¢11/Y;, (d) the public funding por-
tion, oy, (e) the public tertiary education exenditure-to-GDP ratio, oie;Ny1/Y;, (f) the private
tertiary education expenditure-to-GDP ratio, (1 — o¢)e:Niy1/Y:, and (g) the tertiary education
expenditure-to-GDP ratio, e;N¢y1/Y;.

The model’s predictions for the portion of public funding in tertiary education expenditures,
oy, the tertiary education expenditure-to-GDP ratio, e;/N;y1/Y%, and the corresponding public
tertiary education expenditure-to-GDP ratio, ore;Nit1/Yy, are as follows. Although temporary
fluctuations are observed in the public funding portion for both Japan and the United States,

Japan shows that the public funding portion increases through 2080 in line with the declining

37



population growth rate, and then declines thereafter as population growth improves. In contrast,
the United States shows a generally upward trend in the public funding portion, reflecting its
consistent decline in population growth rate. In addition, the tertiary education expenditure-
to-GDP ratio, e;Nyy1/Y%, slightly decreases in both countries over the projection period. These
outcomes are almost consistent with the comparative static analysis results of population growth
rate decline in Section 4.3. While the public funding portion either first rises and then falls (in
Japan) or rises continuously (in the United States), the public tertiary education expenditure-
to-GDP ratio remains relatively stable or shows only a slight decline throughout the projection
period in both countries. In other words, the effects of a declining (or increasing) population
growth rate on the public tertiary education expenditure-to-GDP ratio are partially offset by
the corresponding increase (or decrease) in the public funding portion, thus keeping the public
tertiary education expenditure-to-GDP ratio relatively stable.

The private tertiary education expenditure-to-GDP ratio, (1 — o¢) e, Ny41/Y:, remains stable
or shows a slight decline throughout the projection period, similar to the public tertiary edu-
cation expenditure-to-GDP ratio. The decline is more pronounced in the United States than
in Japan, reflecting a stronger upward trend in the portion of public funding for tertiary edu-
cation. Accordingly, the total tertiary education expenditure-to-GDP ratio, e;Ny+1/Y;, slightly
decreases in both countries, consistent with the downward trends in its private and public com-
ponents. Taken together, the results presented thus far indicate that in both countries, public
spending is projected to shift from education toward pensions in response to the declining trend

in population growth.

4.4.2 Growth Rates

The growth rate of GDP per middle-aged individual is expressed by (59). In the following
analysis, we sequentially examine how the projected decline in population growth affects the
three contributing factors to economic growth: the labor supply growth rate (which depends
on the tax rate), z (7¢+1) /2 (7¢), the growth rate of physical capital per middle-aged individual,
kit1/ke, and the growth rate of human capital per middle-aged individual, hit1/hy.

Labor Supply Growth

First, we focus on the labor supply growth rate in (60). Except for Japan after 2080, both
Japan and the United States are projected to experience a decline in population growth (see
Figure 6), which, in turn, suggests an upward trend in labor income tax rates (seer Figure 7(a)).
Consequently, a persistent decline in labor supply is expected over time, resulting in a labor
supply growth rate in (60) that remains below unity. This implies that the labor supply growth
rate exerts a negative effect on economic growth at each point in time. However, since the pace

of increase in labor income tax rates is expected to gradually slow, the following relationship

1—Tt+1 < 1—Tt+2 1—Tt+3 < ..

holds across periods:
1—7¢ 1—T¢41 1—T¢42

-. As a result, the labor supply growth rate

in (60) rises over time (see Figure 8(f)), and its negative impact on economic growth diminishes
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in later periods.
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Figure 8: Model predictions for (a) (Z1/Zg) z (7) Ain (xk), (b) Zo (Z1/Zo)" (z (1) A)"TH in (xh),
(¢) (1/ (L +n))(Z1/Z0) 2 (1) A, (A) (1) (1 +n))"™ Zo (Z1)Zo)* (2 (1) A)", (e) the human-to-
physical capital ratio, h/k, (f) the labor supply growth rate, z(7¢4+1)/2(7), (g) the growth rate
of physical capital per middle-aged individual, ki 11/k¢, (h) the growth rate of human capital per
middle-aged individual, h;y1/hy, and (i) the growth rate of GDP per middle-aged individual,

Yer1/ e

Physical Capital Accumulation

Next, we examine how the growth rate of physical capital per middle-aged individual in (61)
contributes to the growth rate of GDP per middle-aged individual. Firstly, we focus on the terms
1/(1 + nyt1) and (Z1/Zp) z (1¢) A in (61), where the effects through the term (Z1/Z) z (1) A
are decomposed by the terms (xi.2) — (%i.5) in (58); we analyze the role of the other term h;/k;
in (61) at a later stage. As discussed in Section 4.3.3, a decline in the population growth rate
influences physical capital accumulation through the terms (%i.2) — (i.5) in (58) and the physical
capital deepening factor represented by the term 1/(1+n¢y;) in (61). In the analysis presented
in Section 4.3, —where the population growth rate declines uniformly across all periods—the
positive effects via (xi.2) and 1/(1 4+ nsy1) outweigh the negative effects via (xi.3) — (xi.5).

However, in the present analysis—where the population growth rate declines non-uniformly in
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line with demographic projections—the negative effects outweigh the positive ones, resulting in
a downward trend across periods (see Figure 8(c)).

To understand this seemingly contradictory result, we highlight the key differences between
the analysis in Section 4.3.3 and the present analysis (excluding the years 2090 and 2100 for
Japan). In the comparative statics analysis of Section 4.3.3, the population growth rate, labor
income tax rate, and pension expenditure-to-GDP ratio remain constant across periods. By
contrast, the present analysis, based on demographic projections, shows that n; > ns11, Ty <
Ti41, and B; < Byy1, indicating a declining trend in the population growth rate as well as
rising trends in both the labor income tax rate and the pension expenditure-to-GDP ratio.
Consequently, the present analysis amplifies the effects through (%i.2) and (*i.5) in (58), and
weakens the capital deepening effect through the term 1/(1 4 n4y;1) in (61). As a result, the
negative effects via (%i.3) — (*i.5) outweigh the positive effect via (xi.2) at the net level.

In Japan, the population growth rate is projected to turn upward after 2080, with the rates
in 2090 and 2100 each exceeding those of a decade earlier. Based on the preceding discussion,
the term (1/(1 4 net1)) - (Z1/20) z (1) A in (61) should likewise display an increasing pattern
in response to this demographic shift. However, the numerical results in Figure 8(c) show that
(1/(1 4+ n441))-(Z1/Z0) z (1¢) A continues to decline. This apparent inconsistency arises from the
numerical procedure, which evaluates the equilibrium at 30-year intervals, thereby integrating
three independent simulations into a single sequence of results.”

Human Capital Accumulation

Third, we examine how the growth rate of human capital per middle-aged individual in (62)
contributes to the growth rate of GDP per middle-aged individual. For analysis, we focus on term
(1/(1 + n1))"™ Z3 (21 ) Zo)* (2 (1) A)"™* in (62) where the term Zy (Z1/Zo)" (z (1) A)"H is
decomposed into four terms as expressed in (64): (xh.1) — (xh.4), with the net effect being
negative. In the analysis presented in Section 4.3, where the population growth rate declines
uniformly across all periods, the positive effect through the capital deepening effect operat-
ing via (1/(1+ n41))"™ outweighs the negative effect via the term Zy (Z1/Z0)" (2 (1) A)"TH.
However, in the present analysis, where the population growth rate declines non-uniformly, the
negative effect outweighs the positive one, as in the case of physical capital accumulation, result-
ing in a downward trend across periods (see Figure 8(d)). In particular, for the United States,
because the decline in the population growth rate is expected to be gradual, the decline in
term (1/(1 4 ngy 1)) Zo (Z1/Z0)" (2 (1¢) A)"T* also becomes less pronounced. In contrast, for

Japan, since the decrease in (xh.4) does not slow, the decline in term (1/(1 + ny1))"™" Zo (Z1/ Zo)*

2Suppose the current period is 2070. The population growth rate declines from 2040 to 2070 but rises from
2070 to 2100. The earlier decline increases the labor income tax rate in (*:.4), thereby reducing z(7¢) in (x:.5).
The subsequent rise in the population growth rate lowers the debt-to-GDP ratio Bs+1 in (i.3), the labor income
tax rate Ty+1 in (*i.2), and the capital deepening effect via the term 1/(1 +n¢41) in (61). Consequently, the four
negative effects through (*i.2), (xi.4), and (*i.5) in (58), and the deepening effect via the term 1/(1+mn¢41) in (61)
outweigh the single positive effect via (*i.3). This mechanism explains the continued decline in (1/(1 4+ n¢y1)) -
(Z1/Zo) z (1) A despite the apparent upward trend in population growth at 10-year intervals. It also accounts for
why the decline in (1/(1 + n¢41)) - (Z1/Z0) z (1¢) A is less gradual in Japan than in the United States.
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x (z (1t) A)T" remains pronounced (see Figure 8(d)).

Human to Physical Capital Ratio and Growth Rate of GDP Per Middle-aged Individual

Finally, we examine how the projected decline in the population growth rate affects the
human-to-physical capital ratio, and in turn, how this interacts with the growth rates of labor
supply, physical capital, and human capital to influence GDP per middle-aged individual. First,
let us focus on the human-to-physical capital ratio. In both Japan and the United States,
this ratio initially decreases and then increases (see Figure 8(e)). Because it negatively affects
physical capital accumulation but positively affects human capital accumulation, it follows a
U-shaped pattern over the analysis period, initially hindering physical capital accumulation and
later stimulating it (see Figure 8(g)). Conversely, its effect on human capital accumulation
displays an inverse U-shaped pattern, initially promoting it and eventually constraining it (see
Figure 8(h)).

From this analysis, the following summarizes the anticipated effects on economic growth in
Japan and the United States, as predicted by their respective population growth rates. First,
because the gross growth rate of labor supply falls below 1, it acts as a factor that worsens eco-
nomic growth, although its impact gradually diminishes over time. Second, physical capital ac-
cumulation fosters economic growth; however, its contribution weakens as term (Z1/Zy) z (1) A
declines. Moreover, although the effect through term h/k is initially negative and later becomes
positive, when combined with the effect of term (Z1/Zp) z (1) A, the net effect is negative.
Third, human capital accumulation also promotes economic growth, but its contribution dimin-
ishes through the decline of term Zs (Z1/Zo)" (2 (1) A)"** (in Japan) or its slight decrease (in
the United States). Furthermore, because the effect through term h;/k; is initially positive and
then negative, human capital accumulation as a whole has a positive impact at first, followed
by a negative impact in both countries. Overall, in Japan, while the growth rate of GDP per
middle-aged individual remains above 1, it follows a downward trend. In the United States, the
growth rate also exceeds 1 and increases between 2010 and 2020, but subsequently declines (see
Figure 8(i)). This result contrasts with the comparative statics in Section 4.3.3, which show
that a uniform reduction in n raises the growth rate, thereby highlighting the importance of

analyses based on population projections.

5 Conclusion

This paper has examined how borrowing constraints faced by young individuals influence the
political determination of intergenerational fiscal policies and their macroeconomic consequences.
Building on earlier political-economy studies of education finance, the analysis highlights that
borrowing constraints play a central role in shaping the interaction between pension policies,
education expenditures, and economic growth. To address this issue, the study developed a
three-period overlapping-generations model with physical and human capital in which individu-

als finance tertiary education through credit markets while facing borrowing limits. Within this
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framework, the government simultaneously determines pension benefits, non-tertiary education
expenditures, the public funding portion of tertiary education, and the labor income tax rate
through a probabilistic voting mechanism that aggregates generational preferences. This setup
allows the analysis to investigate how borrowing constraints and demographic change jointly
shape the intergenerational allocation of fiscal resources and the resulting growth outcomes.

The theoretical analysis yields several key insights regarding the political determination of
fiscal policy. First, the government selects policy instruments such that the marginal utility of
each type of public expenditure is equalized with the marginal cost of taxation. As a result,
fiscal ratios—including the pension expenditure-to-GDP ratio, the public non-tertiary educa-
tion expenditure-to-GDP ratio, the public funding portion of tertiary education, and the labor
income tax rate—are determined by structural parameters such as the degree of borrowing con-
straints and the population growth rate. A relaxation of borrowing constraints increases private
tertiary education expenditures and savings, which raises the marginal cost of taxation and
leads to lower labor income tax rates and reduced pension spending. The response of public
non-tertiary education expenditures, however, depends on the political weight of older adults: it
may increase, decrease, or display a non-monotonic pattern depending on this weight. In addi-
tion, demographic change plays a crucial role. A decline in the population growth rate increases
the political influence of older adults, raising pension expenditures and the labor income tax
rate while reducing public non-tertiary education spending.

The quantitative analysis, calibrated to Japan and the United States, further illustrates how
borrowing constraints and demographic change interact in shaping fiscal policy and economic
growth. Relaxing borrowing constraints has the same effects on the tax rate, pension expen-
ditures, and public non-tertiary education expenditures in both countries as predicted by the
theoretical analysis. In addition, with regard to the financing of tertiary education, the results
indicate that the share of public funding decreases, while total expenditures increase, leading
to a decline in the public tertiary education expenditure-to-GDP ratio and an increase in the
private counterpart. In contrast, demographic projections indicate that declining population
growth raises tax rates and pension expenditures while lowering public non-tertiary education
expenditures. Moreover, although the share of public funding in tertiary education expendi-
tures increases, total tertiary education expenditures decline. As a result, the public tertiary
education expenditure-to-GDP ratio remains relatively stable or exhibits only a slight decline,
reflecting offsetting effects between the rising public share and declining total expenditures,
while the private tertiary education expenditure-to-GDP ratio decreases slightly.

Several limitations of the present study suggest directions for future research. First, the
analysis abstracts from heterogeneity within generations, such as differences in income, ability,
or access to credit markets, which may affect both education investment and political preferences
over fiscal policy. Incorporating such heterogeneity would allow for a richer examination of

distributional conflicts within generations and their interaction with intergenerational policy
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choices. Second, the model treats borrowing constraints and institutional settings of education
loan markets as exogenous, whereas in reality these constraints may evolve in response to policy
reforms or financial development. Endogenizing the institutional design of education finance
could provide further insights into the interaction between credit market institutions and fiscal
policy. Finally, extending the framework to incorporate additional policy instruments—such as
capital income taxation or education subsidies targeted at specific groups—would help evaluate
the broader policy mix available to governments confronting demographic aging and borrowing
constraints. Addressing these issues would deepen our understanding of the political economy

of education finance and intergenerational redistribution in aging economies.

43



A Supplementary Explanation for Section 3

A.1 Derivation of (42) and (43)

First, we derive the physical capital accumulation equation in (42). Starting from the asset

market equilibrium condition in (24) and the saving function in (28), we obtain

(1 + n)(k/ + (1 - 0) é(a7 7—,7 k,)) = 5(7-7 ka ha (1 - 0-*1) €-1, 7_,’ b/7 kj? h,)

- 155 {I(r,k, (1 —0-1)e-1)g(k,h) 2 ()

b/
—— = — . (A.1)
Bag (F (), ()) 2 () /% () }
Substituting the conjectured policy functions (40) and (41) into (A.1) and rearranging terms
yield:

(1+n) <<1+¢(1—T) ! ;a) + l—iﬁ—ﬁﬁi) K = HﬁﬁI(T,k,(l—a_l)e_l)g}(k:,h)z(T).
(A.2)
This expression corresponds to (42).
Next, we derive the human capital accumulation equation in (43). Combining the human
capital production function in (5) with the private tertiary education expenditure function in
(22), we obtain the following expression for human capital accumulation (25):

: ¢(1—r’)1;ak/>“.

l1—0

B = D (h)'71H ()" (

Substituting the conjectured tax policy function (40) gives:

W=D @ (——p (1 —17) L) (A3)
1-0 o
This corresponds to (43).

A.2 Proof of Proposition 1
A.2.1 Proof of the First Part

The government budget constraint is given by (37). By substituting the private tertiary
education expenditure function in (22), the conjectured policy function in (40), and the physical

capital accumulation equation in (A.2) into (37), we obtain
1—a Tl (rk(1-01)e) b

o« (1+6(1-T)52) + 57 L+n
=7(1—-a)y(k,h)z(1). (A.4)

(1+n)x+%¢(1—T)

This corresponds to (50) in the main text.
Using the conjectured policy functions in (40) and (41), the physical capital accumulation

equation in (A.2), and the human capital accumulation equation in (A.3), we can rewrite the
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government’s objective function. First, in the indirect utility function of the middle-aged in (34),

the term I (7,k, (1 —o_1)e_1)§ (k,h) z (1) +b'/R (K" (-), 1/ (), 7') is reformulated as follows:
%

R (K (), 0 (:),7)

(k,h)z (1) + é (14 n) BK'; since (41)

I(r,k,(1—0_1)e_1)9(k,h)z () +

=I(r,k,(1—0_-1)e_1)y
= B
T —0 e 1] z (T E HﬁI(T k(1= 0-1)e) 1 z (7); since an
(T,k, (1 1)e-1)y(k,h)z(T)+ o (l+0(1_T)La a)+lfwiy(k‘,h) (7); (40) and (A.2)
= E % ]I(Tk(l—a 1)e—1) 9 (k,h)z (1) (A.5)
a(1+¢(1-T)2)+ 2B o I ’ ' '

Furthermore, we have

BInR (K (-),n' (-),7)
~Ba—-1)n(1+n)k+801—-a)lnh
1 gb(l—T) l-—a

1—0 o

~B(a—1DIn(1+n)k +8(1—a)lnDh) " (z)" < k’)ﬂ; since (A.3)
~Bla— 1)+ (1 —a)]In(14n)K + (1 —a)nlnz —F(1—a)uln(l o)

gl (Tk, (L= o-1)e1)

~ (1) B —a)(l—p)n 2
D80 - T T
+(1l—a)plnz— (1 —a)pln(l —o); since (A.2)

~(-1)l-—a)(l—p)nl(rk,(1—0_1)e_1)z(n)y(k,h)+ (1l —a)nlnzr—F(1l—a)uln(l—o0).

(ks h) 2 (7)

Hence, the indirect utility of the middle-aged in (34) can be expressed as follows:

VMO a1+ 80— (1—a)(l—p)Inl(rk (1-0-1)e1)§(kh)z(7)
+1—-—a)pn(l+n)z—F(1l—-—a)uln(l—o0), (A.6)

where the terms unrelated to voting are omitted from the expression in (A.6).
Combining the indirect utility function of the older adults in (35) with that of the middle-

aged in (A.6), the government’s political objective function is expressed as

) . e_ b
T (ay (k,h)z(7) (1+ (1 —0_1)7) + >
+1+8(1-0-a)d—p)]Inl(rk (1 -0-1)e1)

+8Ql—-—a)nn(l+n)z—pF(l—a)uln(l—o0). (A.7)

Thus, the government chooses 7, o, (1 4+ n)z, and b/(1 4+ n) to maximize the political objective
function in (A.7) subject to the government budget constraint in (A.4).

The first-order conditions yield three optimality conditions and the budget constraint that
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jointly determine 7, o, (1 + n)x, and b/(

Bl—a)n _ w . 1 (A8)
(I+n)z  (I+n)(l-w) a(l+1—-0_1)5) gk h) 2 (1) + 1+n7 '
B(L—a)n B(i:i)# .
— i 7
e (1,10)2(/5 (1-7)5 (1+¢(1—T)1%)+$ﬁ%[ (b (= om)e)y iz ()
(A.9)
Bl—a)n _ :
e = MCT(-); (A.10)
where MCT(-) is defined in (49) and represents the marginal cost of taxation
MCT(+)
(-1) w oS 1+ (-0 )
I+n)(l-w) a(l+(l-0_y)°

)+1+n/ykh) z(7)

z(7)
I (Ta k? (1 - 0—1) 6—1)

1/U —a Tk, o Ve Z’(T)
TR TR PR VOIS ek ke }
O\ g e i .
X{<1+TZ(T)>(1 )4 (k,h) 2 (1) + o (7,0, K, (

o -1
_1>€_1,T,B)Q(k,h)z(7')} 5

(A.11)

where ¥ (-), representing the change in tertiary education expenditure induced by a change in
the tax rate, is defined as follows:

Yo (7’, ok, (1—0_1)e_1,T, B)

= (1-7) 2 { (-0

B RbE: ESy (I1—a)+I1(rk,(1—0_1)e_q) ZZ((:))} (A12)
(1+o(1-T)52) + 52

Using the tertiary education expenditure function in (22), we can rewrite the optimality
conditions (A.8) and (A.9) as follows:

ﬁ (1 — a) Ui . w ' 1
T me/ihh)=()  Tami-o) a(ted-nE)+ o/gmmnam
B(l—a)n pU—a)
(1+n)x/y(k,h)z(T) - . | _ ) 1o %(1}/71%“1’)( ) (A.14)
ae? D) S e A R

Using the following expressions

2" (1) B v(l—a)

Py (_1)ﬁ; since (16) (A.15)
(1-0_1) 6,1% =¢(1—17)(1—a); since (22) (A.16)
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we reformulate (A.11) as

b o
MCT <T, T n/y (k,h)z(1),%0 (O',T, B))
a¥129) (14 4(1_p)1za) 1o +( 1/v _¢)v(1—a)
w . 1—7 a _ _ o +1/v 1+1/v
P =0) " aliroti-n =2 )+ ot A= =) U= = =
(1= 20 (1= ) (1= )5 (k,h) 2 (7) + S0 (0,7, B) 1 (k, ) 2 (7)
(A.17)
where
g & — 1/v 1/v
- %0 (1-1) IT% |:1+/1/v+<1+/1/v_¢>v(1_a):| (1-a)
%0 (0,T,B) = —— 5 (A.18)
(I+0(1-T)3%) + 15 5a
Using (A.12), the government budget constraint in (A.4) can be rewritten as
1+n)x DI (1, k,(1 —0_1)e_ a - =
_ ( ) l/v ( ) (7_ ( g 1) 1) Z,(T) EO (7_, O_’ (1 _ 0_71)671771'17 B)
gk h) 2 (1) - (1) (L —a) + I (rk, (1= 0-1)e-1) 55 k
b
I+n
+ =71 —-0). A.19
COEGRA 1)
Furthermore, using (A.15) and (A.16), (A.19) can be written as
1/v
1 s — @ (1—1) o b
_ ((k Z)";fﬂ + 4 <1“/1/U ) o (0.7, B) + W —r(1—a). (A.20)
y (K, 1+1/U+<1+1/U—¢)v(1—a) y (K,

Thus, given T' and B, the four equations (A.10), (A.13), (A.14), and (A.20) jointly characterize
b

(14n)z T+n
T 0 gm0 gE -

In what follows, taking 7 and B as given, we derive the policy functions and verify that

the concjectured policy functions are correct. First, rearranging (A.13) with respect to (b/(1 +
n))/y (k,h) z (1) yields

b w
Tin _ Tn(-w) (1+n)x
gkh)z(r)  BA—a)n gk h)z(r
Substituting (A.21) into the government budget constraint in (A.20) gives

)—a<1+q§(1—7’)1_a>. (A.21)

(0%

(I1+n)x (1}/71”/1,—¢)(1—T) ZO(U’Z_’B)+(1+TL)WW' (1+n)x
TG Ry v ST A [T TGO
_a<1+¢(1—7)1_a>27(1—a),

or equivalently,

(1+n)z B(1—a)n

1/v
_ s —¢)(1—7) _
X {T(l@)%—@(l—l—gb(lﬂlaa -~ <1+1/1/v ) i o(0,T,B)
Trijo T (l+l/v - ¢) v(l-a)
(A.22)
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This is the policy function for (1 + n)z /3y (k,h) 2 (7) given 7,0, T, and B.
Substituting (A.22) into the government budget constraint in (A.20) yields

b w
I4n _ (1+n)(1-w)

§h) (1) i B0 - )7

1/v

=) (i —2) 00 S (0, T, B)
©/ whE (R -e)va-a)

_a<1+¢(1—7)1;0‘). (A.23)

This is the policy function for Hin/gj (k,h) z (1) given 7,0, T, and B. At this stage, note that

X T(l—a)+a(1+¢(1—7)

the remaining optimality conditions that have not yet been used are (A.10) and (A.14).
The determination of 7 and o are as follows. First, substituting the policy functions (A.22)
and (A.23) into (A.10) yields
(1+n)u217w) +B8(1—a)n
o —6)(1-7)

- PPPICR S R -
7'( a)+0[( +¢( T) o ) 1-1k/11;v+<1-1F/11;U_¢>U(1_a)

S (o, T, B)

= MCT (1,% (0,1, B)) 4 (k,h) z (1)

al 1-a) (1+¢(1,T)1*70‘) lli‘F(l/iv*(b)v(l*a)
w . 1—7 a _ _ o +1/v 1+1/v
() " a(iten==) i e T LT A= =)l =p)] (o))

(1— %v(l—a)) (1-a)+%(0,T,B)

1—
(A.24)

Similarly, substituting the policy function (A.22) into (A.14) yields:

(1+n)uz1—w) + 5 (1 - 04) n

T(l—a)—i—a(l—i-(b(l—T)l_ia)— <1i/71v/v7¢>(14)
o 4+ (T —9) v(1—a)

l1—0o
- . (A.25)
B (v —7)(l—«
e (1~ 7) e T )00

Given T and B, 7 and o are characterized by the two equations (A.24) and (A.25). That is,

7 and o can be written implicitly as:

b W
Itn _ (I+n)(1—w) ' T B)(1_ (1 L (T B 1 _a>
Q(k,h)z(’]') M’Jm—l—ﬁ(l—a)n |:7_( ’ )( a)+Q +¢( T( ’ )) Q

o (T B
. <1+1/v ¢) (1 (T, B)) % (o (T, B) . T, B) _a<1+¢(1—7(T,B))

1/v 1/v
1+/1/u + (l-i-/l/v - ¢> v(l—a)
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Therefore, T and B satisfy:

N
Il

(T, B),

) (=) . A L
- )‘*glfltfﬁ(i—o‘)nx[T(Ta )(1—a)+a<1+¢(1—T(T,B)) aa)

(45 —¢) (1 =7 (T, B)) o .
_L%%+<J@U_@vu_afh@%ﬂB%TJﬂ _a<y+¢u—7aym) = ).

Since these two conditions are independent of k£ and h and depend only on parameters, it

wu]
Il

is verified that 7' and B are constant. In other words, the conjectured policy functions in
(40) and (41) are confirmed. Accordingly, 7 and Hin/g) (k,h) z (1) are given by 7 = T and
H—Ln /9 (k,h)z(7) = B, where T and B are constant. Moreover, ¢ is constant and is given
by 0 = £ = o (T, B). Finally, from the government budget constraint in (A.20), we obtain
(1+mn)x/g(k,h) 2 (1) = X, where X is constant. This completes the verification of the conjec-

ture and the derivation of the equilibrium solution.

A.2.2 Proof of the Second Part

Given the policy functions expressed by 7 = T, 0 = %, (1+n)x/j(k,h) z(r) = X, and
Hin/gj (k,h)z (1) = B with (1 —0_1)e_y = ¢ (1 =T) %k, the physical and human capital

accumulation equations in (42) and (43), respectively, are reformulated as follows:
K1 Zi (R
— = —z(T)A | — A2
F iz, ) <k> ’ (A.27)

() A (2) e () (4.28)

where Zy, Z1, and Z, are defined by

_ s B - 1—a«a
ZO*1+m/87a+¢(1_T) PO
15} 1/v
/1 1+ﬁ<1+1/v_¢>(1_T)(1_0‘)’
- 1 1- a

respectively. With (A.27) and (A.28), we obtain

v ()" 2(8) cmar <h>au-n-u>

Ko TRz (T) A k

showing that given kg and hg, {h/k} stably converges to the unique steady state, h/k|,,, given

b
y ()" 2:(2)" @y ayre)




B Proof of Proposition 2

When ¢ = 0 holds, MCT(-) in (A.17) becomes

w = (1+¢(1-7)152)
o 1—7 o]
MCT(T,0,¢)—{(1+n)(1_w) oz(l—I—qb(l—T)l?Ta) Hin/gj k,h)z(T)

— 71
x {(1 —7”(11_7)> (1—a)g(k, h)z(T)} . (A.29)
Substitution of (A.29) into (A.10) leads to
B(l—a)n _ w o (4e(-1)ge)
(1+n)x Q+n)(1-w) a(l+¢(l—7)=2) + /g (k h) 2 (1)

-1
X {(1 —7”(11__70‘)> (1 —a)y)(k:,h)z(T)} (A.30)
In addition, when o = 0 holds, (A.8) becomes
BA—a)n _ w ' 1/2(7) g (k, h)
Teme  G+n(-w) a(tol-nto)t L pmmm Y

Using (A.31) together with the government budget constraint in (A.20) under the condition
%o (0,1, B) = 0 yields (55). Substituting (55) into (A.31) then gives (54). Finally, substituting
(54) and (55) into (A.30) and simplifying yields (53).

C Proof of Proposition 3

(i) A direct computation based on (53) establishes that d7/d¢ < 0.
(ii) From (54), the pension expenditure-to-GDP ratio is given by

b 1 T (L) =1 —a)na (1 +¢(1—7)132)

From the tax rate expression in (53), we obtain 97/0¢ < 0. In addition, the following relation-
ship holds

O(-1)¢ (1 —7)
d¢

Therefore, it follows that

=(-1)———==(-1) [(1 —7)— qﬁg;] < 0; since 01/0¢ < 0.

b 1
9 [1Tn Z(T)g(k;,h)} <0
0¢ ’
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(iii) From Proposition 2, we obtain

(1+n)x _ B(l—a)n
JE (0 i + A1 —a)

Consider the term (1 —¢) (1 —7) (1 — «), which depends on ¢. Substituting the policy

,,7[1—(1—05)(1—7)(1—04)]-

function 1 — 7 from (53) into this expression yields

1=¢)(1-7)(1-0)
(1-¢)

= ; since (53)
[ty H80—a)|

1/v
[W"MJrB(la)n]v(la)Jr[lJrﬁ(l(101)(111))}{ P fp(1-a)
1+1/v
) 2 (9)
Gy TAL—a)n
where ® (¢) is defined by

7 (A.32)

2(0)= (- 0){ | iy + A0 -aa] v -
1/v
FA4+B(1—(1—a)(1—pw) {Jj“”w@m”.
ESy i

Differentiating ® (¢) with respect to ¢ gives

PO o [ +80-a]e0-

oo )(1—w)
_Yv
+1+B(1—(1—a)—pw)) { 1}j1/” +v(1a)]}
ES Yk
1/v

1+1/v

FA=OR+B- (=)= )]y
<1+1/v_¢>

Evaluating this derivative at ¢ = 0 yields

0 (0)| w
96 |, 1){<1+n><1—w>

Since the sign of 0P (¢) /0¢ is equivalent to the sign of 9 ((1 + n)z/z (1) gy (k,h)) /O¢, we have
for v > 0,

+B(1—a)77}v(l—oz)—i—[l—i-ﬁ(l—(1—04)(1—,“))]”04-

O (A +n)x/j(k,h)z(7))
a6 soo 20
w o
‘:’m2[1+ﬁ(1—(1—0)(1—u))]m—ﬁ(1—a)n. (A.33)
Next, evaluating 0P (¢) /0¢ at the upper bound ¢ = u%, we obtain
0% (9)

¢ b =(-1) [M(l_w)ﬂ-ﬁ(l—a)n}v(l_a)

+(—1)[1+6(1—(1—a)(1—u))]v<(1—a)—(1_1M)2>-
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Since the sign of 9P (¢) /0¢ is equivalent to the sign of 9 ((1 + n)x/y (k,h)) z (1) /0P, we have
for v > 0,

O((L+n)x/g(k,h) 2 (7))
99 L:Hl/v 20

1+1/v

@M"mz[1+ﬁ(l—(l—a)(1—ﬂ))]

1
X ((1—&)(1—#)2_1)_6(1_04)?7' (A.34)

The conditions in (A.33) and (A.34) imply that there are two threshold values for

(1+n7;(1—w) ’
A comparison of these thresholds shows that

14B8(1-(1-a)1-p) = —B(L-a)n
1

<080 0-0) 0= (s

Therefore, when v > 0, we obtain the following results:

—1) _p(1-a)n.

e (1+n)x/y(k,h)z () is decreasing in ¢ if T < I+801—-1—a)(l—p)l % —
B —a)mn;

o (1+n)x/y(k,h)z(7) is increasing in ¢ if [1+ (1 — (1 —a) (1 —p))] (
B(l—a)n< MWS

1 )=
(1-a)(1—p)? 1)

o Otherwise, (1 +n)z/y (k,h) z (7) exhibits an inverse U-shaped with respect to ¢.

Finally, when v = 0,

®(@)yo =1+ =1 —-a)(1 =),

which implies that ® (¢) is independent of ¢. Consequently, the ratio (1 + n)x/z (1) g (k,h) is

independent of ¢ in this case.

D Proof of Proposition 4

(i) The result of 97/0n < 0 is immediate from (53).
(ii) The pension expenditure-to-GDP ratio, B|U:0, in (54), is reformulated as follows:

B(l—a)n

B oo =T (1-a)-— 5
=0 T A1 —a)

n[l—(1—¢)(1—7)(1—a)], (A.35)

where the term 1 — (1 — ¢) (1 — 7) (1 — «) is reformulated, using (53), as

1—7)(1 -«
1-(1-)1-7)(1—a)= ( 1)/5 ) (A.36)
[1+ﬁ(1—(1_a)(1—u))][ L +v(1—a):|
1+1/v —¢

w ]- -
= tAl=an Toll—a)
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Substitution of (A.36) into (A.35) leads to

(l-a)=pd-a)n(l-7)(1-a)

1/v
X{[Hﬁ(l(la)(lu))l et (- a)
1+1/v_¢

w
1-— —_—— 1-— . A.
tolt =) (o + 80— a)n) | (A37)
Given 07/0n < 0, (A.37) shows that B}U:O is decreasing in n.
(iii) The non-tertiary education expenditure-to-GDP ratio, X |U:07 in (55) is reformulated

as follows:
B(l—a)n
(1+n;u(17w) +B(L—a)n

X|yoo = 1-0-¢)1-7)A-a),

which is further reformulated, using (A.36), as follows:

fA-a)nd-7)1 - )

X‘azoz /v :
14601 - (1-a) (1 - )] erv(l—a)]+v(1—a)<(1+mﬁ1_@+ﬁ(1—a)n)
(A.38)

Given 07/0n < 0, (A.38) shows that X‘o’:(} is increasing in n.

E Data Sources for Calibration
We use the following data for calibration.

e The data on the ratio of public spending on primary and post-secondary non-tertiary
education to GDP, corresponding to the ratio (14+-n)z/z(7)y(k, h) in the model, are sourced
from OECD Public spending on education (indicator) (https://doi.org/10.1787/f99b45d0-
en) (accessed on February 9, 2024). Public spending on education includes both direct
expenditures on educational institutions and education-related public subsidies provided

to households and administered through educational institutions.

e The data on the ratio of public spending on tertiary education to GDP, which corresponds
to the ratio oe/y(k, h)z(7) in the model, are also sourced from OECD Public Spending
on Education (indicator) (https://doi.org/10.1787/f99b45d0-en) (accessed on February 9,
2024).

e The data on the ratio of private spending on tertiary education to GDP, corresponding
to the ratio (1 — o)e/g(k, h)z(7) in the model, are sourced from OECD Private Spending
on Education (indicator) (https://doi.org/10.1787/6e70bede-en) (accessed on February 9,
2024). Private spending on education refers to expenditures financed by private sources,

including households and other private entities.
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The data on the ratio of pension spending to GDP, corresponding to the ratio Hin/y)(k, h)z(T)
in the model, are sourced from OECD Pension Spending (indicator) (https://doi.org/10.1787/a041f4ef-
en) (accessed on January 05, 2024). Pension spending includes all cash expenditures on

old-age and survivors’ pensions, including lump-sum payments.

The data on the ratio of gross domestic savings to GDP, corresponding to the ratio
s/y(k, h)z(7) in the model, are sourced from the World Bank World Development Indica-
tors (https://databank.worldbank.org/source/world-development-indicators) (accessed on
January 9, 2024). Gross domestic savings are calculated as GDP minus final consumption

expenditure.

The data on average working hours are sourced from OECD Hours Worked (indicator)
https://doi.org/10.1787/47belc78-en) (accessed on December 31, 2024). Average annual
hours worked are defined as the total number of hours actually worked per year divided

by the average number of employed persons per year.

The data on the average population growth rate are sourced from the United Nations
World Population Prospects, Online Edition (https://population.un.org/wpp/) (accessed
on January 9, 2024).

We define GDP per middle-aged individual as GDP divided by the total population aged

15-64. The data on GDP and the total population aged 15-64 are obtained from the World

Bank World Development Indicators (https://databank.worldbank.org/source/world-development-
indicators) (accessed on July 29, 2024).
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